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Abstract
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1. Introduction

In the last years, a renewed interest on gradings on simple Lie and Jordan algebras has arisen.
The gradings of finite-dimensional simple Lie algebras ruling out a;, D4 and the exceptional cases
(82, T4, €6, €7 and eg) by finite abelian groups are described in [4]. Also the gradings on simple
Jordan algebras of type H(F,) and H(Q,) are given in the same reference, for an algebraically
closed field F of characteristic zero and a quaternion algebra F-algebra Q. In this work, the
authors use their previous results in [3] about gradings of associative algebras M,,(F). In [2] all
gradings on the simple Jordan algebras of Clifford type have been described. The fine gradings
in a; have been determined in [8] solving the related problem of finding maximal abelian groups
of diagonalizable automorphisms of the algebras (not only in gl(z, C) but also in o(n, C) for
n # 8 and sp(2n, C)). The real case is treated in [9]. Notice that all the works about this topic
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make use of techniques related to the associative case. Our aim is to start the study of gradings of
exceptional Lie algebras, solving completely the case g,.

Our original feeling was that the description of the gradings on g, could be derived straight-
forwardly from the classification of gradings on octonion algebras C obtained in [5]. Recall that
in the split case there is an algebraic groups isomorphism from the group of automorphisms of C
to the group of automorphisms of g, = Der(C), mapping each ¢ € aut(C) to the automorphism
d — @dg~!. Thus any grading of the exceptional simple Lie algebra g,, which is given by a finitely
generated abelian subgroup of its group of automorphisms, is induced by a grading on C, and it
seems that we have all the information needed to compute explicitly all the possible gradings on g,.
But this mechanism for passing gradings from one algebra to another presents a serious handicap:
it does not preserve equivalence. We will check that, although there are only nine gradings up to
equivalence on a split Cayley algebra, there are just 25 gradings (also up to equivalence) on g,.

Our first steps in the search of gradings on g, led us to some general considerations, the first
one being the definition of grading itself: must it be supposed the existence of a grading group?
Should this group be abelian? This is essential since the mechanism for translating gradings from
C to g, works only for abelian groups. Although the work [18] contributes to the general theory
with many results related to these questions, it does not provide a satisfactory answer to them,
according to [6]. We shall deal with these topics in Section 2.1, but only partially. Hence, all
through this paper we shall deal with gradings over groups and unless explicitly stated, the word
grading will mean group grading.

The problem of the study of fine gradings is posed in the just mentioned work [18]. The
root space decomposition of a finite-dimensional simple complex Lie algebra . is a particular
case of a fine grading on .. So, given the great deal of applications (for instance to the study of
representations) of such a decomposition, it is natural to consider the problem of the determination
of all fine gradings. Indeed there could be problems admitting a simpler formulation by using
basis formed no longer by root spaces but by homogeneous elements in some other fine grading.
In fact this happens with the Z%—grading of gl(2) spanned by the Pauli’s matrices, as pointed out
in [8]. This is why this problem has also arisen in the Physics literature (see [7,10,11]).

The study of fine gradings is obviously related to that of nontoral ones. A grading is toral
if the homogeneous components are sums of root spaces. In Section 2.4 we prove that the fact
that a grading is toral is equivalent, from an algebraic viewpoint, to the existence of a Cartan
subalgebra within the 0-homogeneous component, and from a geometric viewpoint, to the fact
that the automorphisms producing the grading are in some torus of the automorphism group.
Although the nontoral gradings of simple Lie algebras are not described, there are some works
published in the early 1980s on gradings with some extra conditions implying its nontoral nature.
This is a source of examples of very nice gradings of exceptional Lie algebras. For instance the
Jordan subgroups are studied in [1,17]. These are finite abelian subgroups of inner automorphisms
of the algebra satisfying additional conditions such as the finiteness of its centralizer and the fact
that they are minimal normal subgroups of their normalizers. Of course any grading obtained as
the simultaneous eigenspaces of the automorphisms in one of these subgroups is nontoral (toral
gradings have a torus contained in their centralizers). In case ¥ = g5, there is one Zg-grading
whose homogeneous components are Cartan subalgebras. This is analogous to the well-known
Zg—grading on eg composed by 31 Cartan subalgebras, also induced by a Jordan subgroup.

The same gradings appear in a work by Hesselink [12] about special and pure gradings of
Lie algebras. A grading of a complex semisimple Lie algebra . is said to be special if L9 =0
(in particular it is nontoral). Recall that for any nonzero element e € &, there is a semisimple
element 2 € #( and a nilpotent one f € &£ _, such that {h, e, f} is a standard basis of s1(2)
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(see [20]). Therefore if a grading is special, all the homogeneous elements are semisimple and
the homogeneous components are toral. If besides all the nonzero homogeneous components are
Cartan subalgebras, the grading is called very pure. Hesselink classifies the very pure gradings,
appearing again the gradings on g, and eg mentioned above.

A first purpose of this work has been to find out if there are nontoral gradings of g, apart
from the previously mentioned one. In fact, in Section 2.4 we develop a method for constructing
nontoral gradings refining a given toral one when possible. Another aim of our work has been to
give techniques which can be possibly applied in other contexts. Accordingly we have classified
the gradings on the complex Cayley algebra C giving an alternative proof to that in [5], which does
not make intensive use of the algebra itself but of the well-known conjugacy classes of elements
in maximal tori of aut(C). Thus we get some tools which can be used in other nonassociative
algebras like g, and hopefully in Albert’s algebra and {4, since their automorphism groups are
related in a similar way as those of Cayley algebras and g,.

In Section 4 we give the classification of gradings on g, . Although we do it for the complex field,
the results are also valid over algebraically closed fields of characteristic zero. We obtain the toral
gradings by taking advantage that the grading translating mechanism works better considering
gradings of C by their universal grading groups, a notion introduced in Section 2.2. Properties
as the fine and toral character of gradings are well behaved under the translating mechanism. For
the toral gradings we do not use directly the method in Section 3.3, instead we use an algebraic
tool basically equivalent but requiring less computations. This consists of the classification of
group epimorphisms starting from Z2 under a suitable equivalence relation. We conclude that
there are only two fine gradings, one nontoral, 24 toral ones, and of these, 20 are equivalent to
gradings by cyclic groups. We highlight this fact because the gradings by cyclic groups have been
essentially determined by Kac (see [16]). This author have found the automorphisms of finite
order in a simple Lie algebra .#. His method uses the extended Dynkin diagrams and it is so easy
that it deserves some explanation here. In the case of & = g5, if & = h @ (P, Lo) is the root
decomposition relative to a Cartan subalgebra [y = L and {«, p} is a basis of the root system
®, any Z,,-grading comes from a triplet (po, p1, p2) of nonnegative integers associated to the
edges of the affine diagram Gé:

(051 (85
o 0O=—F%— 0
1 2 3

such that pg + 2p; + 3p2 = m, being the induced grading ¥ = @nezm ¥, where %, is the
sum of all root spaces L, such that @ = nja; + noay € @ U {0} and n1 py 4+ nopr = n(mod m)
forn € {0, ..., m — 1}. It is easy to obtain recursively the cyclic gradings but it is not so clear
when to stop the process, and specially, it is not straightforward to deal with the case of mixed
cyclic gradings. Section 3.2 and Lemma 3 show that gradings by noncyclic groups are not so easy
to find in contrast with the simple algebraic method given for cyclic groups.

2. Generalities on gradings
2.1. Gradings on Lie algebras

Let A be an algebra (not necessarily associative, or Lie) over a field F. Also the dimension of
A may be arbitrary. Let / be a nonempty set and

A=@Ai 1)

iel
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a decomposition into nonzero subspaces such for any i, j € I we have A;A; = 0 or else there
is a (necessarily unique) k € I such that A; A; C Ag. Then we shall say that the decomposition
(1) is a grading of A. When A is a Lie algebra we shall say that (1) is a Lie grading. The
main definitions on Lie gradings can be found in Ref. [18]. Roughly speaking, a grading is a
coarsening of a second one if the first arises collecting together some of the grading spaces of the
second. In this case we say that the second grading is a refinement of the first one. Two gradings
A=@P,; Xi= @jeJ Y; of the same algebra are said to be equivalent when there is a bijection
o : 1 — J and an automorphism f € aut(A) such that f(X;) = Y, for all i € I. When we
have an algebra A and a semigroup G such that A decomposes in the way A = ), Ai and:

(1) Al‘Aj C Aij for all i,jeaqG,
(2) G is generated by {g € G : Az # 0},

we shall say that the previous decomposition is a G-grading on A. A grading A = @, ; X; is
defined to be equivalent to a G-grading A = (P, Y When taking J:={g € G : ¥, # 0}, the
grading A = P geJ Yg is equivalent to the first one. It should be clear now when a G-grading is
equivalent to a G’-grading of the same algebra. On the other hand, if we have a G-grading on the
algebra A = B, Ag and a G'-grading on the same algebra A = P A, then we say that
the given gradings are isomorphic if there is an isomorphism of semigroups o : G — G’ and an
isomorphism of algebras f : A — A’ such that f(Ag) = A;(g) forall g € G.

The result in [6] shows that there are Lie gradings which are not gradings over any semigroup
G. Therefore [18, Theorem 1(d), p. 94] is not true, but as long as we know there is no example of
a Lie grading on a simple finite-dimensional Lie algebra over an algebraically closed field of zero
characteristic which is not equivalent to a group grading. For such an algebra, it follows from [18]
that if we have a semigroup grading, then it is equivalent to a grading by an abelian group. This
does not imply that gradings on simple Lie algebras by nonabelian groups are impossible. However
we shall prove that this is the case. Before proving that, let us see an instance of a G-grading
with G nonabelian which is equivalent to a G’-grading where G’ is abelian. To do this, consider
the triangle group S3 = {1, g, g%, 0, 0g, 0g?} with g3 = 62 = 1 and go = o'g>. Also consider
in ¥:=A; x A1 = sl(Vq) x sl(V,) (withdim V; = 2,i = 1, 2) the basis {h1, k2, x1, X2, Y1, Y2}
where {h;, x;, y;} is the standard basis of sl(V;). Then, the following is a S3-grading on %:

$1=<h17h2>7 gU:(x25y2>7 ga’gz()a yo-g2=07 $g=<x1>7 $g2=<y1>

This S3-grading is equivalent to the following Ze-gradingon & = # o @ M2 B M3 & M 4 where
Mo = (hi, ha), My = (x1), M3 = (x2, y2) and M4 = (y1).

In particular, gradings by nonabelian groups are possible over semisimple Lie algebras. How-
ever they are not possible over simple Lie algebras:

Proposition 1. If £ is a simple (finite-dimensional) Lie algebra graded by a group G, then G is
abelian.

Proof. First of all we note that for any Lie algebra ", if #° = [y @ m is areductive decomposition
(that is, b is a subalgebra of #" and m is an h-module), then the annihilator of m in [y defined as
anny(m) = {x € b : [x, m] = 0} is an ideal of .#" (hence if " is simple, it vanishes). Let now
L =66 2€G £, be a G-grading on the simple Lie algebra . Each time we give a subgroup
G’ C G, we get areductive decomposition by defining h:= ), Lo andm:= 3,5 L.
We know that the set {g € G : &, # 0} is a set of generators of G. For each g1 € G such that
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Z¢, # 0 we can consider the set Sg, :={g € G : gg1 = g1g}. If for all g; such that &, #0
we have S;; = G, then there is a system of generators which are central and so G is abelian.
Otherwise there is some g such that &, # 0and G":= Sy, is a proper subgroup of G. As before
we have a reductive decomposition & =h @ mwhereh =3 o Leandm= 3", ;¢ L,
hence anngy(m) = 0.

We must now realize that for two noncommuting elements g1, go € G we always have
(L, L] =0 (otherwise: 0 £ [Py, Lol = [Lgy, L] T Lg1go N Lo, = 0). But then,
as g does not commute with any element in G — G’ # @, we have [L/gl,m] =0, that is,
£, C anny(m) = 0, a contradiction. [

In this paper we shall be concerned mainly with simple finite-dimensional Lie algebras.
Because of the results above, we must concentrate on gradings by finitely generated abelian
groups. Another result implying the commutativity of grading groups is the one given in [5,
Lemma 5, p. 348] following which, any group grading a Cayley—Dickson algebra is necessarily
commutative.

2.2. Universal grading group

In this section and the remaining, we return to the convention that all the gradings will be equiv-
alent to group gradings. But we know that different groups can produce equivalent gradings. Thus
a universal procedure to select a unique group among all those producing the same grading (up to
equivalence) would be interesting. So, let us start from a grading on a simple finite-dimensional
Lie F-algebra

=P 2. )
iel
The set I must be finite given the finite-dimensional character of . Define now Z(I) as the
free Z-module generated by I, which has the following universal property: there is an injection
Jj: I — Z(I), i — i such that for any map j: I — G from I to a Z-module G, there is a
unique homomorphism of Z-modules f : Z(I) — G such that f o j = j’. Consider now the Z-
submodule M generated by the elementsi; + i» — i3 where (i1, i2, i3) ranges over the triplets such
that 0 # [ %}, Zi,]1 C &;,. Finally define G;:=Z(1)/M, which is a finitely generated abelian
group. This is the abelian group constructed in [18, p. 93]. Suppose now that G is a finitely
generated abelian group and ¥ = P 2cG Xg is a coarsening of the grading (2). Then there is
a surjective map o : [ — J:={g € G : Xz # 0} such that &; C X, (i € I). Applying the
universal property of Z(I) there is a unique homomorphism of abelian groups f : Z(I) - G
such that f(i) = o (i). But it is not difficult to prove that M C ker(f) hence there is a group
homomorphism f: Gy — G such that f(i) = o (i) for all i € I. This is easily seen to be an
epimorphism. The original grading (2) is in fact a G;-grading writing ¥ = @, , &}, where
= ifk = i and & =0 otherwise. Summarizing this subsection we have:

Proposition 2. Let & = D, _; £ be a Lie grading (equivalent to a group grading) of a simple
finite-dimensional Lie algebra . Then there is a finitely generated abelian group G| containing
I such that:

(1) The previous grading can be rewritten as ¥ = @keG, L) where &), = Ly ifk € I and
L) = 0 otherwise.



90 C. Draper, C. Martin / Linear Algebra and its Applications 418 (2006) 85-111

(2) For any other finitely generated abelian group G and any coarsening & = P 2cG Xg of
the previous grading, there is a unique group epimorphism f : G; — G such that X, =
> ry=g Ly forany g € G.

The property above could be stated in terms of initial objects in a suitable category. So it is a
universal property which justifies the name universal grading group for G;.

To see how this universal property works in a concrete example consider the Lie algebra
& =slI(3, F) (the field F is still arbitrary). Let [) be the Cartan subalgebra [y = (hy, hy) where
hi1 = e11 — e33 and hy = ez — e33 being ¢;; the elementary matrix whose entries are zero except
for the (i, j) one which is 1. Then, the following decomposition of .# is a Lie grading ¥ =
iYL LD Lm ® Ly, Where

Zi=bh, Zj=(en,en), Lr=/{e31), Lm=(e12,€13), L= (e13).

Indeed the multiplicative relations on the subspaces involved could be summarized in the table:

L L L L L

L 0 L L L La
Z; L 0 L P
Zx 0 ¥ %
L Fn 0
P 0

where for instance the (2, 4) entry of the table means 0 # [, % ;,] C £;. We want to compute
the universal group G; where I = {i, j, k, m, n}. So we must consider the free Z-module Z([)
and the submodule M generated by all the elements a + b — ¢ where the triplet (a, b, c¢) satisfies
0#[ZLy, Lp] C L. The generators of M in our example are

iL,2j—k,j+m—i,j+n—m,k+m—j k+n—i2m—n.
Thus we must compute Z(1)/M but identifying Z(I) with Z> in such a way that i, j, k, m, n are

identified with the canonical basis of Z> respectively, we get an isomorphism G; = 73 /M’ where
M’ is the submodule of Z° generated by the rows of the matrix:

1 0 0 0 0
0 2 -1 0 0
—1 1 0 1 0
A=1]0 1 0o -1 1
0o -1 1 1 0
-1 0 1 0 1
0 0 0 2 -1

Now, we can find the structure of Z° /M’ as direct sum of cyclic subgroups by computing the
so-called normal form of the matrix A (see [14, Sections 3.7 and 3.8, pp. 181-188]). After some
computations, we find by using elementary row and column transformations that the normal form
of A is the matrix:
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S O = O O O
S O o o o O

>

I
cCococo oo~
cC oo oo~ o
cC oo o~ oo

0 o0

As a consequence G :=Z(1)/M = 7°/M' = 7°/M" where M" is the Z-submodule of Z°
generated by the rows of A’. So M" =7 x Z x Z x Z x 0 and we get Z(I)/ M=Z. This proves
that the universal grading group is isomorphic to Z. Indeed it is not difficult to realize that
the given grading is a Z-grading of thetype ¥ = ¥ , @ L _ 1@ LoD L1 ® Lo for ¥_» =
(e13) =%y, L 1=(enn,e3) =L, Lo=b=%, 1= (e21,e3) =&}, 2= (e31) =
ZL. This grading is also a Zs-grading if we define ¥ =L, &L, ®L,> D L3 & L,+ where
o = exp(2ri/5) is a primitive fifth root of 1 and L1 = b, L, = (ea1, €32), L2 = (e31), L3 =
(e13)and L 4 = (e12, e23) (identifying Z5 with {0 : i € Z}). Theuniversal property of G ; implies
that there is an epimorphism f : G; = Z — Zs such that #; = Ly fori € {-2,—-1,0, 1, 2}
and of course, this epimorphism is the induced by 1 — .

The computations needed for the determination of the universal grading group are easily
converted into an algorithm. So the determination of G for gradings not so obvious as the given
one, is an automatic task.

Another property of the universal grading group is that we can compute it when the starting Lie
grading is not a group grading (even if the Lie algebra is not simple). In this case the map I — Gy
mapping any i € [ to its equivalence class in Gy will not be injective. So the computation of the
universal group and the canonical map I — G will tell us if a given grading is certainly a group
grading or not depending on the injectivity of the mentioned map. In the previous example we do
not know a priori if the given grading is a group grading, but the study of its universal grading
group provides an affirmative answer. On the contrary, for the grading ¥ = ¥ & %> where ¥;
are simple ideals, the group G is trivial, so the map I — G7 is not injective and there does not
exist a group G such that this grading is equivalent to a G-grading.

2.3. Automorphisms and gradings

A useful way of seeing gradings is that of semisimple automorphisms (see the section with the
same title in [17, §3, p. 104]). Following this reference, a commutative complex algebraic group
whose identity component is an algebraic torus is called an algebraic quasitorus. Quasitori are
direct products of tori and commutative finite groups though this is not essential for our study.
Also an algebraic linear group is a quasitorus if and only if there is a basis relative to which the
elements of the quasitorus are simultaneously diagonalizable. If S is a finitely generated abelian
group, then its group of characters X(S) = hom(S, C*) is a quasitorus and reciprocally, the group
of characters of a quasitorus turns out to be a finitely generated abelian group.

The crucial point to have in mind is the following. Let S be a finitely generated abelian group.
Of course S = 2" x Z,,, x --- X Z,, where r,nj € Z,nj > 1,r > 0. The group of characters
X(S) is then X(S) = (C*)" x Z,, X -+ X Zy, since ¥(Z) = C* and X(Z,) = Z, foralln > 1.
Moreover, any homomorphism ¢ : X(S) — aut(A) to the group of automorphisms of the complex
algebra A, provides a S-grading
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Az@A,-,

ieS

where A;:={a € A : p(t)(a) = t(i)a Vt € X(S)}. In[17, p. 106] it is proved that any grading on
A by a finitely generated abelian group arises in this way.

In the special case of a Z-grading on a complex algebra % (not necessarily a Lie algebra)
we have a homomorphism ¢ : C* — aut(%). Any character t € X(Z) = hom(Z, C*) is of the
form 7 (n) = 7" for some z € C* and therefore the grading is ¥ = @,,c, £» where &, is the
subspace of elements x € . such that ¢(z)x = z"x for all z € C*. The map 6 :=dg(1) : C —
Der (%) is linear and for dy:=6(1) € Der(¥) we have 6(1) = Ady for all > € C. The derivation
do allows us to get a new description of the spaces %, of the grading. Indeed, differentiat-
ing the equality ¢(z)x = z"x at z = 1 we get that x € &, if and only if do(x) = nx. So the
spaces %, of the grading are the eigenspaces of dy and this is a diagonalizable derivation of ¥
(with integer eigenvalues). We can go a step further by considering the diagonalizable automor-
phism ¥ := exp(dp) whose eigenvalues are of the form exp(n) with n € Z, and which allows to
describe ., in the form ¥, = {x € ¥ : ¥ (x) = exp(n)x}. If the grading is not trivial, dyp # 0
and in case % is a complex semisimple finite-dimensional Lie algebra, the derivation dy is
inner dy = ad(hg) and &g can be taken in some Cartan subalgebra Iy of #. Thus by C ker(dy) =
Zo.

Suppose now that we have a Z,-grading of .#. Since X(Z,) = Z,, what we have now is a
homomorphism ¢ : Z, — aut(¥) which is completely determined once we know ¢(1) =: f €
aut(¥). Moreover f" = 14 sothata Z,-grading is given by a finite order automorphism. Again,
if the grading is not trivial f # 1 .

The information contained in the last two paragraphs allows us to conclude that a G-grading
over a cyclic group G of a complex algebra .Z is just the decomposition of the algebra as direct
sum of the eigenspaces relative to a diagonalizable automorphism of Z.

In the rest of the section all the groups considered are supposed to be finitely generated and
abelian. Let G be a group which is the direct product of groups G; (i =1, ..., n). The projection
epimorphisms 7; : G — G; induce monomorphisms ¢; : X(G;) — X(G), hence any G-grad-
ing of an algebra . given by ¢ : X(G) — aut(¥) produces G;-gradings ¢; : X(G;) — aut(¥)

where ¢; = ¢ o ¢;. Now, forany o; € X(G;),a; € X(G;) (i, j =1, ..., n)itis easy to prove the
commutativity

pila)gj(aj) = @jla;)gi(a;). (3)
Lemma 1. Let { f1, ..., fi} be a commutative family of diagonalizable automorphisms of a com-

plex algebra ¥ (not necessarily a Lie algebra). Then we get a grading of & in the form ¥ =
Dic; &Li where:

(1) The &; are fj-invariant (for all i and j).
(2) Foranyi € I, the restriction of each of the maps f to & is a scalar multiple of the identity.

Furthermore, each G-grading on & is of the previous form.
Proof. The direct part of the lemma is a standard linear algebra result. Suppose now a G-grading

of & given by ahomomorphism ¢ : X(G) — aut(¥). We can argue by induction on the minimum
number of cyclic factors of G, applying the commutativity condition (3). O
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Corollary 1. Let &£ be a (finite-dimensional) semisimple complex Lie algebra with a G-grading
¢ : X(G) — aut(¥L) where G is the torsion free group G = 7". Then dp(1) : C" — Der(%) is
a monomorphism.

Proof. Let & = P, L, be the grading and ¢ : X(Z") — aut(Z) the homomorphism induc-
ing the grading. Consider as before the gradings ¢; : X(Z) — aut(¥) fori =1, ..., n. Each of
these comes from a diagonalizable derivation with integer eigenvalues defined by d; = dg; (1)(1).
Sincedp(1) (a1, ..., an) = Zi a;d;,to prove the injectivity we only need to show that {dy, . .., d,}
is linearly independent.

Suppose Zi a;d; =0.Forany g = (A1,..., A,) € Z" wehavex € L, if and only if d; (x) =
Aix foralli =1,...,n, hence 0 =Y ;d;(x) = (O_ «;jAi)x and we conclude that )" o;4; =0
whenever (A,...,A,) € §:={g e Z": YL, # 0}. Taking into account that S is a system of
generators of Z" we can prove now that o; = 0. For simplicity we are proving the equality
a1 = 0. There exist integers n; and / such that

l
(1,0,....0) =) "nys;. “4)
1

where s; = (A1j, ..., Ani) € S and therefore Zk airyi = 0 for each i. Moreover by (4) one
hai 1= le niiy; and 0 = le niigi fork +=1.Soa; = a; le niiy + 22:2 o Zé:l niiki =
Yinet @knidki = ;O pohi) =0. O

As a corollary to the previous result, if % is graded by a finitely generated abelian group, its
torsion-free component 7" satisfies n < rank (%) (see [18, Theorem 4, p. 149] for an alternative
proof when & is simple).

2.4. Toral gradings

In this section we shall work with complex semisimple and finite-dimensional Lie algebras. A
particular grading in any such Lie algebra % is the so-called Cartan grading & = b ® (P cp La)
where [y is a Cartan subalgebra, @ a root system and L, the various root spaces. When % is simple,
this grading is fine in the sense that it cannot be further refined. The Cartan grading is a Z"-grading
for n = rank (%) since the root system can be considered as a generating system of Z”. We shall
say that a grading on % is foral if it is a coarsening of a Cartan grading.

We shall use some standard results of the theory of algebraic groups. For a connected algebraic
group G, each semisimple element lies in a maximal torus of G (see for instance [13, Theorem
22.2, p. 139]). As maximal tori are conjugated [13, Corollary A, p. 135], another way to state the
above result is that fixed a maximal torus T in G, any semisimple element of G is conjugated to
some element in 7.

Let now G be the group aut(¥’), and denote by Gg the subgroup of inner automorphisms of
£. As mentioned in [15, Remark, p. 281], the group Gy is the algebraic component of the identity
element of the linear algebraic group G. Moreover in [15, Theorem 4, p. 281] it is proved that
for & simple, G = G unless .Z is of one of the following types: a;, [ > 1, D; or ¢¢. If & is
semisimple, it is proved in [15, Proposition 3, p. 278] that any f € G fixing pointwise a Cartan
subalgebra of .Z is necessarily an element of Gg.

For a simple algebra . fix a Cartan subalgebra [) and consider the Cartan decomposition

L =& (dLy) ©)
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relativetofy. Fix any basis {A1, ..., h,}inhandenlarge thistoabasis B = {h1, ..., h;, Vg, ... Vg }
of & with vy, € Ly;. Suppose now that f € aut(%¥) is diagonal relative to B. Then it is easy to
see that f is the identity on f). We shall call these elements diagonal relative to the given Cartan
decomposition. As we mentioned before, these automorphisms are in the identity component G
of the group G = aut(¥’). Another known result ensures that the subgroup of G¢ given by the
diagonal elements relative to this Cartan decomposition is a maximal torus Ty of Gy.

Let & = @,;; < be a toral grading of £ (a coarsening of (5), up to conjugation) induced
by the diagonalizable automorphisms {fi, ..., f,}. So the restriction of f; to &; is a scalar
multiple of the identity and any f; is diagonal relative to the Cartan decomposition (5). Therefore
{f1,..., fu}is contained in the maximal torus 7.

Reciprocally take { f1, ..., f,}asetof commuting semisimple elements contained in a maximal
torus T of G. Note that T C Gy since T is connected and 1 € T. As any two maximal tori of G
are conjugated then there is p € G such that defining f/:= pf; p~!, wehave {f/, ..., f1} C To.
The grading induced by the fs is toral since these automorphisms are diagonal relative to the
Cartan decomposition (5), therefore the original grading coming from the f;s is also toral since
the f;’s are diagonal relative to the Cartan decomposition

2 =p e (ep (La)).

Summarizing, the grading induced by a set of automorphisms { f1, ..., f,} is toral if and only if
there is some maximal torus in aut(.%’) containing the whole set { f1, ..., fu}.

Let us remark another feature of the toral gradings. Note that, according to Section 2.3, if
¥ = @geA %, is a grading produced by {fi, ..., f,}, the identity component is #o = {x €
&L fi(x) =xVi=1,...n}. If this grading is toral (relative to (5)), as before f; is the identity
in b and hence ) C Zy. Reciprocally if [y C %o, f;|y = id and an easy computation shows that
fi(Ly) C L for any root space L, so that the grading is toral. This characterizes toral gradings
as those whose zero component contains a Cartan subalgebra of Z. It is well-known that %
is a reductive Lie algebra (see [12, Remark 3.5]). Hence the number rank (%) takes sense and
therefore toral gradings are characterized by the formula: rank (#) = rank (%) (a useful criterion
for testing the toral nature of a given grading).

Now we will design a mechanism for refining toral gradings to nontoral ones (if possible). Given
a toral grading by a set of commuting diagonalizable automorphisms f1, ..., f, € aut(¥), we
can define the subgroup Z:=Cg(f1, ..., fu) of those g € G = aut(¥) such that gf; = f;g for
all i (thatis, the centralizer of the f;sin G). This is a closed subgroup of the algebraic group G and
we can consider the decomposition of Z into connected components (as usual Zy will denote the
unit connected component). Let us see that { f1, ..., fu} C Zo. Since the grading is toral there is
a (maximal) torus 7 such that {f1, ..., f,} C T.But T being abelian, it is necessarily contained
in Z and thus in Zy. In particular if Z is not connected and there exists some diagonalizable
element out of the connected component of the unit f,;1 € Z — Z, the grading produced by
{f1,-.., fus1} is nontoral.

On the other hand, it is easy to see that taking a diagonalizable element f, | € Zy, the grad-
ing produced by {fi,..., fu+1} is toral. Indeed, as T C Zy and it is a maximal torus in Zy,
there is some p € Zg such that pf,,1p~! € T. Hence the set {f1, ..., fup1} C p~'Tp. We can
summarize this in the following theorem.

Theorem 1. Let ¥ be a complex semisimple Lie algebra with a toral grading ¥ = P geA Py
induced by the automorphisms { f1, ..., fu} in G:=aut(%L). Let Z C G be the centralizer in G
of the fis and Zy its unit connected component. Then the grading can be refined to a nontoral



C. Draper, C. Martin / Linear Algebra and its Applications 418 (2006) 85-111 95

one if and only if there exists some diagonalizable f,+1 € Z — Zo and considering the grading
induced by { f1, ..., fa+1}-

An example may be convenient at this point. So consider the Lie algebra ¥ = sl(n + 1, C)
(n > 1) and the Z,-grading ¥ = Lo ® &1 where ¥; is the eigenspace of eigenvalue (=1
relative to the involutive automorphism f] : & — & given by fi(x):=pxp~! where p is the
block-diagonal matrix

(1, 0
P=\o -1

being 1, the n x n identity matrix. Thus the matrices in ¥ are of the form (g 2) with the

same block structure, while £ consists of the matrices . We want to know if this grading,

0
which is toral of course, can be refined to a nontoral one. Thus we compute the centralizer Z of
f1 in aut(.%). This turns out to be the group of automorphisms x — gx"g~! where x — x" is
(1)>, fora € SL(n, C).
Thus Z = Zy U Z has two connected components which are precisely the intersection of Z with
the two components of aut(.#) (its unit component, isomorphic to PSL(n + 1, C), corresponds
to [J = id). Therefore taking a diagonalizable element f> € Z; in the complementary of the unit
component Zy we shall get a nontoral grading induced by { fi, f>}. For instance we can take
f2(x):= — x' (minus transposition operator). We get a Z, x Z,-grading where £y is the set of

the identity or the opposite of the transposition, and ¢ is of the form <?)

. a 0 . . . . . a 0 .
matrices 0 o) being a antisymmetric; % is the set of matrices 0 b) ,beingb € Candaa

symmetric matrix; ¥ 1 is the set of matrices (_Obt 8) ,and £ is the set of matrices ( [?t 8) .

We see that rank (%) < % < n =rank(%), in agreement with the fact that the grading is not
toral.

3. Gradings on octonions

In this section we are dealing with the simple alternative algebra of complex octonions O¢,
isomorphic to the Zorn matrices algebra (see [21]). In this algebra we shall use intensively the
so-called standard basis {e1, e2, u1, us, us, vy, va, v3} whose multiplication table is

ey e Ul u u3 V1 v2 v3
el e 0 uj uy u3 0 0 0
(%) 0 en 0 0 0 V1 1% U3
uy 0 wup 0 v3 ) el 0 0
u» 0 ur —u3 0 V] 0 el 0
us 0 wu3 v —v] 0 0 0 el
V1 V1 0 en 0 0 0 —Uu3 un
v, vy O 0 e 0 u3 0 —uq
v vy O 0 0 e —us ui 0
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As we are concerned with group gradings of Lie algebras we also must focus on gradings over
groups (necessarily abelian as proved in [5, Lemma 5, p. 348]) of O¢. Thus, when speaking of
gradings over Q¢ we shall mean gradings over abelian groups.

The algebra ¥ :=g, = Der(Q¢) is the well-known exceptional 14-dimensional Lie algebra.
As one learns for instance from [15], the automorphism group G, = aut(O¢) and the automor-
phism group aut(g,) are isomorphic via the map Ad : G, — aut(g,) such that Ad(f)d := fdf !
for any f € G, and d € g,. This is an isomorphism of algebraic groups so it maps semisimple
elements of one group to semisimple elements in the other one. Thus any group grading on O¢,
which is given by a set of diagonalizable automorphisms {fi, ..., f,}, induces a grading on
g, by means of {Ad(f1), ..., Ad(f,)} and conversely. Therefore we have a device for passing
gradings from O¢ to g, and reciprocally. Since the gradings of O¢ has been fully described
by A. Elduque in a more general context (see [5]), it could be thought that, passing gradings
from O¢ to g,, we have a complete description of gradings on g,. However the device for
translating gradings from one algebra to the other one does not preserve equivalences though
it does preserve isomorphisms. In other words we can have two equivalent gradings on O¢
whose induced gradings on g, are not equivalent. Since our aim is the classification up to
equivalence of gradings on g, it is clear that we must introduce some other tool to complete
this task. In spite of this bad behavior, some properties of gradings on O¢ pass to their in-
duced gradings on g, and conversely. For instance, define a grading p : ¥(G) — aut(O¢) on
Oc¢ to be toral if p(X(G)) is contained in a maximal torus of aut(Q¢). Then it is easy to
prove that a grading on Oc¢ is toral if and only if the grading induced on g, is toral. One can
check that a grading on Qg is toral if and only if it is equivalent to a coarsening of the fine
grading whose homogeneous spaces are {(e1, e2), (ui), (vi) (i =1, 2,3) for a standard basis
{e1, ez, u;, Ui}?zl-

3.1. Some subgroups of G2

Some interesting subgroups of G, will be necessary for our study of gradings. Consider first
the group G:={f € Gy : f({e1, e2)) = (e1, e2)}. Of course this is a linear algebraic group and
its elements either fix the idempotents e; and e; or permute them. Thus G has two components,
the identity component being the subgroup G of automorphisms of O¢ fixing ¢; (i = 1, 2). Itis
immediate to see that G is the subgroup of automorphisms whose matrix relative to the standard
basis is of the form:

1 0 0
0 M 0 , (6)
0 0 WmH!

where M € SL(3) is a 3 x 3 matrix with determinant 1 and M > M" is the matrix transposition.
Thus in fact we have an isomorphism Go = SL(3). Another interesting subgroup is the maximal
torus T of G, of all automorphisms #, g whose matrix in the standard basis is the diagonal matrix

diag(l, 1, o, B, (@B) ', a1, 71, ap),

where «, B € C*. We now compute the centralizers of some specific elements in the torus 7.
Let us define the set S = {1, a, B, (@B) !, ™!, B~1, aB} of eigenvalues of Iq,5. For any subset
V C G; let Cg, (V) denote the centralizer of V in G». The diagonalizable elements of Cg, (V)
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not contained in its unit connected component will be called its outer diagonalizable elements. If
Cg, (V) is connected then it obviously has no outer diagonalizable automorphisms. On the other
hand, consider now a subset V C T (the maximal torus of G, defined above). Then T C Cg, (V)
and in fact T is a maximal torus in Cg, (V). Suppose now that any diagonalizable element in
Cg, (V) is conjugated (in Cg,(V)) to some element in its unit component Cg,(V)o. Then we
can ensure that Cg, (V) has no outer diagonalizable automorphism. Indeed: let f € Cg,(V) be a
diagonalizable element, then for some p € Cg, (V) we have pfp~'e Cg,(V)o. Since Cg,(V)o
is a normal subgroup of Cg, (V) then f itself is an element in Cg, (V)¢ and so the diagonalizable
elements cannot be outer.

Lemma 2. The group Cg,(to,g) has no outer diagonalizable automorphisms in the following
cases:

o |S|=T.

ex=—1land|S| =6.

e = B with|S| =5.

e o = 3 = w a primitive fourth root of unit.
ea=1p8=-1

oo =1and|S|=3.

e o = 3 = p a primitive cubic root of unit.

Proof. If S has cardinal 7 then it is immediate that the centralizer Cg, (fo,8) Of #o, g in G7 is just the
maximal torus 7. If we take now the element 7_; g with |S| = 6, after some easy considerations
also Cg,(t—1,8) = T. Consider now the element ?, 4 such that § = {1, «, a ! a?, oz_z} has
cardinal 5. Then any f € Cg,(ty,¢) is an element in G and f(u3) € (u3), f(v3) € (v3). Thus
necessarily f € Go and f is of the form (6) with M = diag(N, |N|~!) for a 2 x 2 invertible
matrix N. Thus, the map f +— N is an isomorphism from Cg, (t4,o) to GL(2). Next we consider
the automorphism #,, ,, where w is a primitive fourth root of the unit. Any f € Cg, (f,) is again
an element in G¢ and the subspaces (u1, u3), (v, v2) and (u3, v3) are f-invariant. Hence f is
again of the form (6), which implies that (u3) and (v3) are f-invariant. Thus Cg, (74, ) is as before
isomorphic to GL(2). Consider now the automorphism #1, 1 and f € Cg,(#1,—1) diagonalizable.
Then f fixes the subspaces Q := (e, e2, u1, v1) and QJ- :={uy, u3, vy, v3). The first one, Q, is a
split quaternion algebra which we identify with .#,(C). We are using the terminology standard
basis of Q to mean the basis {e11, 22, €12, 21} where ¢;; are the standard elementary matrices.
There is an epimorphism Ad : SL(2) = aut(Q) which maps maximal tori of SL(2) to maximal

. . . . . A .
tori of aut(Q). Since a maximal torus of SL(2) is the group of all matrices (0 A01> with

A € C*, passing through Ad we get a maximal torus in aut(Q) to be the group of automorphisms
whose matrices relative to the standard basis of Q are of the form diag(1, 1, A, A‘l), with A € C*.
As the restriction of f to Q is diagonalizable, the element f must be conjugated to some in the
maximal torus of Q just described. Therefore there exists a basis {e}, €}, u}, v(} of Q relative
to which the matrix of f|p is diag(l,1, A, )»_1) for some nonzero A € C. This basis can be
extended to a standard basis {e}, €}, u/, u}, u, v}, vj, v3} of Oc formed by eigenvectors of f such
that Q = (e1, ez, u1, v1) = (€}, €5, u}, v}) and O+ = (uz, uz, va, v3) = (), uy, v}, v5). Inother
words f is conjugated in Cg, (t1,—1) to an element in the maximal torus 7'. This implies, according
to the paragraph before Lemma 2, that Cg, (¢;,—1) has no outer diagonalizable elements. Let us
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consider now #1 g with 8 # *1 sothat § = {1, g, B~} has cardinal 3.If f € Cg,(11,p) is diago-
nalizable, it fixes again Q as well as the subspaces (u2, v3) and (u3, v2). Arguing as before there
is a new standard basis of O¢ given by {e/, €}, u', u},, u’y, v}, v}, v}} such that each element in the
new basis is an eigenvector of f and Q = (ey, e2, u1, v1) = (€}, €}, u}, v}), (uz, v3) = (u), v5),
(uz, vp) = (u’3, v}). This implies again that f is conjugated in Cg, (t1,8) to some element in 7.
So outer diagonalizable elements do not exist in Cg, (#1,8). The last case to study is Cg, (#p,p)
where p is a primitive cubic root of the unit. Then any f € Cg,(#,,,) fixes the subspaces (ey, e2),
(u1,u2,u3) and (vy, vz, v3). Then necessarily f fixes the idempotents e; and if moreover f is
diagonalizable, then we can obtain a new standard basis {e1, e2, u', u}, u, v}, v}, vj} of eigenvec-
tors of f such that (u1, uz, uz) = (u, u}y, u}) and (vy, va, v3) = (v}, v}, v5). So f is conjugated
within Cg,(#p,p) to an element in the torus 7. Again Cg,(f, ,) has no outer diagonalizable
elements. [

3.2. Description of the gradings

In this section we are summarizing the equivalence classes of possible gradings in O¢ found
in [5]. We also add some information on the universal grading group, obtained using the methods
in Section 2.2. This added information is useful for our purposes by different reasons: (1) the set
of toral gradings on g, are obtained by epimorphisms of the universal grading group of its Cartan
grading, (2) the set of gradings on g, induced by the different representatives of an equivalence
class of a fixed grading on O¢ is obtained also by epimorphisms from the universal grading group,
and (3) the universal grading group plays an essential role in the determination of the (unique up
to equivalence) nontoral grading on g,.

Let us use in this paragraph the more convenient notation C for the complex octonion alge-
bra O¢. Denoting by G the grading group in [5] and by G4 the universal grading group, the
equivalence classes of gradings in C are those whose representatives are the following:

DHG=Z=Gy, C=C_1®Cy® C; with Cy = (e1,er,uy,v1), Ci = {up,v3), C_| =
(uz, v2).

2QG=2=GCG4C=CLBC_1®CodC1 @ CrwithCy = (e1, e2),C1 = (u1,u2),Cr =
(v3), C—1 = (v1, v2), C—2 = (u3).

B)G=2Z,C=C30C,@C_1@Co@ C1 @ C2® C3withCo=(ey, e2), C1=(u1),C2 =
(u2), C3=(v3), C_1 =(v1), C_2 = (v2), C_3 = (u3). Here, the universal grading group is
Gy = Z x Z and the corresponding grading is: Co 0 = (e1, e2), C1,0 = (u1), Co,1 = (u2),
C1,1 = (v3), C—1,0 = (v1), Co,—1 = (v2), C—1,—1 = (u3).

(4) G = Zz = Gaz[, with Co = (el, e, ul, U1>, C1 = (uz, usz, vy, v3).

(5) G =23 = Gy, with Co = {(e1, e2), C1 = (u1, uz, u3), C2 = (v1, v2, v3).

(6) G = Z4 = Gy, with Co = (e1, e2), C1 = (u1, uz), C2 = (u3, v3), C3 = (vy, v2).

(7) G = Zg, with Cy = {ey, e2), C1 = (u1), C2 = {(u2), C3 = (u3, v3), C4 = (v2), Cs = (v1).
In this case the universal grading groupis G4 = Z x Z3, and the grading is Co o = (€1, e2),
Co,1 = {u3,v3), C1,0 = (u1), C—1,0 = (v1), C1,1 = (v2), C—1,1 = (u2).

(8) G = Z3 = Gy, with Cog = (e1, €2), C19 = (u1, v1), Co1 = (u2, v2), C11 = (u3, v3).

(9) G = Z3 = Gy, with Copo = (e1 + e2), Coo1 = {e1 — e2),Cio0 = {1 + v1), Coro = {u2 +
v2), Cro1 = (1 — v1), Co11 = (u2 — v2), Cr10 = (U3 + v3), C111 = (u3 — v3).
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3.3. Algebraic groups approach

Though the description of equivalence classes of gradings on Oc¢ is fully achieved in [5],
we give here an alternative proof which is of independent interest since the used methods are
easily exported to other nonassociative algebras. We shall use some elements of the theory of
algebraic groups. First, we shall consider gradings on C = Q¢ by cyclic groups. Let ¢ denote
the semisimple automorphism of C producing the grading. Then ¢ is conjugated to some element
to,p in the maximal torus 7 of G;. Thus the initial grading is isomorphic to the one given by
ta,5- Denote by S the set of eigenvalues S = {1, a, B, a‘lﬂ_l, a L, ﬂ_l, off}. We now make a
discussion of the different possibilities arising from the cardinal of S.

(a) If | S| = 7 then any of the automorphisms 7, g produces the same grading: the fine grading
given in (3).

(b) Suppose |S| = 6. The only way to get this possibility (up to automorphism) is to write
a = —1, B # %1, &i. So 7_1 g induces the decomposition C = (ey, e2), C_1 = (u1, v1),
Cp = (uz), Cg-1 = (v2), C—p = (v3) and C_g-1 = (u3). This grading is isomorphic to the
one in (7).

(c) Consider next the case | S| = 5. Up to automorphism, this is achieved only by makingoe = g3,
a # 1 forn < 4. So the grading automorphism is # , giving the grading C = C; & Cy &
Cy-1 & C,2 ® C,— where C1 = (e1, €2), Cy = (U1, u2), Cy-1 = (v1, v2), Cp2 = (v3) and
C,—-2> = (u3). This is the grading in (2).

(d) Now we suppose |S| = 4. Up to automorphism the only way to get this is given by o =
B = w a primitive fourth root of unit. The grading automorphism is ¢, ., and the grading
sC=C®C, ®C,®C,3 where C| = (e1, e2), Cp, = {u1,u2), C,2 = (u3, v3) and
C,3 = (v1, v2). This is the grading in (6).

(e) The possibility |S| = 3 can be accomplished in two different ways (always up to iso-
morphism). The first one is given by « = 1, 8 # *1. Thus the grading automorphism
t1,p gives the grading C =C1 @ Cg @ Cﬁ—l where Cy = (e1, ez, u1, v1), Cg = {u2, v3)
and Cg-1 = (u3, v2). This is the grading in (1). The second possibility is « = =w a
primitive cubic root of unit. In this case the grading automorphism ¢, ., gives the grading
C=C®Cy,®C,owhere C; = (e1, €2),Cop = (u1, u2,u3) and C,2 = (vy, v2, v3). This
is the grading given in (5).

(f) Itremains to study the case | S| = 2. Up to automorphism, the only way to get this possibility

is to write = 1, B = —1 so that the grading automorphism is #;,_; and the grading is
C=C;® C_y with C| = (e1, ez, u1, v1) and C_1 = (us, u3, vz, v3). This is the grading
in (4).

So far, we have described the equivalence classes of gradings on O¢ by cyclic groups. Now we
must complete this task with the determination of equivalence classes of gradings by noncyclic
groups. Since noncyclic groups (abelian and finitely generated) are products of cyclic ones, any
grading by a noncyclic group is a refinement of a grading by a cyclic group. So we continue by
studying the possible refinements of the gradings (a)—(f) above. To do that, we consider the grading
automorphism #, g in each case and analyze a refinement to a grading induced by a commuting
diagonalizable set of automorphisms {#y g, f}.So f € Cg, (t,p) is adiagonal element. According
to Lemma 2 the automorphism f cannot be taken outer. Therefore, applying Theorem 1, f can
also be taken in the maximal torus 7 and we can write f = t; . In the following, we list in upper
case the possible refinements of the cyclic grading with the same letter in lower case:
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(A) This grading is fine so it cannot be further refined.

(B) The grading is produced by 7_j g. Now, if A # X1 the grading {t_1 g, 1, ,} is the fine
grading in (a). For A = =£1 the grading given by {t_; g, t, ,} coincides with the induced by
t_1,p alone.

(C) The grading to refine comes from t4 o. If A # u the grading {4, .} is again the fine
grading in (a). If A = u then {#4 o, #3,, } induces the same grading as f, o alone.

(D) We have the grading {7, «, f1,,}. Then:

(1) A # wu, A = £1, the resulting grading is isomorphic to the one in (b).
(1) A # @, A # %1, the resulting grading is isomorphic to the one in (a).
(iii) A = u, A> = =1, the resulting grading is isomorphic to the one in (d).
{iv) A = u, 22 #+ =1, the resulting grading is isomorphic to the one in (c).

(E) There are two cases. In the first one, the grading to refine is the one coming from 71 g with
B # £1 so that S = {1, 8, B~'}. We have the grading induced by {t1,8, tx,;u}. There are
several cases to take into account:

(i) A # £1. Then it is easily seen that {t| g, ,, ,,} induces the fine grading (a).
(ii) A = 1. In this case the grading induced by {# g, #) .} is the same as the one induced
by 11,4 alone.
(iii)) A = —1. This produces the grading in (b).
Next we must consider the second possibility in (e), that is, the grading automorphismis ¢, 4,
for a primitive cubic root of the unit w. Thus the refinement to consider is now {t, «, £ 1}
Define S’ = {A, i, (Axt)~'}. We consider the following cases:
(1) |S’| = 1. This possibility does not give any proper refinement.
(ii) |S’| = 2. We can suppose without loss of generality that = 11 % () .. In this case
the grading induced is the one in (c).
(iii) |S’| = 3. We obtain the fine grading in (a).
(F) Finally, the grading automorphism is 71, _; and the refinement {71 _1, #;,,}. We distinguish
again different cases:
(i) A # A7, u = u~!. We obtain a grading equivalent to the one in (b).
() r# AL w#u I w=2r""u""! we get the grading in (c). Otherwise we get the
grading (b) if Au = =£1 and the one in (a) if Ax # £1.
(iii) A = A~1. We consider the following cases:
(1) =1, u = u~'. The grading {t1,—1, 1., } is not proper (it agrees with the one in
).
QD r=1pu# M_l. The refinement is the first grading in item (e).
(3) A = —1, u = u~'. We get here a new grading coming from {1, t—1u) (U=
+1). The sign of w is irrelevant. This is a Z%-grading given by C1,1 = (ey, e2),
Ci,—1 = (uy,v1), C_1, = (u2,v2), C_1,—u = (u3, v3). This is the first grading
which is new, that is, it is not in the list (a)—(f) above.
(4) » = —1, u # pu~ L. Here the refinement {t1,—1,ty,u}istheonein (d)if u = —pu
and the one in (b) in case pu # —u L.

-1

Thus the unique proper refinement (up to isomorphism) of gradings by cyclic groups is the Z%-
grading in (F)(iii)(3). Hence to complete our study of refinements of gradings by cyclic groups, we
must describe now the possible refinements {#1,_1,7_1.1, f} where f € Z:=Cg,({t1,—1,1-1,1})
is a diagonalizable automorphism. It is very easy to describe the subgroup Z. Its elements either
fix the idempotents e; or permute them. In the first case it is straightforward to see that f € T
while in the second one the matrix of f is of the form:
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01 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 a« 0 0
0 0 0 0 0 0 B 0

=10 0 o 0 0 0 0 —@B® ')’ )
0 0 o' 0 0 0 0 0
o0 0 B 0 00 0
0 0 0 0 —af 0 0 0

for a, B € C*. Therefore Z = Zy U Z; has two connected components, Zg = T is the maximal
torus of G, and the other component Z1 = T - fy where fj is f with @« = B = 1. All the ele-
ments in Z are diagonalizable and if f € Zy, clearly the induced grading is not new. On the
contrary for any f € Z;, Theorem 1 implies that the grading induced by {#1 —1,7-1,1, f} is
nontoral. Indeed taking different f's in Z; we get equivalent gradings so we can take fj (which
is of order two) and obtain the following grading:

Ciii1=(e1+e), Cri—1={(e1—ez), Ci_11=(u+uv),
Ci—1,-1={u—v1), C_i11=A(u2+wv2), C_i1,-1= u— ),
Ci—11={u3z+wv3), C_1_1,-1={(u3z—uv3),

in which C; ; i denotes the intersection of the kernelsof ¢ty | —i - 1¢c,t-11 — j-1lcand f —k -
1¢. This grading is fine so we have finished our study of refinements of gradings by cyclic groups.
Summarizing: up to equivalence the gradings on C = O are the given in (1)—(9) of Section 3.2.

4. Gradings on g,

We mentioned in Section 3 the fact that the automorphism group G, = aut(O¢) and the
automorphism group aut(qg,) are isomorphic via the map Ad : Gy — aut(g,). Thus, gradings
on O¢ induce gradings on g, and conversely. In this correspondence, toral gradings on O¢
induce toral gradings on g, and reciprocally. Let us illustrate this grading-inducing procedure
in the toral case. Fix a standard basis B = {ey, e, uy, us, us, vy, v2, v3} of the split Cayley
algebra C = Oc¢. Recall that any derivation of C is in the linear span of the set of deriva-
tions Dy y = [ly, Iyl + [lx, ry] + [rx, 7y] (x, ¥y € C), where 7, and [, denote the right and left
multiplication operators respectively (see [19, Corollary 3.29, p. 87]). Define [) = Z? CDy;
which is obviously a Cartan subalgebra of & = g, since any element D, , with x, y € B is an
eigenvector of ad D, ,, forany i = 1, 2, 3. Fix a basis {h1, hy} of ) defined by h; = %(Du1 o+
2Dy, v,) and hy = %(ZD,“,U1 + Dy, .v,). For i =1,2 take «; : ) — C given by aj(wih; +
wohy) = wy — wy and ax(wih) + wahy) = wy. Thus {og, p} is a basis of the root system
@ = H{ay, ap, 0] + ap, a1 + 202, a1 + 302, 21 + 3ap} relative to ) and the root spaces are
generated by

A:=Dy y, € Ly, a:=Dy, y; € Lg,, c:
b:=Dy, u, € Lay+20, G:=Dy,v; € Loy 4303, F:
D:=Dy, v, € L_y, d:=Dy,u; € L_qg,, f:
8:=Dy, v, € L_q—20p, B C:

=Dv1,v3 € L0t1+0t2’

=DM2,U3 € L20l1+3062’
DM],M3 S L—O[|—O{2’

sz,u3 € L—2a1—3a2-

= DUI,M3 S L—O[]-3C\f2’
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Thus, the root system can be represented as

identifying (only pictorially) the root vectors with the roots themselves. For any f € G, =
aut(Oc), notice that Ad f(D, ) = Dy(x), r(y), hence the matrix of 54 g:=Ad(ty,g) relative to
the basis of g, given by {h1, hy, A,a,c,b,G, F,D,d, f,g, B,C}1is

diag(1, 1,7 '8, &, B, aB, &*B,af?, af™ o' 7 a7 87 a2 a7 872,

In particular, the Z x Z-grading of g, induced by the Z x Z-grading of O¢ specified in (3) of
3.2, is just the one such that

Sapvij) =o' Bl forallvj € L ;. (8)

Now itis easy to give examples of equivalent gradings on O¢ which do not give equivalent gradings
on g,. The grading (3) of 3.2 is produced, for instance, by any of the automorphisms 7, 2, 7,4 5
or 1, .2, where e:= exp(l) and w is a primitive seventh-root of the unit (we only need the set
{1,a, B, al ,3’1, a !, ,3’1, af} to have seven different elements). The automorphisms Ad(te, 2)s
Ad(t,4 ,5) and Ad(7,, ,2) produce however nonequivalent gradings of % = g,. The first one
produces the Z-grading ¥ = @?:—5 Li where Log=b, 1 =(A,a), X ={(c), L3 = (b),
Ls=(G), X5s=(F),and ¥_; = 37 fori =1,...,5, where % : ¥ — ¥ is the involution
acting as the identity on h and suchthat L}, = L_, foreachroota € @ (if we represent the elements
in g, as matrices relative to B, this involution is just the matrix transposition). This grading is
equivalent to the Kostant grading described in [13, p. 91]. The automorphism s, .5 induces
the Cartan grading of g, and s, . yields the Z7-grading & = @iez7 & such that £y = b,
Lr1=(A,a), L= {(,C), 3=(b,B), L4=1(g,G), 5= (f, F) and L5 = (d, D). As a
consequence of the nonpreserving equivalence phenomenon, we need some other techniques
to describe all the gradings of g, up to equivalence. Paradoxically, the hardest problem in the
classification of the gradings on g, is the description of the toral ones.

4.1. Toral gradings: translation to an algebraic problem

We recall that all the grading groups G under consideration are abelian and finitely generated,
and the Lie algebras (unless specified) are semisimple. As mentioned in previous sections, a
G-grading on a Lie algebra ¥ comes from a group homomorphism p : ¥(G) — aut(¥) so
that &, is the set of all x such that p(¢)(x) = @(g)x for all ¢ € X(G). If the grading is toral
then the image of p is contained in a maximal torus 7 = (C*)" of % (r being the rank of .%).
Thus we can consider from the beginning p : X(G) — T. Taking characters we have a group
homomorphism p* : X(T) — X%(G) where X*> = X o X. Of course X*(G) = G and X(T) = 7"
since X(C*) = Z. Therefore p* can be identified with a map Z” — G and p itself is completely
determined by p* given the dual nature of X. Inourcase ¥ = g,,r = 2andso p* : 7* — G.Thus
we can conclude that a toral grading on g, comes from a group homomorphism f : 7* — G which
induces f* : X(G) — T and the gradingis ¥ = P ¢ g Where £ is as before. It can be proved
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that &, agrees with the sum of all subspaces #; ; (see formula (8)) such that f (i, j) = g (this can
be proved first for a cyclic group G with the help of the mentioned formula, and then for a product
of such groups). This easily implies that f is an epimorphism since G is generated by the set of all
g such that &, # 0. In this way the group homomorphism f is precisely the given by Proposition
2 by the fact that the grading & = @ ¢ Z¢ (being toral) is a coarsening of the Cartan grading.

Now we will introduce the action of the Weyl group. Let us denote by T/ = Ad(T'), the maximal
torus in aut(g,). The Weyl group is the quotient W := Nayy(q,)(T")/T". It is a well-known fact
that it is a semidirect product of S3 and Z;. Denote by w the class of w € N :=Naut(g2)(T/ )
in W. The map Ad(w) : aut(g,) — aut(g,) can be restricted to Ad(w) : T" — T’. Moreover
for any w’ € N such that w = w’, we have Ad(w) = Ad(w’) (restricted to T”). Thus we have
a natural action of W on T’ given by w -t = Ad(w)(¢) for all w € W and ¢ € T’. Given two
gradings by their homomorphisms p, o’ : X(G) — aut(g,), we shall say that they are related
when there is an element w € W and an automorphism & € aut(G) such that p’ = Ad(w)p&*,
where £* : X(G) — X(G) is given by £*(h) = hé& for all h € X(G). It is immediate to see that if
o and p’ are related, then the induced gradings are equivalent. Thus, we must study equivalence
classes of homomorphisms p : X(G) — aut(g,).

Since any toral grading p: ¥(G) — T’ comes from a group epimorphism p* : Z> — G, we
want to describe the induced equivalence relation on group epimorphisms 7> — G. If p/ =
Ad(w)pé&*, then taking characters we have p* = £p*Ad(w)* where Ad(w)* : Z> — Z>. Thus,
to describe the induced action of W on group epimorphisms Z> — G, it suffices to describe
W as a group of automorphisms of Z2. This action is natural because W is isomorphic to a
group of isometries of the euclidean two-dimensional space E and it acts on the root lattice
& C E, which is identified with 72 by means of the coordinates relative to the basis {a, a2}
According to these identifications, the set 9t = {£(2, 3), =(1, 3), £(1, 0)} contains the long
roots of @, m = {£(1, 2), £(1, 1), £(0, 1)} the short ones and S = 9% U m all of them. It is
easy to check that o1(x, y):=(—2x + y, —3x + y) acts as the clockwise rotation of angle 47”,
o2(x,y):=(y — x, y) is the symmetry fixing b = (1, 2) and o3(x, y) :=(—x, —y) is the rotation
of angle 7; therefore W is identified with the subgroup of aut(Z?) generated by {0; : i = 1,2, 3}.
These generators of W can be related to certain automorphisms of g,. Thus o7 comes from an
automorphism permuting cyclically u1, u> and u3 (and similarly the v;s), while o, would permute
the indexes 11 and u; fixing u3 (and similarly with the v;s). Finally o3 would exchange u;s with
v;s. Recall that the Weyl group acts transitively on 9t and m.

Summarizing the ideas in the previous paragraphs, the Weyl group and aut(G) act on the set
of epimorphisms Z? — G so that two epimorphisms f, f’: Z> — G induce equivalent gradings
if there are w € W C aut(Z?) and & € aut(G) such that f' = & fw. Thus we will classify group
epimorphisms Z> — G via this relation, describing the induced G-gradings from the Z2-grading
L = ®L (n,m) Wwhose homogeneous spaces are £, ) = Lya;+ma, (0f course equivalent to the
one characterized by formula (8)).

4.2. Cyclic gradings

In this section we classify gradings by cyclic groups G. These gradings are necessarily toral
and there are many possible ways to achieve the mentioned classification. One should see Ref. [16]
or [17] for a classification mechanism based on maximal tori and Dynkin diagrams (eventually
extended). Also a direct inspection of the conjugacy classes in the maximal torus 7’ leads to the
classification we are searching (similarly as we made in the case of cyclic gradings on octonions).
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However we are using the above translation to an algebraic problem: classify epimorphisms
from Z2 to a cyclic group G module the actions of the Weyl group and aut(G). Consider first
the case G = Z, then any epimorphism f : 7% — Zis of the form f (x, y) :=mx + ny for some
m,n € Z.

o If f(P) = Oforsome P € & (see the previous subsection for notations), letting the Weyl group
act, we can suppose that f(1,0) = 0if P € M, and f(0, 1) = Oincase P € m. So f may be
supposed to be of the form either f(x, y) = mx or f(x, y) = ny. But f is an epimorphism so
that n, m = £1. By composing with the automorphism of the group Z such that x > —x we
can suppose n = 1 and m = 1. So f can be taken to be one of the projections Z> — Z, either
(x,y) = x or (x,y) — y. In the first case the grading on ¥ = g, is ¥ = @%2 Z; where
L H,=(C), _1=(D, f,8,B), Lo=b+ (a,d), X1 =(A,c,b,G) and ¥ = (F). In
the second case the grading is ¥ = @33 Li where ¥_3=(B,C), X2 =1(g), X1 =
d.f),Zo=b+(A, D), % =a,c), fz (b) and 3 = (G, F).
Suppose then that f(P) # O forevery P € S. Now if f(P) # f(Q) for all different P, Q €
S, obviously the grading is the Cartan grading. The epimorphism f (x, y) = mx + ny induces
thenthe grading Lo = b, Ly = (A), Ly = (@), Loin = (€)s Lmsn = (B)s Lonsan = (G,
$2m+3n =(F),L-m=(D), L n={(d), L= (f) L m—2n = (8)s L m—3n = (B)
and ¥ _om—3, = (C). Taking for instance m = 1, n = 2 we get the Cartan grading as a Z-
grading ¥ = @8_8 % such as it appears in the forthcoming Theorem 2. So suppose in the
sequel that there are different P, Q € S such that f(P) = f(Q).If P or Q is in I we can
suppose P = (1, 0). So equating f(1,0) = f(Q) for Q ranging in & we get the following
possibilities:

— f(1,0) = f(0, 1), then f(x,y) = m(x + y) and we can take m = 1. The induced grading
isthen ¥ = @’ s & where s = (C), £ 4=(B), % 3=(8), L 2= (f), L 1 =
(d,D), £o=b, Z1=(a,A), L2=(c), 3= (b), L4 =(G), Ls = (F).

—f(1,0) = f(—1,—1), implying n = —2m and f(x, y) = m(x — 2y). Again we can sup-
pose m = 1 and the induced grading is equivalent to the previous one by applying the
symmetry fixing A, that is, 0302(x, y) = (x — y, —V).

The other equalities f(1,0) = f(Q) leadusto 0 € f(&). Finally we must analyze the possi-
bility f(P) = f(Q) for P, O € m. We may suppose P = (0, 1) but the equations f(0, 1) =

f(Q) with Q € m are not compatible with the hypothesis that f does not vanish on &.

Now we consider the case G = Zj for some k > 1. Any epimorphism f : 7> —> 7 decomposes
as f = f where  : Z — Zj is the natural projection and f : Z> — Z is a homomorphism,
that is, there are m, n € Z such that f(x, y) = mx + ny. Thus, the grading induced by f is
obtained by ‘folding’ module k the Z-grading induced by f. However it must be noted that
there are equivalent Z-gradings such that the induced Zj-gradings by the epimorphism 7 are
not equivalent. This makes more convenient an analysis based on the epimorphism f : 7> — 7
directly. This is given by f(x, y):=mx + ny, where x denotes the class of the integer x in Zj.
As before we can distinguish different cases:

e f vanishes on . We may assume f(1,0) = Oor (0, 1) = 0. Thus f is of the form f(x, y) =
mx or f(x,y)=my for some integer m which is prime to k. But considering the group
automorphism g : Z; — Zj such that 8(x) :=m~'x, the epimorphism Sf induces a grading
isomorphic to the one given by f alone. Replacing f by Sf, we can suppose that f(x, y) =
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x or f(x,y) =y. In the first case the grading is ¥ = 2272 Li where Xy =b+ (d,a),

L_1=(D,B, f,8), 1=(A,G,b,c), X_» = (C) and ¥, = (F), provided that the set

{0, £1, £2} has cardinal 5 in Z. But this grading has already been found as a Z-grading. If

the set has not cardinal 5, we have the possibilities:

—2 =0, then the grading is a Zp-grading with Yo =b+ (a,d,C, F), ¥, = (D, B, f, g,
A,G,b,c).

—3 =0, then the grading is the Z3-grading %o =b + (d,a), ¥ = (A, G, C, b, c) and
&> =(D,B,F, [,g).

—4=0,2 + 0, in which case the grading is the Z4-grading Yo = b+ (d, a), ¥ = (A, G,
b,c), ¥ =(F,C)and ¥3 = (D, B, f, g).

If f(x,y) =y then the grading is ¥ = 233 i where L9g=b)+ (A, D), ¥ = {a,c),

L=, f),Lr=(b), L 2=(g), L3=(G, F), 3= (B, C), provided that the set

{0, £1, £2, £3} has cardinal 7. This grading has already been found as a Z-grading. If the set

has not cardinal 7, then the possibilities are:

—2 = 0, which gives (up to isomorphism) the same Z,-grading previously found.

—3 =0, which gives the Z3-grading X9o=Hh+(A,D,G,F,B,C), ¥ =({a,c, g) and
L =(d, [, D).

—4=0,2 # 0, which gives the Z4-grading ¥g =bh+ (A, D), ¥ = (a,c, B,C), ¥2 =
(b, g)and X3 =, f,G, F).

—-5=0, which gives the Zs5-grading ¥o = h + (A, D), %1 = (a,¢), %2 = (b, B,C), ¥3 =
(¢,G, F)and L4 = (d, f).
—6=0,2%0,3 #0, which gives the Z¢-grading Lo =+ (A, D), &1 = (a,¢), L2 =
(b), ¥3=(G,F,B,C), Y1=(g)and ¥s = (d, f).

e f does not vanish on &. Ruling out the Cartan grading, which has already appeared, there must
be some different P, Q € S such that f(P) = f(Q).If P or Q is in M we can suppose P =
(1, 0), so thatequating f(1,0) = f(Q) for Q ranging in S we have the following possibilities:

— f(1,0)= f(1,3),hence 3£ (0, 1) =0. Define gy = f(1,0) and g» = £ (0, 1). Then {g1, g2}
generates Z; being go of order 3. Thus (g1) + (g2) = Zk. If (g1) N (g2) =0 then gy
has order n prime to 3 and such that k = 3n. Thus the epimorphism f can be identi-
fied with f : Z?> — Z, x Z3 such that £(1,0) = (1,0) and f(0, 1) = (0, I). Now it is
easy to see that for n > 5 the grading induced by f is equivalent to the following Z>-
grading: Lo =0, Z1 = (A, G), L2 =(F), L3=(g), L4 =(a), L5 = (c), L7 =(f),
L =(d), Ly =(b), L10=(C) and ¥11 = (D, B). For n =4 we get the Z1,-grad-
ing Lo =0, L1 =(c), 3= (B, D), L4=(a), L5 =(b), L6 =(F,C), L7=(g),
Pgs=(d), 9= (A,G) and ¥11 = (f). For n = 2 we obtain a Zs-grading which has
previously been obtained. In case (g1) N (g2) #* 0, we have (g2) C (g1) and therefore g is
a generator of Z;. We can suppose without loss of generality that g; = 1. Besides k = 3n
and g» = n or go = 2n. In the first case the epimorphism f is given by f(x,y) = x +ny.
For n > 3 the epimorphism f acts in the way

(1,0) > 1 (—=1,0) > 3n — 1,

0,1) > 7 0, —1) — 2n,

(1L, D~n+1 (=1,-D+—2n—1,
1,2)—>2n+1 (=1,-2)~>n—1,
(1,3) > 1 (—1,-3)+— 3n — 1,
(2,3) > 2 (=2, =3) > 3n — 2,
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andwecanorderl <2 <n—1<n,n+1,2n—1,2n,2n+1,3n — 2,3n — linastrictly
increasing series. Thus the induced gradingis o =h, 71 = (A, G), &5 = (F), L;_j =
<g> Y= (a), $n+1 {c), $2n71 - (f) Lo = (d), j2n+1 - (b) $3n,§ = (C),
P57 = (D, B). All the gradings with n > 4 are equivalent, getting for n = 4 just the
first described Z1,-grading. For n = 3 we get the Zg-grading %o =0, & = (A, G),
Ly =(F,8), L3=(a), L4=(c), L5 =(f), L6 = (d), £7=(b,C), L3 = (D, B).
For n = 2 we get the Zg-grading Yo =10, ¥1 = (A, G, g), X2 = (F,a), 3=, f),
L41=1{(d,C) and ¥5 = (b, B, D). For n = 1 we get a Z3-grading previously obtained.
The second possibility for f is f(x, y) = X 4+ 2ny, but this does not provide new gradings
up to equivalence.

— f(1,0) = f(1,2),hence 2 (0, 1) = 0. Then g, has order 2 and k = 2n for certain integer

n which can be taken greater than 1. If (g1) N (g2) = 0, f can be seen as the epimorphism
f: 7 > Z, x Z3 such that f(1,0) = (i, 0) and (0, 1) = (O, i). Moreover, n is prime
to 2 and it can be easily checked that the induced grading for n = 5 is the Z;o-grading
given by Zo =10, 1 =(G,c), 3=(C), L4=(D,g), Ls =(a,d), Lc=(A,D),
P71 = (F) and L9 = (f, B). This is equivalent to a Zg-grading. For n > 5 the obtained
gradings are also equivalent to this one. Now the unique n < 5 prime to 2 is n = 3 but the
Zg-grading induced by this f has previously appeared. If (g1) N (g2) # 0, since (g2) =
we have (g2) C (g1) so that (g1) = Zj and g1 is a generator of Z5,. As in previous cases
we can take g| = 1 and g» = 1. Thus f : Z> — Z,, is given by f(x,y) =X +ny, and
the epimorphism f acts in the way

(1,0) > 1 (-=1,0) > 2n —1,
0,1) > n 0, —1) > 7,

L, D—>n+1 (=1,-D>n—1,
(1,2) > 1 (-=1,-2) > 2n—1,

1,3))—»14+n (-1,-3)—>n-1,

2,3y = 2+n (-2,-3)—>n-2.

Thus forn > 3 the induced gradings are equivalent to the Zg-grading ¥o = b, 1 = (A, b),
Ly =(C), L3=(B, f), L4={(a.d), X5 =(c,G), Ls = (F)and Z7 = (D, g). This
Zg-grading is equlvalent to the Z¢-grading obtained above for n > 5. For n = 1, , 3 the
obtained gradings have already appeared in previous cases.

— f(,0) = f(0, 1),sothat g; = g> and the epimorphism f can be identified with f : 7> -

Zi such that f(x,y) = x + y. For k > 10 the induced grading is equivalent to the Z;-
grading Zo =b, Z1 = (A,a), L2 = (c), L3 = (b), L4 =(G), L5 = (F), L6 = (C),
P17 =(B), L3 =(g), L9 = (f)and L9 = (D, d). This grading is equivalent to one of
the Z-gradings previously found. For k < 10 we only obtain new gradings in the following
cases. For k = 10 we get the Zjo-grading: ¥y =1, ¥1 = (A, a), ¥>» = (c), X3 = (b),
Ls=(G), ¥s=(C,F), Ls=(B), ¥71=1(g), Xs=(f)and L9 = (D, d). Fork =8
we get the Zg-grading Lo =1, L1 =(A,a), L2 = {(c), ¥3=(C,b), X4 = (B, G),
Ps=(F,g), Ls={(f) and ¥7 = (D,d). For k =7 we get the Z;-grading ¥y =1,
L1=(Aa), Lr=(C,c), £3=(B,b), £4=(G,g), Ls = (F, f)and L¢ = (D, d).

— f(1,0) = f(—1,0), hence 2 (1, 0) = 0, that is, g1 has order 2. As in previous cases we

have possibilities depending on the fact that the intersection (g1) N (g2) is zero or not. In
the first case f is identified with the map f: 7% — 7, x Z,, such that £(1,0) = (1, 0) and
£(0,1) = (0, 1). The integer n is necessarily odd and for n > 6 we get a grading equiva-
lent to the Z4-grading Lo =1, £ = (¢}, L3 = (G), L1 =(C), L5 = (g), L6 = (d),
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L7=(A,D), Ly ={a), L9 = (b), L10=(F), 11 = (B) and L3 = (f).Forn =5
we get a Z1p-grading equivalent to the one in Theorem 2. For n = 3 we get one of the Z¢-
gradings in Theorem 2. In case (g1) N (g2) # 0, we can suppose that f : Z> — 7y is of the
form f(x,y) = nx + y where k = 2n for some n > 1. For n > 6 the obtained grading is
equivalent to the Z14-grading above. For n = 6 we get a Z>-grading which has previously
appeared. Forn = 5 we getthe Z¢-grading appearing in Theorem 2. Forn = 4 we getone of
the Zg-gradings in the theorem, and for n = 3, one of the Z4-gradings in the same theorem.

— f(1,0) = f(—1, —1), which implies f(2,1) =0 and 2g; + g» = 0. Hence (g2) C (g1)
and Z; = (g1). We can take g = 1 and f(x, y) = X — 2j. Thus the obtained gradings for
k > 10are equivalent to a Z-grading previously described. The obtained gradings fork < 10
are easily (though tediously) seen that have already been described, and appear in Theorem 2.

— f(1,0) = f(—1, —=2), which implies 2 f (1, 1) = 0. Letting the Weyl group act, this possi-
bility reduces to 2 £ (0, 1) = 0, which has been previously studied. We can argue similarly
in case f(1,0) = f(—2, —3). The other possibilities lead to the relation 0 € f(S).

If we consider now f(P) = f(Q) with P, Q € mand 0 ¢ f (&), the only possibility to study
is f(0, 1) = f(0, —1), which implies 2 (0, 1) = 0. But this has also been previously studied.

Up to the moment we have found 20 gradings by cyclic groups up to equivalence. These are the
20 first gradings in Theorem 2.

4.3. Noncyclic toral gradings

Now we deal with toral gradings which are not equivalent to any cyclic grading. These come
from epimorphisms f : Z> — G where G is the grading group. By standard results in basic
algebra, the group G is isomorphic to 72, Z x Z,, (n > 1), or Z,, x Z,, with n|m. The following
result restricts the possibilities for the direct factors of G.

Lemma 3. Let f: 7> — G be a group epimorphism such that the induced G-grading in g, is not
equivalent to a grading by a cyclic group. Then there exists w € W (the Weyl group of g, acting
on Zz) such that the set & :={ fw(1, 0), fw (0, 1)} has either an element of order 2 or an element
of order 3.

Proof. First we prove that there isno P € & such that f(P) = 0.Otherwise there issome w € w
such that either w(1,0) = P or w(0, 1) = P. As f fw is an epimorphism, {f(l 0), f(O 1)}
is a system of generators of G. But one of the elements in the previous set is null so that G would
be cyclic contradicting our hypothesis. As a consequence f does not vanish on S. If there are 12
different elements in f (&) (also nonzero), the grading induced by f is the Cartan one, which is
a cyclic grading. Thus, there are different elements P, Q € & such that f(P) = f(Q). Now, if
some of the elements P or Q is in I, letting the Weyl group act we can suppose that this element
is (1, 0). In this way we have an equality f(1,0) = f(Q) for some Q € &. Letting Q range over
& we obtain different equations. The possibilities which do not contradict that f does not vanish
on & are:

e f(1,0) = f(1, 3), which implies 3 f (0, 1) = 0, hence .# has an element of order 3.
e f(1,0) = f(1,2), which implies 2 f (0, 1) = 0, hence .% has an element of order 2.
e f(1,0) = f(0, 1), this is contradictory since in this case G would be cyclic.
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e f(1,0) = f(—1,0), which implies 2 f (1, 0) = 0, hence .# has an element of order 2.

e f(1,0) = f(—1, —1), which implies 0 = f(2,1) =2f(1,0) + f(0, 1). This is also contra-
dictory since in this case f(0, 1) = —2 f(1, 0) and the group would be cyclic.

e f(1,0) = f(—1, —2), whichimplies 2 f (1, 1) = 0, soforsome w € W wehave2 fw(0, 1) =
0 and .% has an element of order 2.

e f(1,0) = f(—2, —3), which implies 3 f (1, 1) = 0, so arguing as in the previous case % has
an element of order 3.

If none of the elements P, Q is in 9, then both are in m and letting W act, we have an equation
f(0,1) = f(Q) where Q ranges on m. Then, arguing as before we find that .#” has some order
2 element. [J

Let G be an abelian noncyclic group with a system of generators {g1, g2} such that pg; = 0 for
aprimeinteger p. Then G = Z,, x H for some cyclic group H.Indeed, the element g has order p,
so it generates a subgroup (g1) isomorphic to Z . Therefore (g1) has no nonzero proper subgroup.
Thus (g1) N (g2) = 0, since on the contrary 0 % (g1) N (g2) C (g1), which implies (g1) C (g2)
and the group G would be cyclic. So G = (g1) @ (g2) = Z, x H where H = (g2) is cyclic.

Corollary 2. If f : 7> — G provides a grading of g, which is not equivalent to a cyclic grading,
then either G = 75 X 2oy or G = Z3 X 23y for some k > 1.

Proof. We know that G contains a system of generators gy = f(0, 1) and go = f(0, 1) such that
some of these elements has order 2 or 3. By the previous observation we have G = Z,, x H where
pef2,3},Z,=(g1)and H = (g2) or Z, = (g2) and H = (g1). We have to prove that H 2 Z.
If H = Z define

mo=max{be Z" :3a e Z, with either (a, b) € f(©) or (a, —b) € f(S)}.

Let us take now any m > 2mg + 1 and prime to p. Define the projection epimorphism I1 : Z, x
Z — Zp X Z=Z py suchthat I1(a, b) = (a, b). The grading givenby ITf : Z*> — Z ,, is equiv-
alent to the given by f alone since the restriction of IT to f(S U {(0, 0)}) is injective. [J

Even more important than the previous corollary is the fact that the epimorphism f : 7? -
Zp x Lpr (With p € {2, 3}) can be chosen such that either f(1,0) = (1,0) and £(0,1) = (0, 1)
or f(1,0) = (0, 1) and £(0, 1) = (1, 0). To finish this section we study first the case f(x, y) =
(X, y):

e p = 2. For k > 3 the grading provided by f turns out to be cyclic and equivalent to the
Z14-grading in Theorem 2. For k = 3 we find the Z, x Zg-grading Lo =Y, L10 = (A, D),
Zo1={a),Z11={c),L12=(b), ZL13=(G,B), Los5={(d), L14=(8), ZL15=(f),
Loz =(F,C). For k =2 we get the Zy x Z4-grading Lo =1, L1.0= (A, D), Lo1=
(a,Cy, L11=1{c,B), L12=1(b,g), 13 = (G, f) and Lo 3 = (F,d). Finally, for k = 1
wehavethe Zp x Zp-grading £o =0, L10=(A,D, b, g), %01 =(a,d, F,C)and ¥ =
(c, f, G, B).

e p = 3. For k > 2 all the induced gradings are equivalent to the Cartan grading, which is
cyclic. For k = 2 we get one of the Z5-gradings in Theorem 2. For k = 1 we get the Z3 x Z3-
grading givenby Lo =0, Z10=(A, G, C), Lo,1 = (a), L1,1 =(c), L12 = (b), L20 =
(F,D,B), o2 =(d), 22 =(f)and Z>; = (g).
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The case f(x, y) = (¥, X) is similar to the previous one and does not provide new gradings other
than the already found.

4.4. Nontoral gradings

Suppose a nontoral grading ¥ =
mechanism from a grading

c=@Pc, ©)

geG

geG Lg of gy. Then it comes through the transferring

of C = O¢ which is of course nontoral. But the unique nontoral grading on C up to equivalence
is the Z%—grading (9) in Section 3.2. Therefore the grading (9) is equivalent to (9) of Section
3.2 whose universal grading group is Z%. Since |G| > |{g € G : Cg # 0}| = 8, the epimorphism
f: Z% — G 1is necessarily an isomorphism and it turns out that the grading (9) is isomorphic
to (9) of Section 3.2. As a consequence our original nontoral grading on g, is isomorphic to the
obtained by transferring (9) of 3.2 to g,. So what we must do is to compute the induced grading
on g, obtained from the grading (9) of Section 3.2. This is produced by the automorphisms
{t1,—1,t_1.1, f} where f is as in (7) with « = B = 1. Therefore the grading we are searching
for is the induced in g, by the automorphisms {sj 1, s—1,1, Ad(f)}. This is easily computed
by making a simultaneous diagonalization of g, relative to the three commuting semisimple
automorphisms. The resulting grading is the last one in Theorem 2.
Summarizing the results in this section we claim:

Theorem 2. Up to equivalence, the G-gradings on g, are the following:

HYG=2,%,=(C),%Y_1=(D, f,g,B),Yo=b+(a,d), X1 =(A,c,b,G)and
Py = (F).

2)G=2,%3=(B,C), L 2=(g), Z-1={d, [),Lo=b+ (A, D), %1 =(a,c),
Py = (b)and ¥3 = (G, F).

BG=2%5=(C),L4=(B),L3=(8),L2=(f),%L-1={(d, D), %=,

5 .
(C), L 7=(B), L 5=, L3=(f),L2=W),ZL 1= (D),

= {(a) = Y, L = (F) (this is the
Cartan grading).

S)G=2,,%Yy=b+{a,d,C,F)and ¥ = (D, B, f,g,A,G,b,c).

6)G=273,%y=b+{d,a), ¥ =(A,G,C,b,c)and ¥> = (D, B, F, f, g).

NG=23,%y=H+{(A,D,G,F,B,C), % = {a,c,g)and ¥y = {d, f,b).

®)G=24,o=b+({d,a), Y1 =(A,G,b,c), > =(F,Cyand ¥3 = (D, B, f, g).

9 G=24, Lo=b+(A,D), %1 ={a,c,B,C), Lr=1(b,g)and X3 =, f,G, F).

100G =275, %y=H+(A,D), ¥ ={a,c), L>2=(b,B,C),¥3=1(g,G, F) and ¥4 =
d, f).

(1) G =7¢, Lo=b+ (A, D), % ={a,c), Ly ={b), 3= (G, F,B,C), L4=(g) and
Ls=(d, [).

12) G =726, Lo=bH, %1 =(A,G,g), Lr=(F,a), 3= {c, ), L4=1{d,C) and L5 =
(b, B, D).

(13) G =27, %y=b, Z1=(A,a), ¥, =(C,c), ¥3=(B,b), Y4 = (G, g), s = (F, [)
and L¢ = (D, d).
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(14) G =23, Zo=bH, Z1=(A,a),L2=(c), X3=(C,b), 4= (B,G), s = (F, g),
L6 =(f)and 7= (D, d).

(15) G =273, Zy=bH, %1 =(A,b), L2 =(C), L3 = (B, f), L4 ={a,d), L5 = (c,G),
Po=(F)and X7 = (D, g).

(16) G =29, Lo=b, L1 =(A,G), L2 =(F,g), L3=(a), Ls={(c), L5 = (f),
Le=1{d), £7=(b,C)and ¥3 = (D, B).

(I7) G =219, Lo =), £ =( a), ¥y ={c), L3 =(b), L4 =(G), L5 = (C, F),
Le=(B),L7=(g), &L (f)a"dgf) (D, d)

(18) G=Zpp, %y=h, 2 = (, G), Lr=(F),Z3=(g), %s=
$7=(f>»$8=(d)»$9=(b),310=<C)6md$11_( , B).

(19 G =2Zp, Lo=b, %1 =(c), L3=(B, D), Ly=(a), X5 = (b), Ls = (F,C),
L7=(8), Ls={d), L9 =(A,G)and 11 = (f).

(20) G = Z14, Lo =b, L1 = {c), 3= (G), L4 =(C), L5 = (g), L6 = (d),
L7 =(A,D), Ly = (a), Ly = (b), L10=(F), Z11 = (B) and L13 = (f).

QD) G =17y xZs, Lo =b, L10 = (A, D), o1 = (a), Z11 = (c), L1,2 = (b),
L13=A(G,B), Zos5={d), L14=1(8), L15=([f), Lo3 = (F,C).

(22) G =17, x 24, Lo =0, L10=(A,D), Lo1=1(a,C), L11=(c,B), Z12= (b, g),
L13=1(G, f)and Lo3 = (F,d).

(23)G=ZzXZz,go:f),31’0=<A,D,b,g),c.(f()J:(a,d,F,C)andffl,l:(c,f,G,l'”.

(24) G =23 x 23, Lo=b, ZL10=(A,G,C), L1 = (a), Z11 = (c), L12 = (b),
L20=(F,D,B), o2 =(d), 22 =(f)and 21 = (g).

(25) G =7y x Zp x ZoywithZLo =0, Loo1=b, Lo1o=(c+ f,B+G), L100=(a+d,
C+F),ZLi10=(A+D,b+g),L1o1=(—a+d C—F), %11 =(-c+/,
B—-G),%111=(—A+D,-b+g).

(a), Zs = (c),

The unique fine gradings are (4) and (25). This last one is the only nontoral grading. The gradings
(21)—(25) are not equivalent to any cyclic grading.

Remark 1. Each cyclic grading on g, must be defined by a triplet of integer numbers in the way
explained in the introduction. Indeed, the triplets corresponding to the gradings (1)—(20) are,
respectively, (1, 2, 0), (0, 1, 2), (1, 2,2), (1,2,4), (0,1,0), (1, 1,0), (0,0, 1), (2, 1, 0), (1, 0, 1),
0,1,1),(3,0,1),(1,1,1),(2,1,1),(3,1, 1), (1,2, 1), (1, 1,2), (3,2, 1), (1, 1, 3), (3,3, 1) and
(3,4, 1), up to equivalence.
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