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The goal of this article is to get a torsion-theoretic analogue of CS modules. The authors introduce
two new concepts,τ -CS modules and stronglyτ -CS modules (s-τ -CS): Letτ = (T,F) denote
a hereditary torsion theory on R-Mod, whereT andF denote the classes of allτ -torsion andτ -
torsionfree modules respectively. A submoduleN of M is calledτ -dense ifM/N is τ -torsion and
it is calledτ -essential inM if it is τ -dense and essential inM . If N has no proper (τ -)essential
extensions inM , thenN is said to be (τ -)essentially closed inM . A moduleM is calledτ -CS if
one of the following equivalent conditions holds:
(1) Everyτ -dense submodule ofM is essential in a direct summand ofM .
(2) Everyτ -dense submodule ofM is τ -essential in a direct summand ofM .
(3) Everyτ -dense,τ -essentially closed submodule ofM is a direct summand ofM .
(4) Everyτ -dense, essentially closed submodule ofM is a direct summand ofM .

Note that every CS module isτ -CS.
A moduleM is stronglyτ -CS if one of the following equivalent conditions holds:

(1) Every submodule ofM is τ -essential in a direct summand ofM .
(2) Everyτ -essentially closed submodule ofM is a direct summand ofM .
The authors investigate the relations between these concepts and the notions ofτ -injective,τ -

simple andτ -uniform modules, and compare them withτ -complemented (τ -injective) modules.
They obtain a refinement of a theorem by Masaike and Horigome which characterizes rings with
ACC on theirτ -dense ideals. Moreover, they establish conditions under which a finite direct sum
of s-τ -CS modules is s-τ -CS, and they study the relationship betweenτ -complemented modules
and s-τ -CS modules.
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