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Abstract: In this paper we construct the maximal left quotient system of every pair of modules in
some generalized matrix rings. These rings can be seen as 3-graded algebras or as superalgebras.

We show the relation among the three different notions of left quotients.

Introduction

Over the years, various notions of quotient structures, such as the field of frac-
tions of an integral domain, or the classical ring of quotients of a ring satisfying the
Ore condition, have played an important role in Modern Algebra.

The notion of left quotient ring, introduced by Utumi in 1956 (see [18]), is more
general than the ones above, as well as those of maximal symmetric ring of quo-
tients (introduced by Lanning in [10]), and Martindale’s symmetric ring of quotients
(see [13]). The existence of a maximal left quotient ring for every not necessarily
unital ring without total right zero divisors (proved by Utumi) provides a common
framework where to settle the different types of rings of quotients.

In the associative context, not only rings (or algebras) can be considered. The
study of systems of quotients in structures such as associative pairs or associative
triple systems could be crucial in order to shed some light on the structure theory
of Jordan systems (algebras, pairs or triples) and of Lie algebras, via the theory of
quotients. This approach is having a great development. See the works [14, 17, 6, 2,
16] on the theory of quotients of Jordan systems and Lie algebras.
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Associative pairs play a fundamental role in the new approach (see [5]) to Zel-
manov'’s classification of strongly prime Jordan pairs, and have been already used by
O. Loos in the classification of the nondegenerate Jordan pairs of finite capacity [11].

In our work we will give a pair and triple system version of the maximal left
quotient ring. A first attempt was made in [7], where the authors found the maximal
left quotient pair of a right faithful associative pair in the left faithful or left non
singular cases.

If A= Ay® A, is a superalgebra then A; can be seen as a triple system, while if
B =B_1®By® B is a 3-graded algebra, then (B_1, B1) has a structure of associative
pair. And conversely, every associative pair A = (A", A™) (or triple system T') can
be embedded in an algebra £ with an idempotent e such that (A", A7) ((T,T) in the
triple system case) can be identified with (e£(1 —e), (1 —e)Ee). This algebra & has a
supergrading £ = £ B &1, where & = efe®(1—e)E(1—e), &y =eE(1—e)B (1 —e)fe,
and a 3-grading E = E_1®EDE, for E_1 = (1—e)€e, & = efed (1 —e)E(1—e) and
&1 = e&(1—e). So that it seems to be quite natural to relate the study of graded left
quotient algebras of a graded algebra (see [4] for a construction of the gr-maximal
left quotient algebra of a not necessarily unital gr-algebra) to that of left quotient
systems of an associative triple system or pair.

On the other hand, in some cases (for example, when £ is simple) every standard
envelope gives rise to a surjective Morita context for not necessarily unital rings, and
conversely, every pair of bimodules of a Morita context has a natural structure of
associative pair. Hence, in particular, our work can be considered as an approach to
the study of maximal rings of quotients of Morita contexts for not necessarily unital
rings.

The paper is divided into five sections. After a preparatory section where right
faithfulness is studied, we introduce in Section 1 the notion of subpair of a 3-graded
algebra. Proposition (1.5) provides a useful tool to compute the standard envelope
of any right faithful associative pair (Corollary (1.6)). In Section 2 we study the
supersingular ideal of a not necessarily unital superalgebra A = Ag ® A; and relate
it to the singular ideals of A, (as an algebra) and of A; (as an associative triple
system). In the following section we introduce the notion of weak right faithful
superalgebra in an oversuperalgebra and relate left quotient algebras, left quotient
triple systems and left quotient superalgebras: Suppose that A = Ag & Ay, with
Ag = A1 Ay, is a weak right faithful superalgebra in an oversuperalgebra B. Then
B is a gr-left quotient algebra of A if and only if By is a left quotient triple system
of A; and By is a left quotient algebra of Ay. Weak right faithfulness is just the
condition needed to have a result allowing to go back and forth between left quotient
algebras and left quotient systems to left quotient superalgebras. Examples of right
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faithful subsuperalgebras in overalgebras are every left quotient algebra of a faithful,
or left nonsingular superalgebra. As a consequence of the previous results, in Section
4 we construct the maximal left quotient pair of a right faithful associative pair. This
maximal left quotient pair is given in terms of the maximal left quotient algebra of
its envelope, which coincides with the graded maximal left quotient algebra of this
envelope, considered as a 3-graded algebra, or as a superalgebra. We show that this
construction, which was made in [7] for some particular cases, cannot be improved.
In Section 5 we proceed analogously in the triple system case.

0. Preliminaries

0.1. We will deal with associative systems (algebras, pairs, and triple systems)
over an arbitrary (unital commutative associative) ring of scalars ®. Recall that
an associative pair over ® is a pair of ®-modules (A", A™) together with a pair of
trilinear maps

<, , >7A X AT x AT — A%, o=,

satisfying
<< xy,z>%uv>'=<x,<y,z,u> °v>"=<xy,< z,u,v >7>,

for any x,z,v € A, y,u € A7%, 0 = +.

Similarly, an associative triple system A over ® is a ®-module equipped with
a trilinear map

<,,>»AxXxAxA— A,

satisfying
<< Z,Y,2 >,Uu,0>=< T, <Y, 2, u >,0>=<2,Y, < Z,U,V >>,

for any x,y,z,u,v € A. We can also consider the opposite associative pair A°P =
(A*, A7) obtained by reversing the products of A (< z,vy, 2 >0,=<2,y,T >7).

As for pairs, one can consider the opposite triple system A°P of A.
Due to associativity, there is no risk of ambiguity when deleting the brackets

“ <>"7, thus, the products above will be usually denoted by juxtaposition, just like
in the associative algebra case.

0.2. An associative algebra A gives rise to the associative triple system Ar by
simply restricting to odd length products. By doubling any associative triple system
A one obtains the double associative pair V(A) = (A, A) with obvious products.
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From an associative pair A = (A", A7) one can get a (polarized) associative triple

system T(A) = AT & A~ by defining (zT @z )yt @y )T ®27) =zTy 2T @
— + —

Tyt

0.3. Given an associative pair A = (AT, A7), and elements x,z € A%,y € A~7,
o = &, recall that left, middle and right multiplications are defined by:

ANz, y)z = wz, 2)y = ply, z)x = zyz. (1)
From (0.1) and (1), for any z,u € A%, y,v € A7,
Az, y)A(u,v) = Azyu, v) = Az, yuv), (2)

and similarly
p(u,v)p(z,y) = p(x, yuv) = p(ryu,v). (3)

As a consequence of (2) and (3), it is clear that the linear span of all operators
T : A% — A7 of the form T = A(x,y), for (z,y) € A2 x A7, or T = Ids- is a
unital associative algebra; it will be denoted by A(A?, A77). Clearly A% is a left
A(A%, A=7)-module. Similarly, we define II(A~7, A7) as the linear span of all the
right multiplications and the identity on A7, so that A% becomes a left II(A~7, A%)-
module.

0.4. The well-known notions of left and right ideals of an associative algebra
have the following analogues for pairs and triple systems: Given an associative pair
A, we define the left ideals L C A” of A as the A(A%, A~7)-submodules of A7, and
the right ideals R C A as the II(A77, A%)-submodules. A two-sided ideal B C A?
is both a left and a right ideal. An ideal I = (I7,I7) of A is a pair of two-sided
ideals of A such that A°T~7A C 19,0 = +.

For an associative triple system A, the left and right ideals of A are simply
those of the pair V(A), while an ideal I of A is a left and right ideal also satisfying
AIA C 1, ie., a ®-submodule I of A such that V(I) is an ideal of V(A).

Notice that, if I is a left or right ideal of an associative algebra A, then it is
a left or right ideal, respectively, of the associative triple system Ap. Similarly, an
ideal of A is always an ideal of Ar.

0.5. Recall that given a group G (not necessarily abelian), an algebra A is said
to be G-graded if A = @JGG A,, where A, is a ®-subspace of A and A, A, C A,
for every o,7 € G. We will say that A is strongly graded if A, A, = A,,. In the
sequel, we will use “graded” instead of “G-graded” when the group is understood.
As usual, by the prefix “gr-” we mean “graded-".
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We will say that an algebra is 3-graded if G = Z and A = A_1 & Ay & A;.
When Z=7/27 we will speak about a superalgebra. We will use [15] as a standard
reference for graded algebras and modules.

In a graded algebra A = @ . Ao, each element of A, is called an homogeneous
element.

The neutral element of G will be denoted by e.

A graded left ideal I of a G-graded algebra A is a left ideal such that if x =
Y e To €1, then z, € I for every o € G.

0.6. Let A be an associative algebra. An element a € A is said to be a total
right zero divisor if Aa = 0. Similarly, an element a € A% of an associative pair is
called a total right zero divisor if A2A™%a = 0. A pair or an algebra not having
nonzero total right zero divisors will be called right faithful.

0.7. An homogeneous element xz, of a gr-algebra A = @ ., Ao, is called an
homogeneous total right zero divisor if it is nonzero and a total right zero divisor,
that is, Az, = 0. By [4, (1.10)], a gr-algebra is right faithful if and only if it has no

homogeneous total right zero divisors.

0.8. Definitions. A total right zero divisor in an associative triple system
S is a nonzero element s € S such that SSs = 0, equivalently, s is a total right zero
divisor in the associative pair V' (S). An associative triple system without total right
zero divisors will be called right faithful.

Given a superalgebra A = Ay @ Aq, the odd part has a structure of associative
triple system, while the even part is an algebra. Now, we show the relation of
faithfulness among the three structures.

0.9. Lemma. Let A = Ay @ Ay be a superalgebra. If Ay and Ay are right
faithful, then A is right faithful too. The converse is true if Ag = A1A;.

Proof: Suppose Ag = A1A; and that A has no total right zero divisors. By
[4, (3.1)], Ap has no total right zero divisors. If a; € A; satisfies A1 Aja; = 0, then
AAa; = (A1A14+ A1) (A1A1+Ay)ag € (A1A1A1A1+ A1 A1 A1+ A1 Aq)ar = 0. Apply
twice that A is right faithful to have a; = 0.

The converse is straightforward. m

0.10. Remark: The condition Ay = A1 A; in the previous Lemma cannot be
removed. If a superalgebra A = Ay & A; is right faithful, then Aq is a right faithful
algebra [4, (3.1)], but A; is not necessarily a right faithful associative triple system:
Let F' be an arbitrary field and consider the F-algebra A = F|x]/ < x3 >, where
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< 2% > denotes the ideal generated by 3 inside F[z]. For an element u € F[z], let
u stand for the class of u in A. Then the superalgebra A = Ay @ Ay, with Ay the
subalgebra of A generated by {1,7°} and A; the vector subspace of A generated by
{Z}, is a right faithful algebra but A; is not a right faithful associative triple system
because A; A1T = 0 while Z # 0. Notice that A; Ay # Ag because 1 ¢ (F{z})%.

0.11. Remark: Although we always work with systems of left quotients, the
results in this paper have their right-side analogues, with obvious changes in the
definitions, just reversing products in the proofs or applying the left-side results to
the opposite systems.

1. Algebra Envelopes of Associative Pairs

In this section we give a method to determine the standard envelope of an
associative pair without total right zero divisors by means of any graded algebra
containing the pair in a suitable way and generated by it.

1.1. Associative pairs are really “abstract off-diagonal Peirce spaces” of as-
sociative algebras: Let £ be a unital associative algebra. Consider the Peirce de-
composition £ = E11 B 12 D Ea1 B Ea9 of € with respect to an idempotent e € &,
ie.,

En=c¢e€e, Ea=eE(l—e), Exn=(1—-e)fe and &= (1—-e)E(1—e).

From the Peirce multiplication rules, (£12,&21) is a subpair of V(£). Conversely,
every associative pair A = (A1, A7) can be obtained in this way (see [12, (2.3)]):
Let C be the ®-submodule of B = End¢(AT) x Endg(A™)° spanned by e; =
(Idg+,1dy-) and all (A(z,y), p(z,y)), and similarly, let D be the submodule of B
spanned by ey = (Idg+,Ids-) and all (p(y,z), A(y,x)) where (z,y) € AT x A~. By
(0.3), these ®-linear spans are really subalgebras. Clearly, AT is an (C, D)-bimodule
if we set
T(x), ad=d" ()

Cr = C

for z € A* and ¢ = (¢",¢7) € C, d = (d*,d”) € D. Similarly, A~ is a (D,C)-
bimodule. Now we define bilinear maps on A* x AT with values in C, respectively,
D, by

zy = (M=, ), 0(2,9)),  yz = (p(y,2), A(y,2)).
Then it is easy to check that (C, AT, A=, D) is a Morita context which gives rise to

a unital associative algebra £ (cf. [12, (2.3)]). If we set e = ej, then the pair A =
(A*, A7) is isomorphic to the associative pair (€12, 21). Moreover €11 (respectively,
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E99) is spanned by e and all products x12y21 (resp., 1 — e and all products y21212)
for 12 € &19, Y21 € 21, and has the property that

r11€12 = E21211 =0 = 211 =0, 29291 = E19T92 =0 =20 =0. (1)

1.2. Let A be the subalgebra of £ generated by &5 U &, ie., A = 12 P
E12E91 ® E91E12 @ E21. It is immediate that A is an ideal of £. We will call A the
standard envelope of the associative pair A, and will write 7 = (71,77) for the
natural inclusion 77 : A2 — A of A into A. When it is necessary to emphazise the
existence of the idempotent e (see (1.1)) we will write (A, e) instead of merely A.
The pair (€, e) is called the standard imbedding of A.

1.3. Definition. Let A be an associative pair, A = A_; ® Ay ® A; be a
3-graded associative algebra, and ¢ = (¢, ™), where 7 : A — A is an injective
®-linear map, o0 = +. We will say that A is a subpair of (A, p) if

(i) pT(AT) C Ay and ¢~ (A7) C A_; and

(ii) ¢ : A — V(A) is a pair homomorphism (hence monomorphism).
When A is a subpair of (A, ¢) then o™ (A1) + T (AT)p (A7) + o (A7) (A1) +
¢~ (A7) is a subalgebra of A. If it coincides with A (i.e. ¢ (AT)Uep™ (A7) generates

A as an algebra), the pair (A, ¢) is called a graded envelope of A (gr-envelope for
short).

In this case, and equivalently,
(iil) A1 =t (AT), Aor =97 (A7), Ag = (AN )p™ (A7) + ¢~ (A7) (AT).

1.4. Remarks: Notice that for an associative pair A the standard envelope
(A, 7) of A, which can be seen as a 3-graded algebra by considering A; = &2, Ap =
E12E21 P E21&12 and A_1 = &1, is a gr-envelope of A in the sense above.

If an associative pair A is a subpair of a (A, ¢), with A a 3-graded algebra, in
the sense of (1.3), then A is a subpair of (A, ) in the sense of [1, (1.3)] because
prAT) N (A7) CAINA, =0.

An envelope (A, p) of A will be called tight if every nonzero ideal of A hits A
(IN(et(AT)Up(A7)) # 0 for every nonzero ideal I of A). We will say that (A, ¢)
and (jl, @) are isomorphic envelopes of A if there exists an algebra isomorphism
¥ A — Asuch that o p? = @7, 0 = +.

The proof of the following result follows partially [1, (1.5)]. Notice that it is more
general in the sense that we have replaced left and right faithfulness in [1, (1.5)] with
right faithfulness by considering gr-envelopes instead of envelopes.
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1.5. Proposition. Let A= A_1 ® Ay D Ay be a 3-graded algebra which is a
gr-envelope of a right faithful associative pair A. Then:

(i) Every one-sided gr-ideal of A not hitting ¢(A) is contained in Ay.
Define, as in [1, (1.5)],
IT={z€p (AN)p (A7) + ¢ (A7)¢"(AT) | 297 (A7) = 0= ¢7(A")z,0 = +}

={z € (AT)p (A7) 29T (AT) = 0=~ (A7)z}+
+{z € (A7) (A7) 2™ (A7) = 0= " (A")z}.
(ii) T C Ay, it is the biggest gr-ideal of A not hitting ¢(A) and it satisfies
ZA;, = A, Z =0 fori=0,=%1.
(7ii) Define o7 AT — AT
e )

where @ denotes the class of the element a of A inside A/Z, 0 = +. Then (A/Z, )
is a gr-envelope of A gr-isomorphic to the standard envelope of A.

Proof: (i) Let J = J_1® Jp ® J1 be a one-sided gr-ideal of .4 not hitting ¢(A).
Since J+1 C T NAL1 CTNp(A) =0, T C Ap.

(ii) From (1.3), it is clear that Z is an ideal of A and that both definitions of
7 agree. Moreover, by (i) and the definition, Z C Ay and A;z = xA; = 0, for any
x €7 and every ¢ = 0, £1.

Now, let J be a gr-ideal of A not hitting p(A). By (i), J C Ag. Take 0 £ yp € J
and write yo = Y i, 0T (u ) (u;) + Z? Lo~ (07 )t (v)), with uf,vf € A7,
o = +. Suppose (30 Mu,u; ), > p(uf,u;)) # 0. Then, by the proof of [7,

(2.6)], there exists a= € A~ such that 0 # >.;" a~uju; . Since ¢ is an injective

®-linear map, and by (1.3) (i), 0 # X370, ¢~ (a7 )T (w )p~(u;) = ¢~ (a7 )yo €
INe (A7) =0, a contradiction. Hence

(S0 M), S0 ol ur)) = 0.
Similarly,
(Z?:l )\(U;,Uj), Z] 1 p( J ) j)) = O'
This means that for every (z7,27) € A,
Sy ufus et =0, 30 T ufuy =0, 0 ateyel =0and YT, viv e = 0.
Apply ¢ and (1.3) (ii) to these identities to obtain:
0= X ¢t e ()t t) = (S0 o (o (e (oh) = yowt (),
0=>22" ¢ (2~ ;

et (u )™ (u) = ¢~ (27) X0k, o (w e~ (w;) = ¢~ (27 )yo,
0=t (aM)e (v )T (v]) = ¢t (") X7_, o~ (v )T (v]) = @t (2o,
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0=37 10 ()" ()e™(a7) = (i1 ¢~ (v )™ ()¢~ (27) = yoy™ (7).
This shows yg € Z.
(iii) To see the injectivity of the ®-linear map ¢, for ¢ = +, consider 7 € A?
such that ¢?(z7) = 0. This means p?(27) € ¢ (A°)NZ = 0.
It is straightforward that (A/Z, ¢) satisfies (1.3)(i)—(iii). This means that it is a

gr-envelope of A.

Let (A, 7) be the standard envelope of A. We can define a linear map ¢ : A — A
given by

(et o (et e ) + e () () @ e () =

et e Y e ) @ Y () e T (w),

for any at, y", z;-r € AT, y;,2z; ,u” € A7, Indeed, if

a=¢ (") & (Z e (W e (y) + Zso_(zj_)sf(z]*)) S~ (u) =0,

then 0 = o™ (27) = ¢~ (u~) and by the injectivity of ¢, 7 =0 and v~ = 0. Hence
7H(@t)=0and 77 (u") = 0.

Moreover, >, ot (y; )~ (v; ) + > w_(z;)gp+(z;r) = 0 implies, if we multiply
by 97 (a™) € ¢~ (A7),
0= (a7) ;¢ (e~ (i) =i (a)e™ (wNe™ () =~ (Xia wiy7)-

By the injectivity of ¢, 0 =", a_y;ryi_ and thus
0=7"(; a7y y ) =37 (@) (") (v ) =7 (a™) 3, 7 ()7~ (7 ); sim-
ilarly, for any ¢t (at) € oT(AT), O, 77 (y;)) 7 (y; )7+ (a™) = 0, which implies
> 7y )7 (y;7) = 0 by (1.2) and (1.1) (1); in a similar way, 3. 7~ (2; )77 (2;7) = 0,
and we get that 1 is well defined.

It is clear that v is a surjective algebra homomorphism of graded algebras
satisfying ¥ o ¢ = 79, 0 = £. DBy the very definition of ¢, an element a as
above lies in Ker ¢ if and only if a = 3=, o (4 )9~ (47 ) + 22, ¢~ (27 )¢t (2}) with
Sty T (y) @ > T_(Z;)T+(Z;_) = 0, which is shown to be equivalent to
ap?(A%) = ¢?(A%)a = 0, 0 = &£, using (1.1)(1). Thus Ker¢ = 7, and we can

define ¢ : A/Z — A by (@) = 9(a), which turns out to be an algebra isomorphism
satisfying o =79, 0 =+.

o
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1.6. Corollary. Let A be a right faithful associative pair, and (A,p) be a
gr-envelope of A. Then the following are equivalent:
(1) (A, ) is tight on A,
(ii) A is right faithful,
(iii) (A, ) is isomorphic to the standard envelope of A.

Proof: Apply (1.5) together with the obvious fact that the set of total right
zero divisors of an algebra is an ideal. m

1.7. Notation: To simplify notation, from now on, when dealing with a subpair
A of (A, ) we will assume that A7 C A, the maps ¢? will be simply the inclusion
maps, and will write A instead of (A, ¢). This will also be applied to the particular
case of (A, ) being an envelope of A.

2. The supersingular left ideal of a superalgebra

The notion of singularity appears naturally in many questions in the theory
of modules and rings. In [8], the singular functor of a Grothendieck category is
introduced. In particular, for an M in the category R-gr of graded modules over a
unital ring R, the graded singular submodule of M is the largest graded submodule
contained in Z (M) (the singular submodule of M). Here we study the supersingular
ideal of a (not necessarily unital) superalgebra A = Ag @ A; and relate it to the
singular ideals of Ay (as an algebra) and of A; (as an associative triple system).

We will denote by Z,,_;(A) and Z¢,_;(A) the sets of left superideals of A and

gr—I1
essential left superideals of A respectively, while Z(A), Z;(A) and Z7(A) will stand

for the sets of two-sided ideals, left ideals and essential left ideals of A. Throughout
this section we will assume that o, 7, «, p € {0,1}. First, some preliminary results.

2.1. Lemma. Let A be a superalgebra. Let I € Ty 1(A) and K € Zj(A). The
following assertions hold:

(1) If v € Ag U Ay then lan(x) :={y € A:yx =0} € Ty 1(A).
Moreover, if A is right faithful then:
(i) 1 € Zg,_,(A) if and only if for every 0 # x, € A, there exists a; € A; such that
0#a,x5 € Ir4s.
(1)) K € I7(A) if and only if for every 0 # x € A there exists a € A such that
0#are K.

() I €I, ,(A) if and only if I € I} (A).

Proof: (i) Is immediate.
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(ii) Suppose first I € Z¢, ;(A) and take 0 # z, € A,. Since A has no ho-
mogeneous total right zero divisors, Az, (being a left superideal) is nonzero. Our
hypothesis applies now so we can choose a € A with 0 # ax, € I. If we decompose
the latter into its homogeneous components ax, = agr, + a1z,, then at least one
is nonzero, and as I is graded we find a, € A, with 0 # a,2, € I,1,. To prove
the converse take 0 # J € Zy._;(A), then we are able to find 0 # y, € J, C A,
and by applying the hypothesis there exists a, € A, such that 0 # a,y, € I. But
ary, € AJ C J, that is, I N J # 0. Forgetting about the grading, one may prove in
an similar way (iii).

To prove (iv) use the characterizations given in (i) and (iii) and follow [15,
Lemma 1.2.8]. m

2.2. Proposition. Let A be a superalgebra; define:
Zgr—1(A)g :={x € Ay : lan(x) € T, _(A)}, 0 =0,1

and
Zgr1(A) = Zgr1(A)o © Zgr—1(A)1-

Then:
(1) Zgr—1(A) is a (two-sided) superideal of A.
(i) Zgr—1(A) ={x € A: Iz =0 for some I € I, ,(A)}.

i) If A is right faithful, then Z,._;(A) is the biggest superideal of A contained in
g
Z1(A) and they may not coincide.

Proof:

(i) The only nontrivial part is showing that Z,_;(A) is a left superideal of A.
Take x5 € Zgr—1(A)s and a,; € A;, 0,7 = 0,1. We will show lan(a,z,) € IST_Z(A).
We already know that it is a left superideal, and to prove the essentiality we consider
0#JeZ ,(A). Pick 0#y, € J,. If ya;x, =0 then 0 # y, € lan(arzy) N Jp.
In case y,a,v, # 0, then a, being an homogeneous element easily implies that
Ja,; # 0 is a left superideal, and lan(x,) being essential as a left superideal implies
Jar; Nlan(z,) # 0. We may therefore take z € J with 0 # za, € lan(x,), thus
0+# z € JNlan(arz,) again.

(ii) Consider first x = xo +x1 such that lan(z,) € Z5,. (A). Now I := lan(zo) N
lan(z1) € T, ;(A). A straightforward calculation shows that [z = 0. On the other
hand, suppose we have x € A and I € Z¢;, _,(A) with Iz = 0. Let us see that indeed
Iz, = 0, for every 0 = 0,1. If that is not the case, we have y € I with yx, # 0.
But z, being homogeneous and I being graded imply that there exists y, € I with
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Y-y # 0, and consequently 0 # y,x € Iz = 0, which is absurd. Thus, we have
proved I C lan(z,); the former being essential and the latter being left graded imply
lan(z,) € I, ,(A), as needed.

(iii) By reasoning as in (ii) we obtain that Z;(A) = {xr € A: Iz = 0 for some I €
I7(A)} ={x € A:lan(x) € Z7(A)} (see [9, pg. 30] for the unital case). Take this into
account jointly with (ii) and (2.1)(iv) to prove that Z,,_;(A) is the biggest superideal
of A contained in Z;(A).

To see that Z;,._;(A) and Z;(A) do not coincide in general, let F' be a field of
characteristic 2 and consider the algebra of dual numbers over F':

A=F()=F-1®F -¢, withe? =0.

It is an easy calculation (note that (1 +¢)? = 1+ 2¢ + €2 = 1, since F has
characteristic 2) to show that A is a commutative unital superalgebra with a (non-
standard) grading given by

Ap=F-1 , Ai={a-1+a-c:a€F}.

The only nontrivial ideal of A is
I =F-¢;

forif J € Z(A), J # A, then for every 0 #a € F and b€ F we havea-1+b-¢ ¢ J.
Otherwise
(@t 1—-ba? -e)a-1+b-e)=1-1€J

would lead to J = A. So J C I. It is obvious that although I is an ideal, it is not
graded: If we consider the element ¢, then its homogeneous components (g9 = —1

and €1 = 1 + ¢) no longer belong to I. Therefore, A is supersimple. Now, since A is
unital, then 1 ¢ Z;(A) U Zg4—i1(A). On the other hand we have

lan(e) = F - e € I/ (A) implies 0 # € € Z;(A).
Then it easily follows Z,,_;(A) =0# 1= Z;(A). m

2.3. Definitions. The ideal Z,,_;(A) in the proposition above is called the
left supersingular ideal of A. In a similar way we could talk about the right super-

singular ideal of A (denoted by Z;._,(A)). The supersingular two-sided ideal of
A is defined as Zy,(A) = Zgr—1(A) N Zgr—r(A).

This graded definition of singular ideal is consistent with the nongraded one in
the sense that whenever we consider a superalgebra A with trivial grading, we obtain

Zgr_1(A) = Zi(A).
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2.4. Definitions. Let A be a superalgebra. We say that A is left supersingular
if Zg._1(A) = A, and we say that A is left supernonsingular if Z,,_;(A) = 0.

To recall the notion of weak left quotient superalgebra, which appears in the
statement of the following result, see section 3.

2.5. Lemma. Let A be a nonzero left supernonsingular superalgebra and let I
be a left superideal of A. Then:

(i) A is right faithful.

(i) I €I, ,(A) if and only if A is a weak left quotient superalgebra of I.

r—I
Proof: (i) If z, € A, is a total (homogeneous) right zero divisor, then lan(z,) =
A implies z, € Zgr_1(A)s = 0.
(ii) Suppose I € Zj, _;(A). If 0 # x, € A, then Iz, # 0 (otherwise I C lan(z,)
would imply z, € Z4—i1(A) = 0, a contradiction). Take y, € I such that y,z, # 0.
By (i), Ay,z, is a nonzero left superideal of A and by the essentiality of I, 0 #

A0Yr Ty € Ity for some a, € A, (notice that ayy, € I). For the converse, apply
(i) and (2.1) (ii). m

2.6. Remark: The previous lemma still holds if we consider algebras, left ideals
and the notions of left singular, right faithful and weak left quotient algebras instead
of the analogous graded ones.

2.7. Remark: Note that if A is right faithful, then left nonsingularity implies
left supernonsingularity while the converse is not true: see the example in (2.2) (iii).
Moreover, such an A is an example of an algebra which is neither nonsingular nor
singular, and by considering trivial supergradings we deduce as well that the notions
of being supernonsingular and supersingular are not negations of each other.

We are interested in relating the different types of singular ideals we can consider
in the different structures we are dealing with, namely: superalgebras, associative
pairs and associative triple systems.

2.8. Let A be an associative pair and let X C A?, ¢ = 4. The left annihilator
of X in A is defined to be the set:

lan(X) =lana(X) ={be A77 : bXA 7 =0, A7bX = 0}.

It can be shown [7, (1.2)] that if A is a right faithful associative pair then

lana(X) ={be A7 : A°bX = 0}.
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2.9. For an associative triple system 7" and a subset X C T', the left annihilator
of X in T is defined as:
lany (X) = lany (1) (X),

the latter being equal to lany (r)(X7), o = +£.

2.10. For a right faithful associative pair A, if we define
Z1(A) ={z€ A7 : lana(z) € I} (A)}, 0 = +,

then it turns out that
Zi(A) == (Zi(A)", Zi(A)7)

is an ideal of A [7,(1.6)], called the left singular ideal of the associative pair A.

2.11. Definition. For an associative triple system 71" we can define the left
(triple) singular ideal as

If A= Ay ® A, is a superalgebra, then the supernonsingularity of A is in fact
related with that of Ag and A;. In this regard, we have the following results.

2.12. Proposition. Let A be a right faithful superalgebra such that Ag = A1 A;.
Then:

(1) If I € Zyr_i(A) then Iy =0 if and only if I = 0.
(11) Zgr—1(A)e = Z1(As), 0 =0,1.

Proof: (i) If Iy = 0 and we take 0 # y; € Iy, then by (0.9), 0 # A1 A1y1 C
Aqly = 0, a contradiction. Conversely, if I; = 0 and we consider 0 # yo € Iy, then
(0.9) implies 0 # Agyo = A1 A1yo C A11; = 0 a contradiction again.

(ii) Consider first 0 = 1 and 0 # a; € Z;(A1). Take 0 # L = Lo® L1 € Zyr—1(A).
By (i) L1 # 0 # Lg. Since L; is a left ideal of Ay, our hypothesis gives us some
0 # 11 € Ly Nlana,(ay), that is, Ajlya; = 0. On the other hand, by (0.9) A; is
right faithful, so we find b; € Ay such that 0 # b1l; € LNlana(ai). To see the
other containment, consider 0 # a; € Ay such that lana(a1) € Iy, (A). If we
take 0 # J € Z;(A1), applying that A is right faithful we can find 0 # y; € J with
0# Ayr € Zgr—1(A). So AyiNlana(ai) # 0 and by (i) there exists by € A; satisfying
0 # by € lana(aq). Since Ay = AjA; is right faithful by (0.9), we find d; € A
such that 0 # di1byy1 € JNlany, (a1).

For the o = 0 case we start by taking 0 # ag € Ay such that lana,(ao) € Zf (Ao).
If we consider 0 # K = Ko ® Ky € Zy—1(A), by (i) Ko # 0, and since it is a left
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ideal of Ag we can find 0 # kg € Ky such that kg € lana,(ag) C lana(ag). To prove
the other containment we consider 0 # ag € Ao with lana(ao) € Zj,._;(A). Take 0 #
Jo € Z;(Ap), and again 0 # Ayy € Z;(A) for some yo € Jy. Since AygNlana(ag) # 0,
applying (i) we can find by € Ay such that 0 # boyo € Jo Nlana,(ag). ™

2.13. Corollary. For a right faithful superalgebra A with Ay = A1A; the
following conditions are equivalent:

(i) A is left supernonsingular (as a superalgebra).
(i) Ao is left nonsingular (as an algebra).
(iii) Ay is left nonsingular (as a triple).

2.14. Remark: A left nonsingular does not imply A left nonsingular (the
superalgebra A considered in (2.2) (iii) satisfies A9 = A1 41, Ap is left nonsingular
and A itself is not).

3. Systems of left quotients

Let A = Ay @ A; be a subsuperalgebra of a superalgebra B = By ® B;. In this
section we will study when B being a gr-left quotient algebra of A is equivalent to
By and B; being a left quotient algebra and a left quotient triple system of Ag and
Aj, respectively. See [7] for results on left quotient pairs.

3.1. The notion of left quotient ring was introduced by Utumi in [18]. Let A
be a subalgebra of an algebra ). We say that @) is a (general) left quotient algebra
of A if for every p,q € @, with p # 0, there is an a € A such that ap # 0 and
aq € A. Notice that an algebra is a left quotient algebra of itself if and only if it is
right faithful. In this case then by [18] it has a unique maximal left quotient algebra,
which is unital, called the maximal left quotient algebra of A. This algebra will be
denoted by Q' . (A). If we put p = ¢ in the definition of left quotient algebra we

speak about a weak left quotient algebra of A.

3.2. 1In [7] a notion of left quotient pair is introduced. Let A = (AT, A7) be a
subpair of an associative pair Q@ = (Q™,Q~). We say that @Q is a left quotient pair
of A if given p,q € Q7 with p # 0 (and 0 = 4 or 0 = —) there exist a € A%, be A7
such that

abp #0 and abg € A°.

Every right faithful associative pair is a left quotient pair of itself.
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The notion of left quotient pair extends that of Utumi of left quotient ring since
given a subalgebra A of an algebra @, Q) is a left quotient algebra of A if and only if
V(Q) is a left quotient pair of V(A).

3.3. Definition. Let S be a subsystem of an associative triple system 7. We
say that T is a left quotient triple system of S if given p,q € T, with p # 0, there
exist a,b € S such that abp # 0 and abq € S, equivalently, if V(T') is a left quotient
pair of V().

3.4. Let A=, ., A, be a gr-subalgebra of a gr-algebra Q = @ ., Qo. We
will say that @) is a gr-left quotient algebra of A if 4 A is a gr-dense submodule of Q).
If given a nonzero element q, € @), there exists x,. € A, such that 0 # x,q, € Ao,
we say that @) is a weak gr-left quotient algebra of A. When G = Z/Zy we will
speak about a left quotient superalgebra and a weak left quotient superalgebra.
Notice that a gr-algebra is a gr-left quotient algebra of itself if and only if it is gr-right
faithful. In this case (see [4]) it has a unique gr-maximal left quotient algebra, which

is unital, called the gr-maximal left quotient algebra of A. This algebra will be
denoted by Q" (A).

gr—max

3.5. Definitions. Let A be a subsuperalgebra of a superalgebra B. For every
qi € B;, with i = 0,1, define (A:¢q;)) ={a € A : aq; € A}. We will say that A is
weak right faithful in B if for every ¢y € By, rang, (A : qo) = 0. We will say that
A is right faithful in B if for every ¢; € B;, ranp, ,(A : ¢;) = 0 for each i € {0,1}.
This definition has been motivated by the following fact: when B = A, the previous
condition means A right faithful. Hence every right faithful superalgebra A is right
faithful in itself.

3.6. Proposition. Let A be a subsuperalgebra of a superalgebra B and suppose
Ag = A1A;.

(i) If B is a left quotient superalgebra of A, then By is a left quotient algebra of Ay
and By is a left quotient triple system of Aj.

(ii) If By is a left quotient algebra of Ao, By is a left quotient triple system of A;
and A is weak right faithful in B, then B is a left quotient superalgebra of A
and, consequently, a left quotient algebra of A.

Proof: (i) The fact of By being a left quotient algebra of Ay was proved in [4,
(3.2)]. To see that By is a left quotient triple system of A, consider p;,q1 € By,
with p; # 0. Since B is a left quotient superalgebra of A = Ag+ A; and Ag = A1 A4,
0 # ti1p; for some t; € A;. Apply that By is a left quotient algebra of Ay to find
agp € Ag such that agtipr 7é 0 and agt1p1, apt1qn € Ap. By (09), Ap has no total
right zero divisors, hence 0 # Agagtip1 = A1Ajaotipi. Choose by € A; satisfying
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0 # byagt1p1. Then uy; = byag € A1 and ty verify: uit1p; # 0 and uit1qq € A;. This
shows our claim.

(ii) Consider po,qo € Bp, with pg # 0. Since By is a left quotient algebra
of Ap, there exists ag € Ag such that agpy # 0 and agqy € Ag. Now, consider
0 # p1 € B1,q0 € Bo. Apply 0 # (A : qo)p1 to find a; € A; satisfying 0 # a;p; and
a;jqo € A;. For the third case, take 0 # pg € By, q1 € B;y. Since By is a left quotient
algebra of Ay, 0 # Agpo = A1A1pg, so that 0 # t1pg for some t; € A;. Apply the
previous case to find a; € A; satisfying 0 # a;t1po and ajtiq1 € A;. Then u = a;t;
is an homogeneous element of A such that 0 # upy and uq; € AgU A;. Finally, given
p1,q1 € By, with p; # 0, apply that B; is a left quotient triple system of A; to find
ai1,by € Aj such that a1b1p; # 0 and a1b1q1 € A;. Then ug = a1b; € Ay satisfies
0 # ugpy and upq; € A;. =

3.7. Remark: By (0.10), (3.6) (i) may fail if Ay # A1 A4;.

Other examples of right faithful subsuperalgebras in overalgebras (different from
the given in (3.5)) can be found in the following result.

3.8. Lemma. Let B be an oversuperalgebra of a superalgebra A satisfying
Ag = A1 A1 and suppose that By is a left quotient algebra of Ag and that By is a left
quotient triple system of A.

(i) If A is left faithful then A is right faithful in B.

(ii) If A is left supernonsingular (in particular, if it is left nonsingular) then B is a
left quotient algebra of A and A is right faithful in B. Moreover,

(i) The left faithfulness of A in (i) can be replaced by the left faithfulness of A; for

1=0o0ri=1.

(i) The left supernonsingularity of A in (ii) can be replaced by the left nonsingularity
of A; fori=0 ori=1.

Proof: (i) We will prove the case i = 0. The other one is similar. Suppose
0 # by € rang, (A : qo) for some gy € By. Apply that B; is a left quotient triple
system of Ay to find uy,v; € Ay such that 0 # ujv1by € A;. Since A is left faithful
and Ay = AjA;, there exists w; € Aj such that ujvibyw; # 0. Bp being a left
quotient algebra of Ay implies aguiv1biwy # 0 and aguiviqy € Ap for some ag € Ayp.
Now, apuivy € (A: qo) and by € rang, (A : qo) imply aguiv1b; = 0, a contradiction.

(ii) We prove first that B is a left quotient algebra of A.

Given pg, qo € By, with pg # 0, apply that By is a left quotient algebra of Ay
to find ag € Ag such that agpy # 0 and agqo € Ag. If p1,q1 € By, with p; # 0, by
using that B is a left quotient triple system of A; we find uy,v; € A; satisfying
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0 # wyvipr and uiv1q; € A;. Now, consider 0 # pg € By and ¢; € By; apply that
By is a left quotient algebra of Ay to find ag € Ag such that 0 # agpg € Ag. Since
A is right faithful (by (2.5)) and Ay = A1 A1, biappo # 0 for some b; € A;. Notice
that V(By) is a left quotient pair of V(A;) and that V(A;) is left nonsingular (by
(2.5)(i) and (2.13); by [7, (2.4)] (A7 : biaoq1)biagpo # 0, hence there exists ¢; € Aq
satisfying c1b1appg # 0 and c¢1b1apqy € Ay. The element ug = c1b1ag € Ay satisfies:
uopo # 0 and ugq; € A;.

Finally, given 0 # p; € By and qg € By, apply that B; is a left quotient triple
system of A; to find a; € A; such that a;p; # 0. By the previous case there exists
ug € Ag satisfying 0 # ugaip; and ugaiqo € Aj.

The equality rang, ,(A : ¢;) = 0 for every ¢; € B; and every i = 0,1 follows
from the fact of B being a left quotient superalgebra of A.

(i) Under the conditions of the main statement, A is left faithful if and only if
Ag and A; are left faithful (by (0.9)). Suppose Ay left faithful, and consider a; € Ay
such that a1 A1A; = 0. If a3 # 0, Aja; # 0 by the right faithfulness of A;.Apply
that A is left faithful to have 0 # Aja1 A9 = A1a1 A1 A1, which is a contradiction.

Now, suppose A; left faithful, and consider ag € Aq satisfying agAg = 0. Then
agA1 A1 A1 = agApA; = 0. Since A; has no total right zero divisors, agA; = 0. If
ag # 0, apply the right faithfulness of Ay to have 0 # Agag = A1A1ap. Apply again
the left faithfulness of A; to obtain 0 # AjagA;1 A1, a contradiction.

(i)’ follows by (0.9) and (2.13). =

3.9. Remark. The converses of (i) and (ii) in the previous Lemma are not
true: Consider A = B and take into account that right faithfulness implies neither
left faithfulness nor left supernonsingularity.

3.10. Corollary. Let A be a right faithful subsuperalgebra of a superalgebra B
and suppose Ay = A1Ay. If A is left faithful (equivalently gr-left faithful) or gr-left
nonsingular, then B is a left quotient superalgebra of A if and only if By is a left
quotient algebra of Ag and By is a left quotient triple system of A;.

Proof: Apply (3.6) (i) and (3.8). m

4. The maximal left quotient system of an associative system

4.1. Let A be an associative pair and denote by (£,e) and A its standard
imbedding and standard envelope, respectively. Then A and £ can be considered as
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superalgebras by defining
Ao = A1 Az @ Ao1 A1z,  Ar = A2 ® Aoy

and
Eo=eCed(1—e)é(l—e), & :=A

Moreover, by (1.2), A9 = A;.A;, although the same is not true, in general, for
E. When & = £1&1, then £ = A and A is said to be a unital associative pair. As
it is not difficult to see, the pair A is unital if and only if e is a full idempotent in &,
if and only if A =& = &) ® &; is a strongly graded superalgebra.

4.2. Remark: Notice that the standard envelope of an associative pair A is
not necessarily a strongly graded superalgebra. For a commutative ring R, take

A <zt> <z>
T\l<z> <22>)

where < f(x) > denotes the ideal generated by {f(x)} in the polynomial ring R|[x].
Then the standard envelope of the associative pair A = V(< x >) is isomorphic to
A (consider A as a subpair of (A, ¢), where ¢ = (¢™, ™) is given by:

et AT — A e AT — A
(0 e N
0 O a0

and apply (1.6)). Moreover,

< x> 0 0 <z> 0 < x>
AOAl_( 0 <x2>>(<x> 0 )_<<ac3> 0 )%Al'

4.3. Lemma. Let B be a left quotient pair of an associative pair A, and denote
by A and B their standard envelopes. Then:

(1) Ajibi; # 0 for every 0 # by € By, 4,5 € {1,2}.
(ii) Bi; is a left quotient algebra of A;; for i € {1,2}.
Proof: Notice that by [7, (2.5)(i)], A C B.

(i) The case i # j is [7, (2.6)]. Now, suppose ¢ = j. By the previous case, ay;b;; #
0 for some ay; € Ag;, with k # i and k,i € {1,2}. Apply that B is a left quotient
pair of A to find (2, T:) € (Aix, Ar:) such that 0 # zx;ziraribis € ApsAiibii. This
shows A”b“ 7£ 0.

(i) Consider b;;, cii € Bii, with b;; # 0. By (i) there exists aj; € Aj;, with j # i
and j € {1,2}, such that a;;b;; # 0. Apply that B is a left quotient pair of A and
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take (xz'jaxji) € (Aij7Aji) Satisfying xjixijajibii 7é 0 and XjiLijQ;iiCig € Aﬂ Since A
is l"ight faithful, yijxﬂwijaﬂb” 75 0 for some Yij € .A” Then Uiy = YijLjiLijAjs S .Au
satisfies u;;b;; # 0 and wugci; € A;;. m

4.4. Corollary. Let A be a right faithful associative pair and denote by A and
(€, e) its standard envelope and standard imbedding, respectively. Then efe is a left
quotient algebra of eAe.

Proof: We first show ran4(ed) = 0. Suppose 0 # z € rang(eA). If 17 # 0
then, by (4.3)(i), 0 # Aj1211 = A12491211 C eAze = 0, a contradiction. If 12 # 0
then (since A has no total right zero divisors) 0 # A2 421212 C eAz(1 —€) =0, a
contradiction. Analogously we obtain zoo = x97 = 0 and hence z = 0. Now, the
result follows by [7, (1.5)] and [3, (1.7)]. m

4.5. Lemma. Let A be a right faithful associative pair, and denote by A and
(€, e) its standard envelope and standard imbedding, respectively. Then, for every left
quotient algebra Q of A such that Qe +eQ + Q(1 —e) + (1 —e)Q C Q we have that
Q= (eQ(1 —e), (1 —e)Qe) is a left quotient pair of A.

Proof: Notice that the products uQu, for u,v € {1,e,1 — e} make sense by
considering 1, u,v, Q inside Q! . (Q) = (by [18, (1.14)])Q" ... (A) = (by [7, (1.5)(ii)]
and [18, (1.14)]) Q!,..(E).

max

Consider p12,q12 € €Q(1 — €), with p1a # 0. Since Q is a left quotient algebra
of A there exists a € A such that apis # 0 and apio,aqi2 € A. Suppose first
a11p12 # 0. Then aj1p12,a11q12 € eA(1 — e). Apply that A is a left quotient pair
of A to find z12,x91 € A satisfying z12x21a11p12 # 0, T12T21011q12 € A12. Notice
that xo1a11 € As;. Now, suppose asipiz # 0. Since A has no total right zero
divisors, 0 # Aaz1p12 C Ar2a21p12 + A22a21p12 = Ar2a21p12 + A1 A12a21p12; hence
bi2a21p12 # 0 for some b1o € Ajo. The element c¢117 = bisas; € A satisfies ¢11p12 # 0,
c11p12,c11q12 € A, and the previous case applies. m

4.6. Remark: [7, (2.5)(ii)] is a particular case of the previous result.

4.7. Lemma. Let B be a left quotient pair of an associative pair A. Denote
by (B,e) and (A,e) their standard envelopes and by QF and QA their maximal left
quotient algebras. Then uQPu is a left quotient algebra of wAu, for u € {e,1 — e}.
In particular, uQ-u is a left quotient algebra of wAu.

Proof: We will prove the result for v = e. Notice that by [7, (2.5) (i)] the
idempotent e is the same for A and B; moreover, we may consider A C B C 9B,

rang.(eB) = 0: Indeed, consider 0 # be € Be; by [7, (1.5)] Bbe # 0, so eBbe # 0
or (1 —e)Bbe # 0; in the first case, be ¢ rang.(eB); in the second one, choose ¢ € B
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satisfying 0 # (1 — e)cbe € B and apply that B is a left quotient pair of A to find
(x,y) € A such that 0 # yz(1 — e)cbe € Ag; Bbe = AgzieBbe; then be ¢ rang.(eB).

Now we see rang(;_.)(eB) = 0: Consider b € B such that b(1 —e) # 0. By
[7, (1.5)], Bb(1 —e) # 0. If eBb(1 —e) # 0 we have b(1 —e) ¢ rangn_c)(eB). If
(1—e)Bb(1—e) # 0, by (4.3)(i) 0 # eA(1—e)Bb(1—e) and so b(1—e) ¢ ranp—.)(eB).
Since rang(eB) = ranp.(eB) ® ranp_.)(eB) = 0, we may apply [3, (1.7)] to the
algebras B and QF and to the idempotent e to obtain that eQBe is a left quotient
algebra of eBe. If we apply (4.3) (ii) and the transitivity of the relation “being a left
quotient algebra of”, we finish the proof. m

4.8. Definition. Let A be a subpair of an associative pair B C B, where B is
the standard envelope of B. We will say that A is right faithful in B if:

m n
rang,, (Asz : szmpzm) =0 and rang, (A2: quﬂliz) =0

for every finite family (pi,,p%;), (q{z,qgl) € B, with (i,5) € {1,...,m} x {1,...,n}.

4.9. Definition. An associative triple system A is said to be right faithful in
an associative triple oversystem B when V(A) is a right faithful associative pair in
V(B).

4.10. Lemma. Let A be a subpair of an associative pair B C B, where B is the
standard envelope of B, and denote by A the graded algebra generated by A inside B.
(i) A is right faithful in B if and only if A is weak right faithful in B.
Suppose that B is a left quotient pair of A.
(ii) A is the standard envelope of A.

(iii) If A is left faithful or left nonsingular then A is right faithful in B. In particular
A is right faithful in B.

Proof: Consider (¢11,¢22) € (B11,Ba22), and put qo := g11 + g22. Then

rang, (A : qo) = rang,, (A1 : q11) ® ranp,, (A2 : ¢22). (1)

Indeed, the containment “C” is not difficult to prove. For the converse, consider
bi2 € rang,,(A21 : q11). Since we want to prove (A : qo)bi2 = 0, take a € (A : qp).
Then a1, A21a11 belong to (Az1 : ¢11) and so as1b12 = 0 = Azj1a11b12. Since B is a
left quotient pair of A, a11b12 = 0, which proves our claim. Analogously we obtain
rang,, (A2 : q22) C rang, (A : qo).
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Now, (i) follows immediately from (1).

(ii) By (1.6) it is enough to prove that A is right faithful, equivalently (by [4,
(1.10)]) A is right superfaithful. If Aa; = 0 for some a; € Ay := AT & A~, then
Aja; = 0. Since A is right faithful (equivalently A; is right faithful), a; = 0.
Suppose now Aag = 0 for some ag € Ay = A1 A;. Since B is right faithful, by [7,
(1.5)] B is right faithful. Hence, ao is not a total right zero divisor in B. Apply
B =By® By = B1B1 ® B; to find x1 € By satisfying x1a9 # 0. Since B is a left
quotient pair of A (equivalently By is a left quotient triple system of A;) there exist
bi,c1 € Ay such that bycixiag # 0 and bicizy € Ay, But biciziapAiag € Aag = 0,
a contradiction.

(iii) If A is right faithful, and left faithful or left nonsingular, by [7, (1.5), (2.14)],
A is right faithful, and left faithful or left nonsingular. On the other hand, B is a
left quotient algebra of A (apply [7, (2.5)]). Notice that Ay = A;.A;. Moreover, B;
is a left quotient triple system of A; (since B is a left quotient pair of A), and By is
a left quotient algebra of Ay (apply (4.3)), which imply, by virtue of (3.8), A right
faithful in B. Now the result follows by (i). m

4.11. Remark: The converse of (4.10) (iii) is not true, that is, there are
examples of associative pairs A C B, with B a left quotient pair of A, and A right
faithful in B, and such that A is neither left faithful nor left nonsingular: Take A = B.
Then being A right faithful in A says merely A is right faithful, but right faithfulness
implies neither left faithfulness nor left nonsingularity: For the first example, consider

a field F' and take A = B = ((g g), (1(; g)),whichisaright but not a left

faithful associative pair. For the second one take, for example, A = (A, A), for A a
right faithful algebra with Q' . (A) not being von Neumann regular.

max

4.12. Theorem. Let A be a left quotient subpair of an associative pair B such
that A is right faithful in B, and denote by A, (E4,¢e) and B, (E8,e) the standard
envelopes and standard imbeddings of A and B, respectively. Then:

(Z) Q = ngr—maw ('A) = inax('A) = 'lmaac (B) = lgr—maw (B)
(ii) Q = (eQ(1 —e),(1—e)Qe) is a left quotient pair of A.

Proof: (i) By (4.3) (ii), By is a left quotient algebra of Ag; since B; is a left
quotient triple system of A; (because B is a left quotient pair of A) and A is right
faithful in B (by (4.10) (i)), we obtain from (3.6) (ii) that B is a left quotient super-
algebra of A4 and, consequently, a left quotient algebra of A. Hence, by [18, (1.14)]
and [4, (2.8), (1.12)], Q i= QL0 (A) = Qlur(B) and Q1 _yur(A) = QL (B).

To finish the proof, apply [4, (1.18), (2.3), (2.4)] and the fact that Q is graded and
contains A as a gr-subalgebra (notice that the grading is given by the idempotent e).
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(ii) is (4.5). m

4.13. Definition. Given a right faithful associative pair A with standard
envelope and imbedding A and (&, e), respectively, write Q := Q! (A). By (4.5),

Q = (eQ(1—e), (1—e)Qe) is a left quotient pair of A. Moreover, if B is a left quotient
pair of A such that A is right faithful in B, then by (4.12) (i), Q = ngr_mam (B) and

hence there exists a monomorphism (of associative pairs) from B into ) which is
the identity when restricted to A. The associative pair @) is called the maximal left
quotient pair of A and will be denoted by Q' . (A). It is maximal among all left
quotient pairs of A in which A is right faithful in the sense previously explained.

4.14. Remark: The previous definition strictly generalizes that of [7, (2.11)].
Moreover, it cannot be improved.

Proof: Indeed, when A is an associative pair without total right and total left
zero divisors, or it is left nonsingular, the definition coincides with the given in [7,
(2.11)] because by (4.10) (ii), under this conditions, A is right faithful in every left
quotient pair of A. It strictly generalizes [7, (2.11)] by virtue of (4.11).

For the second sentence, suppose that B is a left quotient pair of A such that
there exists a monomorphism (of associative pairs) from B into Q := (eQ!, . (A)(1—

e), (1 — e)Q!,..(A)e) which is the identity when restricted to A. Identify B with
its image inside ) and denote by Q the standard envelope of (). Then A C B C
QCQC@Q,,.(A (notice that Q and Q! ,,(A) may not coincide -see [7, (2.12)] for
an example-). Then, Q being a gr-left quotient algebra of A implies (by [4, (1.17),
(1.18)]) that for every gy € Qq, A is a left quotient superalgebra of (A : ¢p) and
so Q is a left quotient superalgebra of (A : qp). Hence rang,(A : q¢) = 0. By
(4.10)(i), A is right faithful in Q. Now, denote by B the graded algebra generated
by B inside Q. Then B is the standard envelope of B: Since () is a left quotient
pair of A and A C B C @, @ is a left quotient pair of B; this implies, by (4.10)(ii),
our statement. Finally, for every finite family {(pl,,p%;)} C (Bi2,Ba1), rang,,(As; :
S Piophy) = rang,, (A1 = Y, piapbi)NBi2 = 0. This fact and the analogue obtained

by exchanging the roles of 1 and 2, complete the proof. m

5. The maximal left quotient system of an associative triple
system

5.1. Let A be an associative triple system and denote by A the standard envelope
of V(A) := (A, A). Consider the natural inclusion (7F,77), with 77 : V(A4)7 — A,
for o = +.

Then the linear map 7: A_1 ® Ag ® A3 — A_1 & Ay ® A; satisfying
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T(r7(w) + 27 (a) 7 (b)) + 227 ()7 (di) + 77 (v) =

77 (w) + > 7 (a) 7T (b;) + D7 (e)T (dy) + 71 (v)

for every u, v, a;,b; € A, is an involutory gr-homomorphism of gr-algebras, i.e., 72 =

14, 7(a;) € A_y, for I = —1,0,1, and 7(ab) = 7(a)7(b).

5.2. Theorem. Let A be a right faithful associative triple system and let A and
7 be as in (5.1). Denote Q_1 ® Qo ® Q1 = Q:=Q,_,,.(A) = Q.. (A). Then:

(i) T can be extended to an involutory gr-homomorphism of gr-algebras 7 : Q_1 @
QoD 91 — Q_1 D Qo ® Q1 which coincides with T when restricted to A.

(ii) Q := Q1 with the triple product given by: x-y-z := xy” z (being the juztaposition
the product in Q and y” the image of y via 7) is an associative triple system and
a left quotient triple system of A.

(iii) Q is mazimal among all left quotient triple systems of A in which A is right
faithful in the sense that if T is a left quotient triple system of A, then there
exists a monomorphism from T into Q (of associative triple systems) which
restricted to A is the identity.

Proof: (i) It is easy to see that A is a gr-left quotient algebra of a gr-ideal Z if
and only if A is a gr-left quotient algebra of Z™ and that for any f € HOM4(Z7,.A),
(where HOM 4(Z7, A); denotes the set of all graded homomorphisms of left A-gr-
modules from Z7 to A) the map f7 : I — A given by f7(y7) := f(y)” lies in
HOM(Z7,A)_y, for | = —1,0, 1. Moreover, 7 : @ — Q defined by [f,Z]” = [f7,Z7]
satisfies the desired conditions.

(ii) It is immediate to see that @ is a left quotient triple system with the given
triple product. Now, let p,q be in @, with p # 0. Apply (4.12) (ii) to find (a,b) €
V(A) such that 0 # abp =a-b" - p and a - b” - ¢ = abg € A. This proves that A is a
left quotient triple system of A.

(iii) If B is a left quotient triple system of A in which A is right faithful then,

by (3.3), V(B) is a left quotient pair of V(A). Clearly, the right faithfulness of A

inside B can be read as the right faithfulness of V(A) inside V(B). By (4.13) Q =

gr—maz(E(V(B))) = Qaa(E(V(B))) = QYr_maa(€(V(A))) = Qrnaa(E(V(A))),

where £(V(—)) denotes the envelope of V(—), and (Q_1, Q1) is a left quotient pair
of V(A). By (i) and (ii), B can be seen as a subtriple of (). m

5.3. Definition. For every associative triple system A the left quotient triple
system @ defined in (5.2) is called the maximal left quotient triple system of A.
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