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1. INTRODUCTION

The aim of this paper is to describe finite Z-gradings of simple associa-
tive algebras. Our description has an especially simple form for unital
algebras. In this case we show that any such grading R = @;__, R, arises
from the Peirce decomposition of the algebra with respect to a complete
system of orthogonal idempotents E = {eg, e, ..., e,} as follows:

R = ) e,Re, fori=—n,...,n.
p—q=i

In the general case we prove that any simple Z-graded algebra is a
generalized matrix algebra in the sense of Bergman [5], that is, R =
EB], _o R, , with multiplication R, ,R;, € §, (R, ,, and the grading of R
is mduced by this decomposition, namely,

R, = Z Rp'q fori= —n,..., n.
p—q=i

As a corollary of this description we obtain that any simple Lie algebra
from a certain class of Lie algebras (for the precise definition, see Section
5) containing the class of finite-dimensional simple Lie algebras over
a field of characteristic 0 has a Z-grading with at most five summands.
This fact in turn allows one to realize these algebras as a generalized Tits—
Kantor—Koecher construction.
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Throughout the paper all algebras are considered over a unital associa-
tive commutative ring ®. By a simple algebra we mean an algebra with
nontrivial product which has no proper ideal. If M is a subset of an
algebra R, id(M) denotes the ideal generated by M. Recall that an algebra
R is called Z-graded if R = ®,., R, and R,R; CR,,; forany i,j € Z,
where Z stands for integers. A grading of R is a set of ®-submodules {R;:
i € Z} such that R = @, _, R, is Z-graded. The grading is called finite if
its support Supp(R) = {i € Z: R, # 0} is a finite set. In this case the
algebra R can be written as the finite direct sum R=R_, & --- ® R, of
2n + 1 submodules, and we refer to this as a (2n + 1)-grading. The
grading is called nontrivial if R # R,. From now on by a grading we mean
a finite Z-grading. We conclude the introduction with a basic example of a
grading.

ExampLE 1.1. Let R be a simple artinian algebra. Then R = End (V)
for a finite-dimensional vector space V' over a division algebra D. Any
decomposition of the space V=1V, ® V; & --- & V, generates a grading
on R by letting R, ={reR: r(V)cV,, q=0,...,n} Itis known
(see, e.g., [13, Theorem 1.5.8]) that one can obtain any grading on R in this
way.

2. GRADINGS AND PREGRADINGS

Along with gradings we consider the less restrictive situation where the
sum R =1X,.,R; is not necessarily direct but R,R; C R,,; for any
i,j € Z. In this case we call R pregraded, and the set of submodules {R;:
i € Z} a pregrading. Such an algebra R is a Z-system in the terminology of
[9]. Finite pregradings, nontrivial pregradings, and n-pregradings are de-
fined analogously. One of the advantages of pregradings is that for any
ideal I of an algebra R, any pregrading of R induces a pregrading on R /I.
This is not so for gradings. A subalgebra A4 of a pregraded algebra
R=X}__, R, is said to be graded provided that 4 = X}__,(A N R)).
For any ideal I of a graded algebra R, the algebra R/I with the
pregrading inherited from R is graded if and only if the ideal I is graded.

For a pregraded algebra R = Y}__, R,, it is easy to see that the set
B(R)=X}__,(R,NY,_.R) is a graded ideal of R, and the sum
Yi__,R, is direct if and only if B(R) = 0. The next lemma is due to
Zelmanov. It is proved in [16] for Lie algebras, but one can carry out the
proof in any variety of algebras. We give the proof here for the reader’s
pleasure.

LEMMA 2.1.  For any pregraded algebra R = ¥} _
nilpotent.

R, the ideal B(R) is

—n
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Proof. Letting b, b,,...,b,,,., € B, we prove that b,b, -+ b,,,, = 0.
One can assume that b, € B, and s; + - +s,,,, < n. For each i con-
sider b, = XL b;; where b, €B; and j<s,—1 Then by = by, =
Yo i bug o bouiay, oo Since i+ o 4y, < (g — 1)
+ (s — D=5+ +s5,,,;, — @2n + 1) < —n,any summand on
the right-hand b, ; - b €B = 0.

2n+1 jap+1 Jit o Fanta

COROLLARY 2.2. If the algebra R is semiprime, then any pregrading of R is
a grading.

CoRoOLLARY 2.3. If I is an ideal of a graded algebra R such that R/I is
semiprime, then I is graded. In particular, any radical of R containing the
prime radical is graded.

It is proved in [7, Corollary 5.5] that under the assumptions that G is a
finite group and R has no |Gl-torsion, the prime radical N(R) of a
G-graded algebra R is graded, and R is semiprime if and only if it is
graded semiprime. Recall that a graded algebra R is said to be graded
semiprime if it has no nonzero nilpotent graded ideal. In the same manner
one can define graded prime and graded simple algebras. Our next goal is
to show that for finite Z-gradings the previously cited result is true without
any restriction on characteristic and that any graded simple algebra is
simple.

LeEmMMA24. LetR = X}__, R, bea pregraded algebra. If ¥} _ _, x, =0
where x, € Ry, then, for any k, the ideal id(x,) is nilpotent.

Proof. We proceed by induction on n — k. For k = n we have x, €
B(R), hence the ideal id(x,) is nilpotent by Lemma 2.1. Suppose we have
proved the statement for any / such that n > > k. Put I = X, id(x)).
Then [ is a nilpotent ideal, and letting —: R — R/I be the canonical
homomorphism, we have X, € B(R). Since id(%,) is nilpotent, id(x,)" < I,
and thus is nilpotent as well.

COROLLARY 25. Let R = ®]__, R, be a graded algebra. Then

(i) R is graded semiprime if and only if R is semiprime;
(i) R is graded simple if and only if R is simple.

Proof. The “if” part of these statements is immediate. If [ is an ideal
of Rand x=Y! _,x, €1, then XI__, X, = 0 in the quotient algebra
R/I. Thus, Lemma 2.4 implies that for any &k there is a positive integer m
such that 7 contains the graded ideal id(x,)™. The proof of the corollary
easily follows from this remark. For example, if I is a nilpotent ideal of R,
then for any element x = X7_ _, x, € I and for any k the graded ideal

id(x,) is nilpotent. So, I must be 0 if R is graded semiprime.
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The same method allows one to prove that R is graded prime if and only
if it is prime. This was done in [1] for algebras graded by a torsion-free
group.

3. GENERALIZED MATRIX ALGEBRAS
AND PEIRCE SYSTEMS

In this section we consider another type of decomposition of algebras
into the sum of submodules which provides us with a pregrading, and study
the properties of this decomposition.

DeriniTioN 3.1, A set of submodules {R,, ,: 0 < p, g < n} of an algebra
R is said to be a Peirce system if

R= Y R,, (1)
p.q=0
and
R_ ., if g =s,
R R ,c{ " 2
pamist =10, if g #s. (2)

We say that the Peirce system is swict if the sum in (1) is direct.
Following Bergman [5], we say that R is a generalized matrix algebra if it
has a strict Peirce system. If E = {e;, ¢,,...,¢,} is a complete system of
orthogonal idempotents of a unital algebra R, which means that ¢, + e,
+ - +e,=1 and e,e, = 0 whenever p # ¢q, then the set of Peirce
components {epReqi 0 < p, g < n} is an example of a strict Peirce system.

With any Peirce system P ={R, 0 <p,q <n} of an algebra R one
can associate a pregrading

n
R= ) R, whereR, = } R,,.
k=—-n p—q=k

We say that this pregrading is induced by P, and that it is induced by the
system of idempotents E when P is the set of Peirce components respec-
tively to E. Of course, in the latter case the pregrading is actually a
grading, as any strict Peirce system induces a grading.

It is important to note that the pregrading induced by a Peirce system
depends on the enumeration of the system. Therefore, with any Peirce
system or system of idempotents, we assume a given enumeration. Also,
for any system of idempotents E = {¢,, ¢;, ..., ¢,}, we always assume that
e, # 0, otherwise one can reenumerate E.
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The notion of a grading induced by a system of idempotents appears in
[15], although connections between systems of idempotents and gradings
have been noticed earlier (see [6, 11, 12]). Also, one can see that the
grading from Example 1.1 is induced by the system of idempotents
{eg, e4,...,¢,} where ¢, is the projection of 1 onto V.

The next lemma shows that any Peirce system of a unital algebra arises
from a complete system of orthogonal idempotents and, hence, is strict.

LEMMA 3.2, Let R=1Y7 ,_ be a unital algebra with a Peirce
system. Then for any p the algebra R , i unital and the set E = {e,: e, is the
unit of R, ,} is a complete system of orthogonal idempotents such that

R,,=¢, Re for any pair p, q. In fact, the Peirce system is strict.

Proof. Let R = X}__, R, be the pregrading associated with the Peirce
system. First, we note that 1 € R,. If R is pregraded by a finite group G
with identity e, then 1 € R, as shown in [9, Theorem 1]. We can apply this
result here, because the algebra R =Y;__, R, can be viewed as a
Z,,1-pregraded algebra R = Xz, Ry by letting Rz = R,.

Since 1R, =Y, (R, , any R, , is a unital aIgebra and E is a
complete system of orthogonal |dempotents Besides, R, ,=1-R, ,-1=

epqu =€ Re

The results on graded algebras obtained in Section 2 can be easily
carried over to the case of algebras with Peirce systems. The key result for
this is

Lemma 3.3. Let{R, ,: 0 <p,q < n} be a Peirce system of an algebra R.

Then there is a pregrading R = L7'_ _, S, such that any nonzero component
S, for k # 0, is equal to R, , for uniquely determined p, q, p # q.

Proof.  First, we define a new enumeration on{R, ,: 0 < p,q < n}. Let
M ={0,1,...,n} and v: M — N U {0} be an injective map such that any
pair (p,q) € M X M, p # g, is uniquely defined by v(p) — v(q). For
example, one can take v(p) = 27 — 1. For any pair of nonnegative inte-
gers i, j, put

ifi=wv(p)andj=vr(q),
i 0, ifi € Im(v)orj & Im(v).

It is easy to see that the set {S; ;: 0 <i,j <max,_,_, (v(p)}is a
Peirce system, and the pregrading associated with this system satisfies the
condition of the lemma.

LeMMA 34. LetR=1Y}  _
Zn

R, , be an algebra with a Peirce system. If

p.q=0%Xp g = 0, then the ideal Id(x ;) s nilpotent for any pair p, q.
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Proof. This follows immediately from Lemmas 2.4 and 3.3 whenever
p#* q Thus, the element y = X7_, x, , belongs to the nilpotent ideal
I=%,,,id(x, ). Since for any [ the ideal id(x,,R, /) is nilpotent if

p #¢q and xl‘,Rl, YR, , €1, id(x,,R) is nilpotent. Flnally, id(x, ,)* €
id(x; ;R), so it is nilpotent as well.

COROLLARY 3.5. If an algebra R is semiprime, then any Peirce system of
R is strict.

The next corollary is an analog of results from [1, 7] cited previously and
Section 2 for algebras with Peirce systems. We say that a subalgebra S of
an algebra with a Peirce system R =Y’  _, R,  is homogeneous if
§=X0,—0(SNR, )

COROLLARY 36. Let R=Y) , oR
system.

».q be an algebra with a Peirce

(i) R is prime if and only if R has no nonzero homogeneous ideals I, J
with IJ = 0.

(i) R is semiprime if and only if R has no nonzero homogeneous
nilpotent ideal.

(iii) R is simple if and only if R has no homogeneous proper ideal.
Proof. The proof is the same as that of Corollary 2.5.

We conclude the section with a study of certain subalgebras of algebras
with Peirce systems. Given such an algebra R =X7 _,R,, and X C
{0,1,...,n}, we put Ry =%, xR, , Itis easy to see that Ry is a
homogeneous subalgebra of R. If R is unital, R, = eRe for the idempo-

tent e = X, y e, where ¢, are from Lemma 3. 2

LEMMA 3.7.  An algebra with a Peirce system R = Y7 | _ Rp g IS simple
(resp., prime, semiprime) if and only if for any X C {0 1 ., n} the same
holds for Ry whenever Ry # 0.

Proof. By Corollaries 3.5 and 3.6 we can assume that the Peirce system
is strict and consider only homogeneous ideals. Since R = R, 4 the
“if"” part is obvious.

For any homogeneous ideal I of Ry, consider the ideal generated by 1
in R:

,,,,, n}!

id(/)=I1+ ) IR,,+ Y R, I+ Y R, JR,,.
PEX,q&EX PEX,gEX pP.tEX, q,5€EX

It is easy to see that id(/) N R, < I, so I — id(1) defines an injective map
from the homogeneous ideals of R, to those of R which respects the
multiplication of ideals. The proof of the lemma follows.
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4. GRADINGS OF SIMPLE ALGEBRAS

We begin this section with a lemma which shows how Peirce systems
appear in pregraded algebras. It will allow us to use results of the previous
section in the study of graded algebras.

LeEmmA 4.1. For any pregraded algebra R = Y} _ _, R, the set of sub-
modules {vaq: 0 < p, q < n} where R, ,=R,R_,R,_, is a Peirce system
of the algebra id(R_),).

Proof. Itis easy to see that id(R_,) = X} .o R,R_,R,,s0id(R_,) =
Y 4—0 R, , Since R_,R,R_, +#0 only if k= n, the product
(R,R_,R,_ XRR_,R,_) +0 only if g =s. Besides, it is easy to see
that (R,R_,R,_ XR,R_,R, ) CR,R_,R,_,.

THEOREM 4.2. Let R=Y}__, R, be a unital pregraded algebra and
R = id(R_,). Then

q

() R is a generalized matrix algebra R = ®, ,_, R, , where

R, ,=R,R_,R,_;
(ii) the pregrading of R is a grading induced by the complete system of
orthogonal idempotents E = {ep: e, is the unit of R, p}; and

(iii) if R is simple the system E is unique with this property.

Proof. Assertion (i) immediately follows from Lemmas 3.2 and 4.1.

To prove (ii), we let {S,: k = —n, ..., n} be the grading of R induced by
E, Sy = X, ,_« ¢,Re,. First, we notice that R, c S, for any k. Indeed,
if p—gq+#k, then e¢,Re, < R,R ,R, ,R,kR.R R,  C
R,R ,RR_,R, ,=0forl=n—p+k+q+#n. Thus, R, =1-R,-1
=Y, e, Re, =%, ,_re,Re, =S,

Assume now that R is simple and F = {f,, f1,..., f,,J is another com-
plete system of idempotents inducing the grading of R, f, # 0. Put
M = {i: e; # 0}. Note that 0 € M, otherwise R_, =e,Re, =0 and R =
id(R_,) = 0. We have R, = ®,_,, ¢;Re; = D! f:Rf,. Since summands
in both direct sums are simple algebras, any nonzero summand on the
right is equal to a summand on the left. In other words, there is a map v:
M —A{0,...,m}suchthat e; = f,; foreveryi € Mand f;, = 0if j & Im(»).
Also, we have

eiRe; = [,y Ry S Rij OV R,y (3)

Note that for i, j € M the submodule ¢, Re; # 0, otherwise id(e,)id(e;) = 0.
It follows that (3) is possible only if

v(i) —v(j) =i-]J (4)
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In particular, (4) implies that v is an increasing map. Besides, by our
assumptions f, = 0, that is, 0 € Im(v). Hence, »(0) = 0, and by (4) we
have v(i) =i for any i € M.

Without the assumption that R is simple, the uniqueness of E may fail.
Let M,(®) be the algebra of 4 X 4-matrices over @ and let E;; be the
matrix unit. Consider a unital subalgebra R =R_, @ R, ® R, of M,(®)
where R_, = ®E,; + ®E,,, R, = X! PE,, R, = PEy + PE,,. It is
easy to see that R = id(R_,), R is semisimple, but the systems E = {e, e}
where e, = E,; + E,,, e, = E53 + E,, and F = {fq, f1, f5, fs} where f, =
E,., fi = E, f3 = E,,, f, = E,, both induce the grading of R.

The next lemma shows another way of describing gradings. It follows
from Theorem 4.2 that the condition of this lemma holds for unital simple
algebras.

LEMMA 4.3. Let R= ®]__, R, be a unital algebra over a field of
characteristic 0 with the grading induced by a complete system of orthogonal
idempotents E = {ep: p =0,...,n}. Then there exists an element h € R such
that R; = {x € R: [h, x] = ix} for every i.

Proof.  Straightforward computations show that A = X}_, ke, is as
required.

To extend our description of gradings to the case of nonunital algebras,
we introduce the notion of a complete orthogonal system of submodules.

DerFINITION 4.4, We say that a system of ®-submodules {H;: i =
0,...,n} of an algebra R is complete if HRH = R for H = ¥} , H;, and
that it is orthogonal if H;H; = 0 for i #j.

Given a complete system of orthogonal idempotents {e,,...,e;,...,e,}
of a unital algebra R, the set {®e;: i = 0,...,n} is a complete orthogonal
system of submodules. As before, we assume that any system of submod-
ules is given with an enumeration and H, # 0. Like a system of idempo-
tents any complete orthogonal system of submodules of R induces a Peirce
system as follows: R =Y} _,R,, where R, = H,RH, This system
associates the pregrading

p.q

R,= ) H,RH, fori= —n,... n.
p—q=i

Moreover, if R is semiprime, then, according to the results of Section 3,
this Peirce system is strict, and the pregrading is a grading.

Our next goal is to show that any grading of a simple algebra is induced
by a complete orthogonal system of submodules. We start with
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LEMMA 45. Let R = ®;__, R, be a graded algebra. The orthogonal
system of submodules H ={H,=R,R_,R,_,: p=0,...,n} is complete if
and only if R = id(R_,) and R = RyRR,,. In this case the grading on R is

induced by H.

Proof. It is easy to see that if H is complete, then R = id(R_,) and
R = HRH C RyRR,,.

Conversely, suppose that R = id(R_,) and R = R,RR,. Then, accord-
ing to Lemma 4.1, the set {R,, = R,R_,R,_,: 0 <p,q <n}is a Peirce
system of Rand H, =R, ,. Let R = Y3__, S, be the pregrading associ-
ated with this Peirce system. Then S, =Y _ _, R,R_,R,_ CR, for
any k. It follows in fact that S, = R, for any k. In particular, H =
Y,_oR,R_,R,_, =R, Thus, H is complete.

To prove the second part of the lemma, we note that R = R,RR,
implies that R, = R, R R, for any k. Besides, H,R,R_,R,_;H, # 0 only
if p=i and j=gq, so HRH,=H,R,R_,R,_ H, Hence, R, =
RyR Ry =X, ,_x ReR,R_,R,_,Ry=1Y, ., H,RH, So, the grading
is induced by H.

As in the unital case, for any simple graded algebra we want to find a
uniquely determined system of submodules inducing the grading. To
guarantee the uniqueness, we impose the condition of “‘maximality,”
defined as follows. We say that a complete orthogonal system of submod-
ules H={H;:i=0,...,n} of an algebra R is maximal if H;RH, = H, for
every i. For semiprime algebras maximality is equivalent to the condition
R, = ®,_, H, where R = ®__, R, is the grading induced by H.

THEOREM 4.6. Let R= ®;__, R, be a graded simple algebra and
R_, # 0. Then the set H = {Hp =R,R_R, ,,p=0,..., n} is a maximal
complete orthogonal system of submodules of R which induces the grading. It
is unique with this property.

Proof.  According to Lemma 4.1 and Corollary 3.5, R = @;,q=0 R, ,is
a generalized matrix algebra where R,,=R,R_,R,_, and R, =
EBp,q:i prq for any i.

To apply Lemma 4.5, we need to check that R = RyRR,. Consider

. # 0. By Lemma 3.7 the algebra R, for X = {p,q} is simple o)

= id(R, q). It follows that R, , Rp R, ,R,, Hence, R,
R i pRp , =R, R, IR, (R, R, )CR RRo Thus, H is mdeed a
complete orthogonal system of submodules inducing the grading of R.
Obviously, this system is maximal.

If F={F, p=0,...,m} is another maximal system which induces the
grading, then R, =H, ® --- ® H, = F;, @ --- @ F,. Besides, according to
Lemma 3.7, every F, = F,RF, is a simple ideal of R, as well as H,. It
follows that the uniqueness of H can be proved as in Theorem 4.2.



180 OLEG N. SMIRNOV

We conclude the section with a description of the support M = Supp(R)
of a graded simple algebra R. It follows immediately from Theorem 4.6
that M is symmetric in the sense that —M = M. On the other hand, not
every symmetric finite subset M C Z is the support of a graded simple
algebra. For example, if R=R_; ® R_, ® R, ® R, ® R;, then it is easy
to see that the algebra generated by R_;, R, is an ideal which does not
contain R,. To describe the subsets of Z of the form Supp(R), we define
for any finite set N = {n,, n,, ..., n;} of positive integers the set N — N to
be{ni—n}-: 1<i,j<k}

PRoOPOSITION 4.7. A finite subset M C Z is the support of a graded simple
algebra R if and only if M = N — N for a finite set N of positive integers.

Proof. Suppose M = Supp(R) for a graded simple algebra R =
®!__, R;, and the grading is induced by a complete orthogonal system of
submodules H={H,, i =0,...,n}. Put N ={i: H, #+ 0}. We claim that
M=N-N.If R,=Y, ,_,H,RH, + 0, then obviously i =p — g for
some pair p,q € N. Conversely, if p,q € N, then H,RH, + 0, otherwise
id(H,)id(H,) = 0. S0, p —q € M.

Assume now that M = N — N for N = {n,, n,,...,n,}. Consider the
matrix algebra R = M, (®) over a field ®. Put ¢, = E,;, the matrix with 1
in the (i, i) position and 0’s elsewhere. Consider the grading defined by the
system of idempotents {e,: i =0,..., k}. Obviously, Supp(R) c M. Be-

sides, n; — n; € Supp(R) because E; ; € e, Re, . Hence, M = Supp(R).

5. SIMPLE LIE ALGEBRAS WITH FINITE GRADINGS

The description of gradings given in Section 4 enables us to prove that
any Lie algebra from a vast class of simple Lie algebras has a nontrivial
Z-grading with at most five components. To describe this class, we let A be
a torsion-free abelian group and consider a A-graded Lie algebra L =
Y.ea L, such that the set M = {A € A: L, # 0} is finite. Then L is called
M-graded, and the number d(M) = min{|¢p(M)|: ¢ € Hom(A, Z), ¢ # 0}
is called the width of M. The classical example of this setting is a Lie
algebra over a field of characteristic 0 with a nonzero split torus T graded
by the roots of ad(7). We are interested in the Lie algebras described in
the following

THEOREM 5.1 (Zelmanov [17]). Suppose L = ¥, ,, L, is a simple M-
graded Lie algebra over a field of characteristic at least 2d(M) + 1 (or of
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characteristic 0) and L # L,. Then L is isomorphic to one of the following
algebras:

I [K(R, =), K(R, *)]/Z, where (R, =) is a =-simple associative
M-graded algebra with involution * preserving the grading, K(R, =) = {a €
R: a* = —a}, and Z is the center of the derived algebra [K(R, *), K(R, *)];

Il the Tits—Kantor—Koecher algebra of the Jordan algebra of a nonde-
generate symmetric bilinear form;,

Il an algebra of the type G,, F,, Es, E;, Eg, or D,.
The isomorphism in type | preserves the grading.

This theorem is an extension of the classical Cartan—Killing classifica-
tion of finite-dimensional simple Lie algebras over fields of characteristic
0. It is well known that any such algebra has a nontrivial 5-grading. The
presence of a short Z-grading on a simple Lie algebra allows one to realize
this algebra as a result of a certain construction. For instance, any graded
simple Lie algebra L = L_, ® L, ® L, over a field of characteristic not
2,3 is isomorphic to the Tits—Kantor—Koecher construction of a simple
Jordan pair. This construction plays an important role in the theories of
Lie and Jordan algebras.

More general, if a Lie algebra L hasagrading L=L_,®L_, ® L, ®
® L, ® L,, then under certain restrictions (see [4]) it can be obtained by a
generalized Tits—Kantor—Koecher construction from Kantor pairs, a class
of pairs which generalizes Jordan pairs. Special subclasses of Kantor pairs,
like conservative algebras of order 2, structurable algebras, and triples
which have direct connections with classical simple Lie algebras were
studied by a number of authors [2, 8, 10, 14]. We want to show that the Lie
algebras described in Theorem 5.1 have 5-gradings, and hence they can be
constructed from Kantor pairs. For finite-dimensional isotropic central
simple Lie algebras over a field of characteristic 0, this was proved by
Allison [3].

First, we show how to define a 5-pregrading for a pregraded associative
algebra preserved by a given involution. Recall that an involution * is said
to be graded, or that the involution preserves the grading, if R¥ C R, for
any i.

THEOREM 5.2. Let R=Y}__, R, be an algebra with a nontrivial pre-
grading induced by a complete orthogonal system of submodules H = {H,,
i=0,...,n}. Then

(i) R has a nontrivial 3-pregrading;
(i) any involution = of the algebra R such that, for any i,
[_Ii* c Hn—i (5)
is graded, and R has a nontrivial 5-pregrading preserved by *.
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Proof. Suppose R_, # 0. To prove (i), we consider the complete or-
thogonal system {H,, H, + --- +H,} and the 3-pregrading on R induced
by this system. If this pregrading is trivial, then (H, + --- +H,)RH, = 0.
Hence, R_, = HyRH, = 0, which contradicts our assumptions.

Now we consider the case when R has an involution . Condition (5)
immediately implies that = is graded. Besides, it is easy to see that the set
{(H,,H, + - +H,_,,H} is a complete orthogonal system which also
satisfies condition (5). Therefore, it induces the 5-pregrading R =S_, &
S_1 95,95, @S5, preserved by the involution =. It is nontrivial because
S_,=HyRH,=R_,.

COROLLARY 5.3. Let R = ®__, R, be a nontrivially graded +-simple
algebra with a graded involution *. Then R has a nontrivial 5-grading
preserved by the involution.

Proof. We assume that R_, # 0. First, let R be a simple algebra. Then
by Theorem 4.6 the system of submodules {H,=R,R_,R,_,: p=
0,...,n} induces the grading of R. Since = is graded, HY =
(R,R_,R,_))*<R, ,R_,R,=H,_, Thus, according to Theorem 5.2,
the algebra R has a nontrivial 5-grading preserved by *.

If R is not simple, then R =1 & I* for a simple ideal I of R. The
ideals 7 and I* are graded by Corollary 2.3 and R, = I, ® I}*. It follows
from Theorems 4.6 and 5.2 that the ideal I has a nontrivial 3-grading
I=J_ ®J,®J.PutS,=J +J* Then R=S5_, ® S, & S, is a nontriv-
ial 3-grading on R preserved by the involution =*.

If n =2k + 1, then there is a 3-grading on R induced by the system
{Hy + -+ +H,,H,., + - +H,} which obviously subjects condition (5).
But if » is even it is not always possible to find a 3-grading preserved by
the involution as the following example shows.

Put R = End,()) for a vector space } over a field ®. As we men-
tioned, any grading on R = ®j__, R, corresponds to a grading V =

i=o Vi and R, ={reR r(V)cV,, , q=0,...,n} Also, if V is
finite dimensional, then for any involution = of the first kind on R there is
a symmetric or skew-symmetric nhondegenerate bilinear form A on 1V such
that A(Av, u) = h(u, A*u). It is easy to see that the involution is graded if
and only if A(V,,V}) = 0 for i # n — j. It follows that V; is isomorphic to
the dual space of V,_,. If dim(VV) = 2n + 1, R has no 3-grading, because
there is no decomposition of V=V, ® V; which satisfies the previous
conditions.

Finally, Theorem 5.1 and Corollary 5.3 imply the following result.

THEOREM 5.4.  Let L be an M-graded Lie algebra which satisfies Theorem
5.1. Then L has a nontrivial 5-grading.
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Proof. First, one can assume A = Z, because for any homomorphism
¢: A > Zthe set{¥,, -; L, i € Z}is afinite Z-grading of L. Also, since
the result is known for algebras of types Il and Ill (see, e.g., [3]), we
assume that L = [K(R, *), K(R, *)]/Z for a *-simple associative graded
algebra R = @®;__, R, with graded involution and K(R_,, *) # 0. Ac-
cording to Corollary 5.3, the algebra R has a 5-grading R=S_, ® S_, &
S, ® S, 8, preserved under the involution and S_, =R_,. Thus,
K(S_,,#)# 0 and K(R, #) has a nontrivial 5-grading which is inherited
by L.
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