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1. INTRODUCTION

The main aim of this paper is to describe finite Z-gradings of infinite-di-
mensional simple Lie algebras. Here, a finite Z-grading of an algebra A is
a decomposition 4 = ®;_ _, A, such that 4,4; C 4, ; where A, = 0 for
li| > n.

The results on Z-gradings of simple Lie algebras have numerous applica-
tions in various branches of mathematics. For instance, Kac [9] and
Vinberg [22] employed the classification of Z-gradings of the finite-dimen-
sional simple complex Lie algebras given by Kantor [13] to study nilpotent
orbits of connected linear groups. In differential geometry a classification
of gradings of real simple Lie algebras leads to a classification of certain
classes of affine symmetric spaces such as Riemannian spaces [19], quater-
nionic symmetric spaces [3], pseudo-hermitian spaces of K_type [11], etc.
Also, the study of gradings is relevant for different classes of non-associa-
tive algebras, e.g., Jordan algebras and pairs [12], conservative algebras
[13], generalized Jordan triple systems [10, 13], and structurable algebras
[20].

If L is a finite-dimensional simple Lie algebra over a field F of complex
or real numbers, the classification of Z-gradings which are necessarily
finite in this case is given in terms of partitions of fundamental root
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systems (see [13, 14]), a tool which is not available in the infinite-dimen-
sional case. Our approach to this classification problem is based on

THEOREM 1.1 (Zelmanov’s Classification Theorem [25]). Assume that
L= & _, L, isa simple graded Lie algebra over a field of characteristic 0
oratleast 4n + 1, L # L, and L, # 0. Then L is isomorphic to one of the
following algebras:

() K'(R, *)=[K,K]/Center(K, K]) where K =K(R, *) is the

Lie algebra of skew-symmetric elements of an involutory simple associative
algebra (R, *); the grading of L is induced by a grading R = ®}__, R, of R
such that R} C R;;

(1) the Tits—Kantor—Koecher construction FZ(J(V, f)) of the Jordan
algebra J(V, f) of a non-degenerate symmetric form f;

(1) an algebra of one of the types G,, F,, E;, E;, Eg, or D, ie., Lis
finite dimensional over its centroid C and for the algebraic closure C of C the
algebra L ®. C is the one from the list above.

For the Lie algebras of type (1) the classification of the gradings follows
from that of the corresponding associative algebra (R, %). The latter is
essentially done in [21]. On the other hand, the Lie algebras 7 =
ZJV, f)) from (11) have a natural short Z-grading: # =%_, %, & %;;
however, if L falls under case (I1) the isomorphism of L and Z(J(V, f))
need not be graded. Thus, for infinite-dimensional Lie algebras of this type
the description of the gradings was unknown until now. Note that such a
Lie algebra also has the form K'(R, =) for some simple associative algebra
(R, %) (see [8, p. 342]). Therefore, a classification of the gradings of
infinite-dimensional simple Lie algebras will follow as soon as we describe
the gradings of the Lie algebras of the form K'(R, *). In this paper we
address the second problem rather than the first one because we do not
need the characteristic restrictions of Zelmanov’s theorem cited above to
describe the gradings of K'(R, *). The Lie algebras K and [K, K] are also
considered here.

The main result of the paper (Theorem 4.1) states that any grading

of the Lie algebra K= K’(R, =) is induced in an obvious way by a unique
grading

R= & & (2)



248 OLEG N. SMIRNOV

of the associative algebra (R, =). This fact along with the description of
the gradings of associative algebras from [21] provides a classification of
the gradings of the Lie algebras K'(R, *). Analogous results for the Lie
algebras K and [K, K] are obtained as well.

In general, the length of grading (1) of K'(R, *) may be less than the
length of the corresponding grading (2) of R. This is what causes the
appearance of the Lie algebras of type (I1) in Zelmanov’s classification
theorem. Having classified the gradings of algebras K'(R, =) we study the
supports of these gradings and show that in fact the difference between
the supports of (1) and (2) is small. Namely, we prove that m < 2n, and
R, ,=0forany n <i <m.

If m =n, then the grading of K'(R, ) is special in the sense of
Zelmanov [25]. He proved that any grading of a simple finite-dimensional
Lie algebra of types A4, C, is special and that the algebras of types B,, D,
have exceptional gradings. To give a generalization of this result for
infinite-dimensional algebras we extend the notion of symplectic involution
to the infinite-dimensional case and prove that any grading of the Lie
algebra K'(R, =) is special if and only if = is either of the second kind or
symplectic (Theorem 6.5). This is true modulo some known exceptions in
low dimensions.

As an immediate consequence of our results one has a quite simple
description of Z-gradings of the Lie algebras of types A4,, B,, C,, and D,
in terms of idempotents of their enveloping matrix algebras or, equiva-
lently, in terms of their standard modules: any grading of such a Lie
algebra is induced by a unique grading of its standard module. This leads
to significant simplifications in proofs of some classification results. For
example, it follows immediately from our results that the subspace K_, of
the real simple graded Lie algebra K=K(M,/(R),*)=K_,®K_, &
K,® K, ® K, is equal to e,Ke, + e, Ke, + e,Ke, for a suitable choice
of idempotents of M,(R). This was proved in [10] using a case-by-case
consideration of root systems B,, C,, D,. The same applies to [13].

Another corollary of the results of this paper is a graded version of
Zelmanov'’s classification theorem, the original motivation for our work. In
a forthcoming paper we intend to use it to classify the simple objects in
some varieties of non-associative algebras.

This paper is organized as follows. In Section 2 we fix notation and
conventions, and gather some known results on simple algebras with
involution and gradings needed in the rest of the paper. Also, we extend
our description of the gradings of associative simple algebras to the case of
simple algebras with involution. In Section 3 we introduce the notion of
guadratic annihilators and study those which relate to symmetric and
skew-symmetric elements. This notion plays a major role in the following
section. It also allows one to define symplectic involutions in the case of
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arbitrary dimensions. Section 4 contains the main results of the paper on
the connections of gradings of a simple associative algebra (R, *) and the
Lie algebras K = K(R, =), [K, K], and K’. We describe supports of these
gradings in Section 5. Section 6 is concerned with the question of speciality
of gradings of the algebras K'(R, =). There we define symplectic involu-
tions and give the abovementioned criteria of existence of non-special
gradings of K'(R, =) in terms of the involution *. We conclude that
section with the graded version of Zelmanov’s classification theorem.

2. PRELIMINARIES

Throughout the paper all algebras and modules are considered over a
unital commutative ring @, %, € ®, unless otherwise specified. Algebras
are not necessarily unital. By a simple algebra we mean an algebra with a
nontrivial product, which has no proper ideal. Z(R) and C(R) stand for
the center and the centroid of an algebra R. If M is a subset of an algebra
R, idzx(M) and alg (M) denote the ideal and the subalgebra generated by
M in R. We will omit the subscript when it causes no confusion. A
®-linear endomorphism = of an algebra R is said to be an involution if
(xy)* = y*x* and (x*)* = x for all x, y € R. In this case we denote the set
of symmetric elements by H = H(R, #) = {r € R:r* = r}, and the set of
skew-symmetric elements by K = K(R, *) ={r € R:r* = —r}. Due to
our restrictions on the characteristic we have R = H & K. We say that R
is *-simple or that (R, =) is simple if R?> # 0 and R has no proper ideal
invariant under =. Sometimes we say that R is involutory simple if * is
understood.

For easy reference we compile here various notions and results needed
in the rest of the paper. Note that the results from [2, 15, 17] are true in
greater generality than stated here. Our restricted way of presenting these
is sufficient for our purposes and allows us to avoid the notions of
x-central closure and =*-closed rings.

Any involution = of R induces the involution * on the centroid
C=C(R) a*=soaox for « € C. We put C, = H(C, ). Recall that
the involution = is said to be of the first kind provided that C = Cy;
otherwise it is called of the second kind. For any =*-simple algebra R the
algebra C,, is a field, it is isomorphic to the *-extended centroid of R, and
hence R is =-closed in the sense of Baxter and Martindale [2]. In the rest
of the paper we will often consider R as a C,-algebra. Note that H and K
are C,-subspaces of R. For any field extension F of C, the F-algebra
Ry =R ®. F has a natural involution (r ® a)* =r* ® a. It is easy to
see that H(Ry, *) =H ®. F and K(Ry, *) =K® F. If F is the
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algebraic closure of C., then following Baxter and Martindale we call the
algebra (R, ) the superstar closure of (R, *) and denote it by (R, ).

THEOREM 2.1. Let (R, *) be a simple algebra; let F be a field extension of
C... Then

() [2, Theorem 8] The F-algebra (R, *) is simple.
(i) [17, Lemma 5.1] If = is of the first kind, then Ris simple.
(i) [17, Lemma 5.1] If * is of the second kind, then R is the direct

sum of simple ideals R = 1 ® I* and * is the exchange involution ex, i.e.,
)™=y, x)inl®I*

The submodule K is a Lie algebra with respect to the commutator
product [x, y] = xy — yx. Let K’ be the derived algebra of K, i.e., K' =
[K, K]. Then one has

THEOREM 2.2.  Let (R, *) be a simple algebra, and let dim: K > 1.

(i) _[5, Theorems 1.12, 2.15] The Lie algebra K'= K' /Z(K') is simple
unless (R, *) is the algebra of 4 X 4 matrices with orthogonal involution. In
the former case K /Z(K) is prime; in the latter K’ is either simple or the direct
sum of two simple algebras.

(i) [5, Theorems 1.5,2.13] R=K' + K'K' + K'K'K".

Further we will need the concept of GPI algebras. For a simple algebra
R with centroid C we let R{X ) be the free product over C of R and the
free associative algebra C{X ). A submodule T of R is said to satisfy a
generalized polynomial identity (to be GPI, for short) if there is a nonzero
element f(x,,...,x,) € R(X) such that f(z;,...,z,) =0 for arbitrary
elements ¢,,...,t, € T.

THEOREM 2.3 [15, Theorem 4.7]. (i) Let R be a simple GPI algebra.
Then R is primitive with non-zero socle.
(i) Let (R, ) be a simple algebra, and let = be of the first kind. If the
submodule K is GPI, then R is primitive with non-zero socle.

Also we will need the Litoff theorem and its involutory analog due to
Martindale and Miers [17].

THEOREM 2.4. Let R be a simple primitive algebra with non-zero socle.
Then for any given k < dim R and any choice of elements x,,...,x, € R
there exists an idempotent e of rank | > k such that x, ..., x,, € eRe. More-
over, if R possesses an involution of the first kind, then e can be chosen to be
symmetric.

An algebra A is said to be Z-pregraded if it is a sum of submodules
A=Y, A; and A;4; cA,;,; for any i,j € Z, where Z stands for
integers. If this sum is direct we say that A is a Z-graded algebra. A
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pregrading (resp., grading) of A is a set of submodules {4, :i € Z} such
that A = ¥, _, A, is Z-pregraded (Z-graded) algebra. A subalgebra B of a
pregraded algebra A = Y,_, A, is said to be graded provided that B =
Y, c-(B N A,). One of the advantages of pregradings is that any image or
preimage of a pregrading is a pregrading. A pregrading is called finite if its
support Supp(A4) = {i € Z: A, # 0} is a finite set. In this case the algebra
A can be written as the finite sum 4 =A4_, + --- +A, of 2n + 1 submod-
ules, and we refer to this as a (2n + 1)-pregrading. The pregrading is
called trivial if A = A,. From now on by a pregrading (grading) we mean a
finite Z-pregrading (Z-grading).

On connections of pregradings and gradings one has the following result
which was essentially proved in [24] (see also [21]). The last two assertions
of this lemma show that any grading of a simple ®-algebra considered as
an algebra over its centroid C is actually a C-algebra grading.

LemMA 25. Let A = X} _, A; be a pregraded associative or Lie algebra
with centroid C = C(A).

(i) If A has no nilpotent ideals then the pregrading of A is a grading.
(i) If A is simple then CA, C A,.

(iii) If A is associative *-simple and the pregrading is invariant under
the involution then C, A; C A,.

For any ideal I of graded algebra A the pregrading of A /I induced by
the grading of A4 is a grading if and only if I is a graded ideal. Hence,

COROLLARY 2.6. Let A= @] _, A, be a graded associative or Lie
algebra. Suppose I is an ideal of A such that A/l contains no non-zero

nilpotent ideal. Then I is a graded ideal.

Gradings of simple associative algebras are directly connected with
Peirce decompositions. Recall that a decomposition of an algebra R into
the direct sum of submodules R = »;",_, R;; is called a (generalized)

Peirce decomposition if R;;R,, C §;,R,, for aII i,j, p,q. In this case one

q
can define a grading of R= e _, R by letting
R, = qu fori=—-m,..., m.
p—q=i
A system of submodules w = {;:i = 0,...,m} of an algebra R is said to
be orthogonal if p;pu; =0 for i+j, and it is said to be complete if

uRu =R for p = L" , u,. As we noticed in [21] if R is simple any such
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system w gives rise to the Peirce decomposition,

m
R= @ R,  where R, = w,Ru,,
i,j=0

and hence induces the grading of R = @ R:

1= —m 1

R, = ) m,Ru, fori= —m,..., m. (3)
pP—q=i

If a pregraded associative algebra R = X" _, R, has an involution =
and Rf C R, for any i then we say that the pregrading is invariant under
the involution. In this case the Lie algebra K inherits the pregrading from
R, namely K=Y _, K, where K; = KN R,. If R has an involution =
and a complete orthogonal system w = {pu,:i=0,...,m} of R has the
property pf C w, _; for i =0,...,m, then the grading (3) is invariant
under the involution.

THEOREM 2.7. Let R = @' _, R, be a graded algebra. If R is simple,
then there is a complete orthogonal system [ in R which induces the grading.
If R is a =-simple algebra with involution * and the grading is invariant
under involution then there is a system w which induces the grading and
satisfies the condition wf C w,, _; fori =0,..., m.

Proof. The first part of the theorem is proved in [21, Theorem 4.6].
Namely, it is shown that if R_, # 0, then the system of submodules
w={p;:i=0,...,m} where u,=R,R_, R induces the given grad-
ing of R.

Assume that R has an involution = and the grading of R is invariant
under *. If R is simple, then the system 1 considered above has the
required property: uf € u,,_;- If R is not simple, then R =1 @ I* for a
simple ideal 7, and * is the exchange involution. Corollary 2.6 implies that
I is a graded ideal. Therefore, R, =1, + Ip* for any p. Let A = (A i =
0,...,m} be a system which induces the grading of I. Then it is straightfor-
ward to check that the system = {w;:i =0,...,m}, u, = A, + A} _, is
a complete orthogonal system of submodules of R which satisfies the
theorem.

m—1i?

We conclude this section with two useful properties of a Peirce decom-
position R = @;’fj:() R;; of a simple algebra R. Let X be a subset of
{0,1,...,m}). Then Ry = ¥, ;c x R,; is a subalgebra of R, and one has

LEMMA 2.8 [21, Lemma 3.7].  The algebra R, is either O or simple.

COROLLARY 2.9.  For any pair p, q the submodule R, is either 0 or an
irreducible (R, + R, )-bimodule.
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Proof.  Suppose R,, # 0, and put X = {p, q}. Then the algebra Ry is
simple Let 7 be a non-zero sub-bimodule of the (R,, + R, )-bimodule
;- By simplicity of Ry one has that Ry = id, (I) and hence R, =

|d (I) NR,, cI+R,,IR, I Thus, R, is |rredu0|ble

3. QUADRATIC ANNIHILATORS

The following notion plays an important role throughout the paper.

DeriniTiON 3.1. For two subsets U, IV of an algebra R we define
the quadratic annihilator of V in U to be the set QAnn, (V) ={u € U:
ulVu = 0}.

In general this set is not a submodule of R even if U and V' are. For
example, one can consider the submodules U = H(R, =) and VV = K(R, *)
of the algebra R = M,(®), the algebra of (n X n)-matrices over @, with
the co-transpose |nvolut|on #, 018, Ef; =E, 1, 1-; In this algebra
E, ,KE, , c(®PE, )NK=0,s0 E,, e QAnNN,(K). Analogously, E
€ QAnn,(K), but (E,, + En,l)(El,l E, XE, ,+E, ) #0. Hence
E,, +E,; & QAnny(K). Also, it follows from this example that
QAnNN,(K) is not always zero even if R is simple. The next two lemmas
show that certain quadratic annihilators are zero for *-simple algebras.
Throughout this section (R, #) is a simple algebra such that dim. K > 1.
The last assumption implies in particular that dim. R > 4.

LEMMA 3.2.  Suppose the involution * is of the second kind. Then
QANN, , (K" = 0.

Proof.  Since QAnn, , ((K") ng\nnﬁu,g([IZ KJ), one can assume
without loss of generality that R = R. In this case (R, %) = (I & I'*,ex),
where [ is an ideal of R, I is a simple algebra, and QAnn, , ((K') =
{(x,x%):xel, x[I,I[]x=0U{(x,—x*:xeI; x[I, I]x = 0}.

Suppose that QANn,, , (K’) # 0. It follows that I is a GPI algebra and
according to Theorem 2.3, [ is primitive with non-zero socle. If x €
QAnNN,([1, I]D, then by Theorem 2.4 there is an idempotent e I of rank
greater than 1 such that x €ele. Hence it suffices to show that
QANn, (I, ID =0 for I =MJF), F is a field n>2 For xe
QAnNN,([1, ID consider A = alg,(x). Then a[, Ila = 0 for any a € A.

It is noticed by Herstein [5, Lemma 1.8] that, whenever I is a simple
algebra, I = A +[I,I] for any non-zero right ideal A of I. For any
idempotent u of A, the right ideal (1 — u)I is not zero, since 1 & A.
Therefore, ulu = u(1 — u)lu + ull, I'lu = 0 implies u = 0. Thus, the fi-
nite-dimensional algebra A4 has no non-zero idempotent. It remains to
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show that A4 has no non-zero nilpotent element either. Consider a € A4,
a>=0.1f a #0,then al # 0, and I = al + [I, I]. It follows that ala = 0
and a = 0 by simplicity of I.

LemmA 3.3. If QAnny,  ((K') # 0, then = is of the first kind and
K=K =K'

Proof. 1t follows from the previous lemma that = is of the first kind.
Since [K, K] =K' ® F and Z([K, K] = Z(K') ® F, one can assume that
R =R.

If dim. R = 4, then the involution = is symplectic; otherwise we would
have dim. K = 1. In this case the statement of the lemma is trivial. So we
can assume that dim. R > 4.

Since QANNn,, , ((K’) # 0, the submodule K is GPI. It is immediate
when QANNng(K') # 0, and it follows from (ii) of Theorem 2.2 when
QAnNNn,(K') # 0. Hence, Theorem 2.3 implies that R is simple primitive
with non-zero socle. According to Theorem 2.4 for any k € K there is a
symmetric idempotent e € R of rank greater than 2 such that k € eRe,
eRe = M (F), where n = rank(e). It is well known that for any algebra
(M,(F), ), n > 3, one has K(M,(F), *) = [K(M,(F), ), K(M,(F), *)].
Therefore, k € [K(eRe, *), K(eRe, *)] C K'.

Finally, Z(R) N K = 0 because * is of the first kind. Besides, by (ii) of
Theorem 2.2 one has Z(K') € Z(R) N K. Thus, K =K' =K.

CoROLLARY 3.4. QANNg(K') = 0.

Proof. It suffices to notice that QAnn ,(K) = 0. This was proved in [18,
Lemma 4].

CoROLLARY 3.5. QAnNNn,(K') = QAnn,(K).

Proof.  Obviously QANnn,(K) € QAnn,(K’). On the other hand, for
any h € Q Ann,(K’) and any k € K one has

hkh € QANng(K') = 0.

Thus, h € QANN,(K).

We conclude this section with some technical results which we need
in the next section. Here we use the notation [a, b,...,c] =

([...[a,b]...1cl
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LEMMA 3.6. Suppose that QAnn,(V) =0 and, for a pair a,b € U,
[a, b] = 0 and ab? < U for any positive integer q.
(i) If one has

b is nilpotent;

a[V,b,...,b]a=0; (4)
p
then ab? = 0.
(i) If one has
a’b = b%a = 0;
[V,b,alab = 0; ()

then ab = 0.

Proof. If the conditions of (i) hold, we have ab?** =0 for some
positive integer g. We prove that if ¢ > p, ab? € QAnn, (V) = 0. Indeed,

ab"Vab? = b‘?a[V, b,...,b]abq‘f’ = 0.
p
Assertion (ii) is immediate, since abVab = [a,[b,V ]lab = 0.

CoROLLARY 3.7.  Suppose QAnn (V) = 0, b7 € U for any positive inte-
ger q, b is nilpotent, and [V, b,...,b] = 0. Then b? = 0.

P
Proof. We can assume that R is unital; otherwise we can pass to the
unital extension R* = F1 & R of R. Now the proof follows from (i) of the
lemma with a = 1.

4. GRADINGS OF K,K',AND K'(R, *)

We begin this section with basic examples of pregradings of Lie algebras
K=K(R, =), K' =[K,K],K'=K'/Z(K"), where (R, *) is an associative
algebra with involution. Any pregrading of R

R=.2Ri (6)

invariant under the involution = gives rise to a pregrading of K =
Y _,. K; defined by K; = K N R;. The subalgebra of K’ of K is graded,
e, K'=Y" _, K;, where K; =K, N K’'. The image of this pregrading
under the canonical homomorphism : K’ — K’ /Z(K') forms a pregrad-
ingof K'=Y" _ K|

1= —m
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We will refer to these pregradings of K, K',K’ as the pregradings induced
by (6).

Note that if (6) is a grading then the induced pregradings are gradings as
well, and for the algebra K’ one has K| = Z[,+ _IK,, Kl

Our first step is to show that when (R, *) is 5|mple any pregrading of
the Lie algebra K’ is induced by a unique grading of R modulo the center
of K'. Here, let us make a comment on the center of K'. The center Z(R)
of R is either 0 or isomorphic to the centroid C. Since Z(K') € Z(R) by
(ii) of Theorem 2.2, Z(K') is either 0 or one-dimensional over C.. In the
latter case any non-zero element of Z(K') is invertible in R.

The next theorem is the main result of the paper. It was proved by
Zelmanov [25, pp. 382-384] under the assumptions that QAnn,(K) = 0
and the involution is of the first kind. Instead of separate consideration of
two remaining cases—involutions of the second kind and involutions of
the first kind with QAnn,(K) # 0—we develop Zelmanov’s approach to
treat the general case.

THEOREM 4.1.  Suppose (R, ) is a simple algebra. Then for any pregrad-
ing K' = X! _, K| of the Lie algebra K' = [K, K] there is a unique grading

R= & _ R, such that R¥ C R, and for all i

Ki+Z(K')= Y [K, K| +Z(K",
ptq=i

where K; = K N R,.

To prove the theorem we study the Lie algebra L = K’ + Z(K) with
the pregrading L = X' _, L, where L, = K| + Z(K). If K] € Z(K) for
any i # 0, then the trivial grading R = R, is as required. So we will
assume that 0+ L, # Z(K). If dim. (K) <1, then K'=0 and the
theorem is trivially true We will consider the case dim. (K) > 1. Also, we
assume for now that the field F = C,, is algebraically closed and card(F)
> dim(R). We get rid of this technical assumption at the end of the
proof.

We will define the required grading on R using the decomposition of L,
for i # 0 into the sum of the center and the nilpotent part of L,  The
possibility of this decomposition follows from

LEMMA 4.2. Foranyi # 0 and any | € L;, there is z € Z(K) such that
the element | — z is nilpotent in R.

Proof. We fix i and [. Consider the F-subalgebra A = F[I/]l of R
generated by /. Since for any a € A and any integer j one has [aq, K}] -
(4 + @-DK;, (A4 + @-1), one can prove by induction on ¢ that

adK;CRa+ (A+P-1)Kj (A+D-1).
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Hence, a?"*'K’' C Ra. According to Theorem 22, R=K' + K'K' +
K'K'K'; therefore

a®*V’R C Ra. (7)

Consequently, if an element a € H(A, ) U K(A, =) is not nilpotent, then
(7) implies that R = Ra?"*V°R = Ra. Similarly, R = aR, and hence R is
unital and a is invertible in R. So we can assume that [ is invertible.

Next, we prove that 4 = F[I]l is finite dimensional. If A is not finite
dimensional, then, for any non-zero a € A, the element aa* = a*a is not
nilpotent; otherwise / would be algebraic. Then aa* is invertible in R, and
S0 is a. Since [ # Al? for any A € F, the element (1 — A =171l — A?)
is always invertible in R. Hence, Spec(!) = {A € F:(1 — Al) is not invert-
ible in R} = J. This contradicts Amitsur’s theorem [1, Theorem 3] be-
cause of our assumption that card(F) > dim.(R). Thus, A is finite dimen-
sional. This and the fact that A is generated by an invertible element
imply that A4 is unital.

It follows from (7) that any symmetric idempotent of A is equal to the
unit 1 of R. Hence, A4 is a unital subalgebra. If 1 is the only one-zero
idempotent of A, then A4/Rad(A4) is a finite field extension of F, i.e.,
A/Rad(4) =F and A =F1® Rad(A4). Then [ =al+n for ne
Rad(A), I* = —1 = al + n*, and o = 0, a contradiction to invertibility
of L.

Let ¢ be an idempotent of A4 such that e # 0,1. Then ¢ + ¢* = 1 and
ee* = e*e = 0. Besides, (7) implies that e is a central idempotent of R.
Hence, * is of the second kind, and e is unique with this property. It
follows that A/Rad(A) = Fe ® Fe* and [ =z + n, where z = a(e — e*)
for some « € F, and rn is nilpotent. The lemma follows.

For i # 0 put M, ={l € L;:[ is nilpotent in R}. Note that M, # 0
because L, # Z(K). We will use these sets to define the required grading
on R, but first in the next two lemmas we study some properties of M,’s.

LEMMA 4.3. Under the assumptions above one has:
i M:=0;
(i) foranyi # 0 the set M; is an submodule of L;;
(i) [L;, L]cM,,;ifi+j+0.

Proof.  Assume first that QAnn,(K) # 0. In this case according to
Lemma 3.3 the involution = is of the first kind, K = K’, and Z(K) = 0.
Therefore, Lemma 4.2 implies that M, = K; for any i # 0. This makes (ii)
and (iii) apparent.

To show (i) for this case we use the fact that QAnngz(R) = 0 for any
semiprime algebra R. Consider an element m, € M,. Since R = K + KK,
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ad(m,) is a derivation of R, and [K,m,, m, m,] =0, we have
[R,m,, m, m, m,m,]=0. Therefore, m> = 0 by Corollary 3.7.

Furthermore, one has mixm? = m3(m, x + x*m,)m? = —[m, x +
x*m,,m,,m, m1mt €[K,m, m, m,Im*=0forany x € R. Hence, we
have m) € QAnngz(R) = 0. Finally, m3Km® c [K,m,, m,, m,lm3 =0,
i.e., m® € QAnn(K) = 0. Now the linearization of m® = Qyields M? = 0.

Assume now that QAnn,(K) = 0. Then the corollaries after Lemma 3.3
imply that QAnn,, , ((K) = 0.

If m,,m, €M, and m? =m'! =0, then (m, + m,)™ 9 = 0 since
[M,, M,] = 0. Thus M, is a submodule of R. We will show that, for any
i # 0, M, is a submodule of R as well, and for any i,j,i +j > n

MM, = 0. (8)

Suppose that i = j = n. For m,, € M, one has [L,m,, m,,m,] = 0. By
(i) of Lemma 3.6, m> = 0. Due to restrictions on characteristic F it follows
that M? = 0, which verifies (i). Now, for any [ € L

2milm? =m [m,, l,m, m, = [m,,[,m,|m> = —m2Im?;
therefore M? = 0. It follows that [M,, L _,, M,]> = 0, so
[Mn'L—n’Mn] ng’l' (9)

If M,m?** =0 for j,p >0, then for any m, € M,
m,mP!K'm,m? cmP[m,, K',m,|mP € mPM,m? c mP~*M,mP** = 0.
Therefore, M, M, = 0 for any i > 0. In particular, it follows that
M,={leL,:IM, =0} wheni>O0. (10)
Thus, for i > 0 the sets M, are submodules of R and by virtue of Lem-
ma 4.2
L,=Z(K) ® M,. (11)
Besides, since, for any i, j > 0, [M;, M;IM, = 0, one has

[M,, M;] <M, ;. (12)

Next, we show (8) by descending induction on i + j. One can assume
that #,j > 0, because i +j > n. Suppose that (8) is proved for any pair
whose sum is greater than i + j. Assume also that i > j. Then 2i > n and
therefore [K', m,, m;, m;, m;1 = 0 for m; € M,, and m} = 0 by Corollary
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3.7. Moreover, since [K,, m;, m;, m;] € My, , by (12), one has

’ 2 3 ’ 3 ’ 3
[Kp,ml-,mi]ml— < m[ K, m;,m;|m} < [K,,,m;, m;,m;|m;

< Ms:‘+;;”":3 =0
for any —n <p <n, since My, ,M; =0 by the induction assumptions.
Hence, m] = 0 by (ii) of Lemma 3.6. It follows that M? = 0.

Suppose i =j. Then for any / € K’

272 _ _ 2 _ _2p2.
2milm? = m,[m;, l,m;lm; = [m;, ], m;Jm? = —m?Im?;

therefore M? = 0.
If i>j then M?=0 and M[K’, M;, M;, M;] = 0. Therefore, (i) of
Lemma 3.6 implies that Ml.Mj2 = 0. Now, one can see that

mymlmgm; = m[m;, 1, m\m; = [m;, [, m;Jm;m; = —m;mm,m;;
therefore M;M; = 0; i.e., (8) holds.

For elements m, € M, and /_; € L_;, 0 <j <n, one has m,l_m, =
[m,,1_;,m,1=0. 1f [m,[l ;]=z+m,_; for some element z € Z(K),
then 0 = [m,,l_;lm, = zm, and m, = 0. Thus, [M,, L_;] € M, _; for any
0 <j <n,and hence, for i >j,[M,, L_,IM, = M[M,, L_;]=MM,_; =
0 by (8). It follows that [M;, L _;] < M;_; for i >j > 0.

Next, we note that M_, # 0 since [M,,K'M,]c[M, M_,, M,].
Therefore our settings are symmetric with respect to changing the sign of
indices, and all we have proved for M, when i is positive is true for
negative i's as well. In particular, the assertion proved in the previous
paragraph and (12) imply that

[L.. L] cM,, (13)

fori +j # 0.

LEMMA 4.4, If iy + - +iy > 4n for i; € Z\{0}, then M; M; --- M,
= 0.

Proof. We prove this by induction on k. For k& < 4 it follows from the
fact that M, = 0 if |i| > n. We suppose the statement is true for any / < k
and prove that

M, M, - M, =0. (14)
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First, we observe that (14) is true if not all integers i; are positive. Indeed,
the factors M, commute in M; M, --- M,, since Lemma 4.3 implies that

]%1 [Mi,’Mi,+1] Mik ng_l ]%[H[+1 Mik =0
if i, +i,,,# 0, and that
M; - [M M; 1] M, M - M LM, - M; C -
C LM, - M, M, , - M, =0

if i, +1i,,, =0. Thus, if there are negative numbers among i,,...,i,, we
can assume that the first [ are positive and the others are nevative. Then
iy + - +i,> 4n; hence M; M; -+ M; =0and M, --- M, - M; =0.

Assume now that there exist k positive integers i;, and elements
m; € M, such that iy + --- +i, > 4nand m; m; -~ m; # 0.

Consider the set of k-tuples of positive integers
D = {(dl,dz,...,dk) miims e mie # O}.

By our assumptions (1,1,...,1) € D, and D is finite because every m;
nllpotent Let (d,, d,, .. dk) be an element of D with the maximal sum
d, + - +d,. We will show that m&m{z --- mfx = 0 contrary to the choice
of (dl,dz,.. d,). The first step in thls dlrectlon is to prove that the
factors m?% commute in m{tm{z - mix.

To see thls consider the product M M, - M, for j,>01>k—1
Assume that among 1,2,...,/ there are k — 1 different indices
81y 825+ -+ S, SUch that j + =+ +j,,_, > 4n. Then we claim that

Alh%z A4f[ =0. (15)

Let ¢, be the number of factors between M and M; in (15). We prove
this clalm by inductionon ¢t = ¢, + -+ +¢,_,. Fort = 0 it follows from the

induction assumption on k. Suppose #; = 0,...,7,_; =0, 7, # 0. Then
A’[lejz ]\/[j/ = ... 1\/11}1]\/11}2 ]\/[J_Jp]\/[l_ 1\/11}17+1 vee
C e A/[/M]VI/AZ [A/[jt,,’]\/[/’] MJ},,H
4 ... ]V[fn]szz A/[lsp,lj\/[/]v[fsp . "
Since [M; ,M;]c M, ,; and j, +(]S +J)+ e +jy, > 4n, the

first summand is zero by the |nduct|on assumptlon on t. As for the second
one we can repeat the argument commuting M; with M; , and so on.
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It follows that, for any choice of positive integers t,,t,,...,t,, one has

that
mip - [mi';’mi’;ﬁ] e mik =0,
since this product is the sum of elements and each of these elements has
k — 1 factors m; [m m; 1lm; ,...,m; such that i; + --
p+1 p+2 k

+G, +i, )+ —Hk > 4n

By the choice of the element (d,, d,, ..., d,) one has

mi_mldlmldz m?k = m?l m?’_ﬁl m;{ik =0.
;1 T k 1 j

Therefore,

dy ... dy dy ... dy dy ... di—1 d, ... dy
m;; mg Rm,-1 mikCm;} m R,mik m;] m;

,,”,mik]m‘.’il m‘.ik

g---Q[R,mil,...,m4,...,m4 i ik

dl dk

On the other hand, [K', M;,..., M;] = 0assoonas j, + - +j; > n, and
R=K'+K'K' + K'K'K'. Hence,

[R,mi,...,m» pee M, M ] =0,
1 k k

dy dy

and m{mfz -+ m{x € QAnn (R) = 0. This contradiction proves the
lemma.

Proof of Theorem 4.1. Assume first that the field F = C, is alge-
braically closed and card(F) > dim.(R), so we can use preceding lemmas.
For every p € Z, put

R, = Y ALEM, - M, :iy + - +i,=p;iy,....i, # 0, k = 0}. (16)

Then R,R, C R, by (13); in particular, ©, ., R, is a subalgebra of R.
Moreover, according to Theorem 2.2 it is equal to R, since K' € X, ., R,,.
Hence, ¥, R, is a pregrading of R, R} C R;. Also, Lemma 4.4 implies
that R, = 0 for |i| > 4n. Thus, (16) defines a finite pregrading of R, and
Lemma 2.5 implies that it is a grading.

In the general case, for a simple algebra (R, =) we consider an alge-
braically closed field extension F of its =-centroid C, such that card(F)
> dim¢ (R). Then by Theorem 2.1 the algebra R =R ®. F with the
mvolutlon (r® a)* =r* ® a is _x-simple with =-centroid F. Obviously,
K = K(R, %) =K®.F, K =[K,Kl=K' ® c. F and the system of sub-
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modules I?’ K; ® F is a pregrading of K'. As we have proved the
grading of R deflned by (16) satisfies the conditions of the theorem. Now,
put

t
R, = X {(Ko)'[Ki Kp] - [Ki K; ] X (i +)) =pig=0p. (17)
s=1

Then R,R, C FR,, . Besides, it follows from Theorem 2.2 that K’ =
[K',K'] = X[K|,K/]cX,c; R, Therefore R =%, ., R, because R is
generated by K’ as an algebra. Furthermore, since K' - K’ and [K, K’] -
[A'/f,-,l’f\;] CM,,; for i,i+j+0, one has R, gﬁp. Thus, R, =0 for
Ipl > 4n.

By Theorem 2.2 the Lie algebra K'= K’ /Z(K') is semiprime and K" =
[K',K’]. The images of K| under the canonical homomorphism K -
K' /Z(K') form a pregrading of K’ which is a grading by (i) of Lemma 2.5.
Thus onehas K;= X, _I[K) K] forall i, or in terms of K': K; + Z(K")
=X, =il K, K/] + Z(K'). It follows that K;c X . _[K,, K]+
Z(K') CR; N K’ + Z(K'). Therefore, the two pregradings of K' =
Y _, K/ =e!"_, R, N K’ give rise to the same grading of K’, and hence
K + Z(K') = R, n K’ + Z(K') for any i. Besides, R, N K' =
X,.,-IK, K, where K; =R, N K. Thus, the grading defined by (17)
satisfies the theorem.

Finally, suppose that a grading of R = @ _; B; is invariant under the
involution and K} + Z(K') = B, N K' + Z(K') for all i. Since Z(K') C
Z(R) € By, K € B,. Also, [K;,KJ’.] C [Bi,Bj]. It follows from (17) that
R, c B, for any p, which implies that R, = B,,. This completes the proof.

COROLLARY 4.5.  Suppose (R, =) is a simple algebra. Then any pregrading
of the Lie algebra K is induced by a unique grading of R.

Proof. Given a pregrading of K'= Y/ Kj, we let K| be the pre-
image of K| under the canonical homomorphism : K' — K'/Z(K").
Then one has the pregrading of K' = X" K;. This pregrading is induced

1= —-n

by a unique grading of R, and so is the pregrading of K.

Next, from Theorem 4.1 we extract a similar result for the Lie algebra
K. To achieve this we need two more lemmas.

LEMMA 4.6. Let L be a prime Lie algebra which possess two gradings
L=®_ _,Liand L= ®/__ | T. Assume that L # L, and L; C T, for

any j # 0. Then these gradings are the same.
Proof. It is easy to see that the subalgebra I of L generated by
{L;:j=+0} is a non-zero ideal of L and that the set Ann(/) ={/€L,:

[/, L;] = 0forany j + 0} is an ideal of L as well. Besides, [1, Ann( )] = 0,
which forces Ann(J) to be zero.
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First, we show that L, =7, for any j # 0. For an arbitrary element
€T, j+0, onehas x; = X7__, 1, where /; € L,. It follows that /, €
Eﬁo T If g # 0, then [lO,L ] cL c T, and 'at the same time [,, L ] -
X,.0T,T,]JcX, ., T, Thus Iy € Ann(l) = 0, which proves that x =
l,eL,
Now consider an element [, € L,. If [, =YX _ ¢ for ¢, € T, then
ly—ty€X,.ol,=X,.0L, It follows as before that l, — t, € Ann(I)
= 0. Similarly, T0 C L,. Thus, L; =T, for all j as required.

LEMMA 4.7. Suppose (R, =) is a simple algebra with a grading R =
@ _,, R, invariant under involution, and K = ®7" _, K, is the induced
grading of K. Then K; C [K, K] for any i # 0.

Proof. Assume first that R is simple. By Theorem 2.7 there is a
complete system of orthogonal submodules w = {w;:i =0,...,m} such
that uf C p,_;and R, =X, ,_; u,Ru, forall i. Letting R;; be u;Ru;,
one has the (generalized) Peirce decomposition of R, i.e., R = &,_( R;;
and R;;R,, € §;,R,, . Itfollowsthat R, =X, _ _, R, and R, =R, _, ,_;
for all i, j.

Put K;; ={x —x*:x €R;}. Itis easy to see that K, =Y, ;_, K;; for
any p. So to prove the lemma it suffices to show that if i # j and K;; # 0,
then K;; c K"

Suppose that i + j # m. Since i # j, 2i # m or 2j # m. We consider the
case 2i # m. According to Corollary 2.9 the (R; + R;;)-bimodule R;;
irreducible; therefore R;; = RyR;; = R;R;;. Let x;; € R and x;; a”bu
for a; €R;, b; €R;. Then x} —b* T, for a eRm im-in Dii €
R, i,y Itis easy to check now that [a af, by — bl = a”b,] - b;“, ary;
=x;; — X, since i #j,m—jm—i Itfollowsthat K;; CK’ if i +j #m.

Suppose now that i +j = m. In this case the subalgebra A=R;®R;
@ R;; ® R;; is invariant under involution and is simple by Lemma 2.8. It
has 3-grading A =A4_; ® A, ® A;, where A_; =R;;, A, =R; @ R},
A; = R;; which is invariant under the involution . Besides, Kﬂ A_NK
and K;; =A; N K. The submodule 7' =K + K;; is closed under the
trilinear composition {x, y, z} = xyz + zx and forms a Jordan triple sys-
tem. Moreover, according to [23, Lemma 2] this Jordan triple system is
simple. Particularly, T {T T, T}. It follows that K;cK;nN {T,t, T} C
{K;;, K ],, K} c[K;;, K;;, K;;], these inclusions being a S|mple calculation.
Thus, K;; € K’ This completes the proof when R is simple.

If R is not simple, then R =1 & I* for a simple ideal I of R and =* is
the exchange involution: (x, y)* = (y, x). Since R/I is a simple algebra,
Corollary 2.6 implies that I is a graded ideal. In fact, I = EBJ”‘, _m 1;, where
L=R;,NnIland R; =1; + I*.

We Want to show that I c[I,I] for any j#0. Let w={p;:i=
0,...,m} be a complete system of orthogonal submodules of I determined
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by the grading of I, and I,, = w,lu,. Then I = €B;’fq=0 I,, is a Peirce
decompositionof 7, and [, =%, _. 1,,.

As before, for p —qg #0onehas I,, =1,.1,, =11, 1, 1<[I1I] Itis
only left to notice that K; = {(x, —x*):x € [}, and [K, K] = {(x, —x*) 1 x

e [I,I]}. Thus, K; c K’ for any j # 0. The proof is complete.

THEOREM 4.8.  Suppose (R, =) is a simple algebra. Then for any pregrad-
ing K=Y _, K, of the Lie algebra K = K(R, *) there is a unique grading
R = @] _, R, such that R* C R, and for all i

K, +Z(K)=KNR, +Z(K).

Proof. If dim, (K) < 1, then K = Z(K) and the theorem is obviously
true. If dim,_(K) > 1, then thanks to (i) of Theorem 2.2 either K/Z(K) is
prime or K = K'. Since in the latter case the result follows from Theorem
4.1, we can assume that K/Z(K) is prime.

Let K' =7 _, K; be the pregrading of K’ inherited from K, i.e.,
K; =K' N K, According to Theorem 4.1 there is a grading of R =
@7 _,, R, invariant under involution such that K + Z(K') = K' N R; +
Z(K') for any i. Let K= @' _, T, be the grading of K induced by
the grading of R, 7. = K N R,. We claim that K; + Z(K) = T. + Z(K) for
all i.

If K=T,, then for any i +j+ 0 one has [K,.,Kj] CK,,,NK' ¢
T,.; + Z(K) = Z(K). Consider the subalgebra I of K generated by
{K;:j#0}L Itis an ideal of K. Besides, it is easy to see that [/, I]
T olKi K 1+ Z(K) and [[K;, K_,1[K,, K_]]1=0 if i,j+0. It fol-
lows that [[Z, I],[I, I]] = 0, and consequently I € Z(K). In this case the
conclusion of the theorem is true.

Assume now that K # T,. Lemma 4.7 implies that 7, = R, N K’ for
any i # 0; therefore T, + Z(K) C K; + Z(K) if i # 0. It follows that for
the two pregradings of the quotient algebra K/Z(K) =Y _ K,=
ym _ T one has T, C K, for any i # 0. By Corollary 2.6 these pregrad-
ings of K/Z(K) are gradings; hence one can apply Lemma 4.6 to argue
that these grading are actually the same. Thus, K; + Z(K) = T, + Z(K)
for all i.

5. SUPPORT OF GRADINGS

The set of integers Supp(A4) ={i € Z: A, + 0}, where 4 = ®,_, A, is
a graded algebra, is called the support of the grading of A (support of A4, for
short). It is an important numerical characteristic of the grading. For the
gradings we are interested in it is a finite set, and in general it could be
any finite subset of Z. However, an imposition of cerrtain conditions on A4,
simplicity for instance, restricts possibilities for Supp(A4).
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In [21] we described the set Supp(R) for any graded simple associative
algebra R. Namely, if R= & _ R, is the grading of R and
{os 1y -y 1) IS @ complete orthogonal system of submodules which
defines the grading, then Supp(R) = N — N, where N = {i: u, # 0} and
N — N stands for {i —j:i,j € N}. In particular Supp(R) is symmetric in
the following sense. We say that a subset M of Z is symmetric if —M = M.

The object of this section is to describe supports of the induced gradings
of the Lie algebras K, K’, and K’ for an associative simple algebra with
involution (R, %) and =-invariant grading R = & _, R,.

We begin with the description of Supp(K) in the case when R is simple.
Let us fix a system of submodules & as in Theorem 2.7, then Supp(R) =
N — N, where M = {i: u, # 0}. Moreover, N has the following property:

if m is the maximal number of N, then
i € Nimpliesm —i €N. (18)

Conversely, for any finite set N = {0, ..., m} of positive integers satisfying
the condition (18) the set N — N is the support of a certain graded simple
algebra with involution. We will establish this in the proof of the next
theorem which describes Supp(K).

To describe supports of the Lie algebra K one needs to understand for
which s € Supp(R) the set R, N K = 0. We study this situation in the
following lemmas. Let us fix the notation of the two preceding paragraphs.

DerINITION 5.1.  Given a finite set of non-negative integers N, we say
that the element s € N — N s critical if there is only one pair of elements
i,j € Nsuchthat s =i —j.

For instance, m and —m are always critical, but 0 is not unless the
grading is trivial.

LEMMA 5.2. If s € Supp(R) and R, N K = 0, then s is critical, and, for
the pair i, j € N such thats =i — j, one has i + j = m.

Proof. Suppose s =i —j for i,j € N, and i +j # m. Then (u;Ru)*
= M- Ry —; # w;Rp;, so for any non-zero x € w,Ruy; there is the
non-zero element x — x* € R, N K. Thus, i + j must be equal to m, and
this determines the pair i, j uniquely.

LEmMmAa 53. IfR, N K =0, then R, C H and aKa = 0 for any a € R,.

Proof. If R, =0, the statement is true. Suppose R, # 0, ie., s €
Supp(R). Then by the previous lemma R, = w; R, and hence for any
a € R; we have aKa C p;Ru; K, Ru; € p;Rp; = R;. On the other hand,
a—a*€R NK=0,s0 a=a* and aKa C K. It follows that aKa C
R,NK=0.
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The next theorem describes the structure of simple graded algebras
(R, %) with Supp(K) # Supp(R). They all have non-zero socle. The classi-
fication of simple rings with non-zero socle and their involutions is well
known (e.g., see [8]). Any such ring R is isomorphic to the ring of all
continuous linear transformations of finite rank of a vector space I over a
division ring D. Here, IV and D are defined uniquely up to isomorphism.
Any involution * of R is the adjoint involution for some hermitian or
alternate form on V. In the first case we say that * is orthogonal, in the
second case that = is symplectic.

(TRECREMISA) 1ct (R, *) be a simple algebra with a grading R =
o, _,, R; invariant under involution, and let K = o;- _, K, be the induced

i=—m i=—-m

grading of K. Assume that Supp(K) # Supp(R). Then the following are true.

(i) R is a simple algebra with non-zero socle; * is of the first kind.

(ii) The division ring D associated with R is isomorphic to the centroid
C = C, of R, in particular * acts as the identity on D.

(iii) = is orthogonal. Moreover, it is the adjoint involution for some
symmetric form.

(iv)  For any s € Supp(R) \ Supp(K) the algebra alg(R_,, R,) = R _|
+ R,R_, + R_,R, + R,; it is isomorphic as a graded algebra to M,(C,,)
with the co-transpose involution considered with its natural 3-grading.

(v) Fors as above, R_, N K =0, and dim. (R, ) =1

Proof. It follows from Lemmas 5.3 and 3.3 that = is of the first kind.
Therefore, R is simple. To complete the proof of (i) we find a primitive
idempotent ¢ in R.

Let s € Supp(R) \ Supp(K). By Lemma 5.2 there exists a unique pair of
elements i, j € N such that s =i —; in other words R, = u,Ru; and
R_; = pjRp;. By simplicity of R one has Ru,R =R, and hence
m R Ru; = w;Ru;. So, RIR_; = p;Ru,; and similarly R_ R, = w;Ruy,;.

It follows that alg(R_, R = (u; + u)R(u; + w;), and according to
Lemma 2.8 it is a simple algebra. Besides, if k € R_; N K, then

kK(alg(R_,, R,), *)k ck(R, N K)k = 0.

—51

Therefore R_;, N K = 0 by virtue of Corollary 3.4.
From the equalities R, N K = 0 we infer that the algebra R.R__ is
commutative. Indeed, for x,,y, € R, x_,,y_, € R_, one has

xSx—Sy_S'y—X = (x.Yx—.YyS)* -s :ny—SxSy—S :ySy—SxSx—S'

Also, the algebra R,R_, = w;Rpu; is simple by Lemma 2.8. Thus, R,R_, is
a field, and the unit e of R,R_ is a primitive idempotent in R, since
eRe = R, R_,. We established (i).
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Next, the division ring D associated with R is isomorphic to eRe and
hence is commutative. Now, by Theorem V.5.2 of [7] the centroid C of R
is isomorphic to the center of D, which is D in our case. This verifies (ii).

Obviously e* is the unit of R_ R, = C,, ee* =¢e*e =0, and e + e* is
the unit of alg(R_,, R,). It follows that alg(R_,, R,) = M,(C,) and
dim. (R, ) = 1. We notice that the restriction of = on alg(R_, R)) is
an orthogonal involution since the space H(alg(R_(,R)), *) =R _ +
C.(e + e*) + R, is three-dimensional. It follows that in R there is a sym-
metric primitive idempotent. Therefore, * is the adjoint involution of a
hermitian form. Due to the fact that * is the identity map on D this
hermitian form is symmetric. The proof is complete.

THEOREM 5.5.  Let R be a simple algebra with a grading R = ®[_ _, R,

invariant under the involution * of R, and dimC*K > 1. Then, for the
induced grading K = ¥ K;, one has

I1=—m

(1) Supp(K) = Supp(R)\ U, where U={i< Supp(R): R,NK=0};

(i) U is a symmetric subset of SUpp(R) and consists of critical ele-
ments, and dim¢ (R)) =1 for any s € U.

Conversely, for any set of integers of the form M\ U, where M = N — N
for a finite set of non-negative integers N subject to the condition (18), and U
is a symmetric subset of M which consists of critical elements, there exist a
simple algebra R with involution * and the =-invariant grading such that
M\ U = Supp(K) for the induced grading of K.

Proof. The assertion (i) is an immediate consequence of the definition
of an induced grading; (ii) follows from Lemma 5.2 and Theorem 5.4.

To prove the second part of the theorem consider the set of integers
N =1{0,i;,...,i;}. Assume that 0 < i, < --- <i, =m and that N satisfies
condition (18). Let U be a subset of M = N — N such that U = —U and
any element of U is critical in M. We shall construct a simple associative
algebra with involution (R, *) with an invariant grading R = ®;" _, R,
such that K = K’ = K’ and for the induced grading K = ®. _, K, one
has Supp(K) = M\ U.

Let = @,y V, be the direct sum of vector spaces V; such that
dim(V)) =1 if 2i —m € U and dim(};) = 2 otherwise. Note that V" is
finite dimensional and dim(V;) = dim(V,,_,) for any i € N. It follows that
there exists a non-degenerate bilinear symmetric form f on I such that
f(V;,V)) =0 unless i +j = m. Put R = Endg(V) and let = be the adjoint
involution of R with respect to f. Denote by p; the projection of 1V onto
V.. Then the set {p, : i € N} is the complete system of orthogonal idempo-
tents in R. It follows from the definitions of f and * and that p¥ =p,, _..
Thus, the system {p,:i € N} defines an invariant grading of R =



268 OLEG N. SMIRNOV
®" _, R, where R, = X _,_, p,Rp, with support M = N — N. We claim
that Supp(K) = M\ U for the induced grading K = &7. _, K,.

It is enough to prove that s € U ifand only if R, N K = 0fors € M. In
any case s is critical in M, so s =i —j for a unique pair i,j € N with
j = m — i; therefore R, = p,Rp,, ;. The subalgebra B = (p; + p,,_,)R(p;
+ p,,_;) is isomorphic to End,(V; ® V,,_,). Moreover, B* c B and the
restriction of * on B is the adjoint involution with respect to the
restriction of f onto V; @ V,,_,. It follows that R, N K = 0 if and only if
dim(V;) = 1, which in turn is equivalent to the condition s € U by the
choice of V;. The proof is complete.

Now we assume that R is not simple. Then R =1 & I* for a simple
ideal I of R and = is the exchange involution. Besides, as we noticed in
Theorem 2.7, I and I* are graded ideals, and

R,=1,+1I for any p. (19)

It follows that Supp(R) = Supp(/) = N — N, where N = {i: A, # 0} for
the system A = {A,:i = 0,..., m} which defines the grading of I.

Conversely, for any set of integers of the form N — N there is a simple
algebra (R, =) with an invariant grading R = @ _, R, such that R is
not simple and Supp(R) = N — N.

Here we want to notice that in the case when R is not simple Supp(R)
may be smaller than the set N — N if we define N to be {i: u; # 0} for
the system w described in Theorem 2.7.

THEOREM 5.6.  Suppose (R, *) is a simple algebra with involution and a
grading R = @ _ R, invariant under the involution +*, and R is not
simple. Then for the induced grading K = X" _, K,, one has Supp(K) =
Supp(R).

Conversely, any set of integers of the form N — N for a finite set of
non-negative integers N serves as the support of cerrtain Lie algebra K with a

grading induced from a simple algebra (R, %) such that R is not simple.

Proof. First statement of the theorem immediately follows from (19).
The second follows from the fact that for any N there is a simple graded
algebra I = & _ I, such that Supp(I) = N — N [21, Proposition 4.7].
If we consider R = I & I°® with the exchange involution *, then K(R, *)
is as required.

Finally, on the supports of induced gradings on the Lie algebras K’ and
K’ one has

THEOREM 5.7. Let (R, *) be a simple algebra with a grading R =
er R; invariant under involution, and dim. K > 1. Then for the in-

duc;z?gradings K=Y K, K =Y _, K, and K'=x" _nK'; one

I1=—-m

has Supp(X") = Supp(K") = Supp(K).
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Proof. We assume that the grading of R is not trivial. Also, according
to Theorem 2.2 either X' is simple or K’= K’ = K. So we can assume the
former.

Obviously, 0 € Supp(K) and one has the inclusions Supp(K") c
Supp(K’) and Supp(K’) c Supp(K). Besides, Lemma 4.7 and the inclu-
sions Z(K') € Z(K) € Z(R) c R, imply that Supp(K") U {0} = Supp(K).
So it suffices to show that 0 € Supp(X").

First, we show that Supp(K) =+ {0}. Assume otherwise. Then, by Theo-
rem 5.6, R is simple; by Lemma 5.2, any non-zero element of Supp(R) is
critical; and hence for any i € N the equations i =i —0=m — (m — i)
imply that either i = 0 or i = m. Consequently, Supp(R) = {—m, 0, m}. In
this case alg(R_,,, R,,) is a non-zero ideal of (R, ), and Theorem 5.4
implies the (R, *) is isomorphic to M,(C ) with an orthogonal involution.
This contradicts our assumption that dim, K > 1.

Now, let n be the maximal number of Supp(K) According to Theorems
5.5 and 5.6 the set Supp(K) is symmetric; therefore —n is the minimal
number in Supp(K). We saw that n > 0; thus —n, n € Supp(K’). Assume
that 0 & Supp(K"). Then it follows that [K’,,K’_,] = 0. It is easy to see
that

ide-(K7) = L {[K",. Ky, K] :s =0,1,...;i; <0}
Besides, since [K’ ,K'_,]=0forany i; <0, [K, K, ....K;,LK_]=

K, K _,. K, .. K’] 0. It follows that [|d—(K/)K’ ]1=0, a
contradlctlon to 5|mpI|C|ty of K’. The proof is complete.

n

In concluding the section we want to compare the maximal number of
Supp(R) and that of Supp(K). In other words we want to compare the
length of gradings of R and K. If R is not simple, they are equal since
Supp(R) = Supp(K). If R is simple then Supp(K) = Supp(R) \ U, where
Supp(R) = N — N for a set of positive integers N = {0,..., m} which
satisfies (18), and U is a symmetric subset of N — N which consists of
critical elements.

Let n be the maximal number of Supp(K), and assume that n < m. We
claim that m — n is the minimal positive number of N. Indeed, if 0 <i <
m —n for some i €N, then n <m —1i and hence m —-i€ UNN
by (16) and the choice of n. On the other hand, the element m — i =
(m — i) — 0 is not critical in N — N, a contradiction to Theorem 5.5. It
follows also from (18) that n is the next largest number in N.

This claim has two interesting consequences. First, let i be a positive
integer such that n <i<m. If ie N—-N,then i =p —q for p,ge N
and p = m because n is the next largest number in N. Besides, g = m — i
< m — n, so by minimality of m — n has m — i = 0. Thus, we proved that
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i & Supp(R) if n <i <m. Since Supp(R) is a symmetric set, one has
i & Supp(R) if n < li| < m.

Second, m — n < n implies that m < 2n. Combining the results of this
section we have

CoROLLARY 5.8. Let (R, *) be a simple algebra with a grading R =
®/L _, R, invariant under involution, and let dim. K> 1, K=Y" K,
be the induced grading of the Lie algebra K = K(R, ). Assume that n and m
are the maximal numbers of Supp(K) and Supp(R) respectively, and n < m.

Then

(@ m <2n;
(b) R, =0 foranyisuch that n <|i|l <m, i.e.,

K,® 0K & oKk,
N N N
R,®R_,® - ®Ry® - ®R, &R, ;

(© dimg (R, ,)=1

6. SPECIALITY OF THE GRADINGS

In this section we show how the type of the involution of an algebra
(R, =) affects the gradings of K'(R, *). First, we recall the notion of
special grading introduced by Zelmanov in [25]. Actually, we give here a
definition which is equivalent to the original one given in terms of the
graded universal envelope.

DeriniTION 6.1, Assume that L is a Lie algebra with a pregrading
L=Y' _,L,L,#0,and L, =X} ,[L_,, L;]. The pregrading is said to

be special if there is a pregraded associative algebra R =%"__, R;, a

submodule Z, € R, N Z(R), and a graded homomorphism of Lie algebras
¢: L - R /Z, such that Ker(¢) N L, =0 for all i + 0.

In [25] Zelmanov proved that any grading of a simple finite-dimensional
Lie algebra of the type A4, or C, is special, and that the algebras of the
types B,, D, have exceptional gradings. To give a generalization of this
result for the infinite-dimensional algebras we extend the notion of sym-
plectic involution to the infinite-dimensional case as follows.

DerINITION 6.2.  Assume that (R, =) is a simple algebra with the
involution = of the first kind. We say that * is symplectic if QAnn 7(K) = 0.

Remark 6.3. In the proof of Theorem 6.5 we will establish that the
condition QANN 7(K) # 0 implies that the socle of R is not zero, and = is
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orthogonal. Thus, our definition agrees with the usual definition of the
symplectic involution in the finite-dimensional case and its generalization
for simple rings with non-zero socle.

The following lemma gives an important example of a non-special
grading. This is an example of the minimal dimension. We use it to prove
nonspeciality of other gradings.

LEMMA 6.4. Let R = M,(F) be the full matrix algebra over an alge-
braically closed field F; let R = @' _, R, be the grading induced by the
system of idempotents {e, = E,;, ¢, = E,, + Eq43, ¢, = E,;, e = Egc + Eg,
e, = Eg;}, where E;; are the matrix units of M;(F). Then

(i) the co-transpose involution =: E;; > Eg_; 4, preserves this grad-
ing, and R ., N K =0 for K = K(R, *);

(ii) the induced gradingK = ®°__, K, of the Lie algebra K = K(R, *)
is not special.

Proof. The assertion (i) is immediate since e¢* =e¢,_;, for 0 <i < 4,
and R_, + R, = egRe, + ¢,Re, = FE,; + FE;; C H(R, *).

To prove (ii) consider the pair of spaces (K_;, K3). It is a Jordan pair
with respect to the trilinear compositions

{xian)’$3nzia} = [[xi3,y¢3],zi3],

where x, 5,2z, 3 €K, 4 yr3 € K53 Moreover, letting f: K ; X K; > F
be the form defined by the equation f(y_,, x3)e, = e,y _3xz€,, ONe can
see that

{¥i3. V53 %23 =2f(Vz3.X13)X 43,

where x . ; €K, 5, y+3 € Kgg,and f(ys, x_3) = f(x_5,y5). S0 (K_3, K3)
is the Jordan pair of the bilinear form f. Therefore, this pair is simple, its
centroid is F, and dim,(K;) = 2.

Assume now that the graded Lie algebra K = @° . K, is special.
Then according to [25, Sect. 2] there is a simple associative algebra with
involution (U, 7) and with invariant grading U = @>_ .U, such that the

Lie algebra K = ®>_ , K, is isomorphic to K'(U, ") = ®@> ,K'(U,7),
with the induced grading. It follows in particular that U is finite dimen-
sional.

If U were not simple then K would be of type A4,,. However, K is of
type B,. So, U is a simple finite-dimensional algebra over the algebraically
closed field F. Thus, (U, 7) is isomorphic to (R, %), and K’
(U,7) =K'(U,7) = K(U, ") = K. Since the grading of an associative enve-
lope algebra is determined uniquely by the induced grading of K, the
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isomorphism above preserves the grading. This contradicts the fact that
U =0and R, # 0.

THEOREM 6.5.  Suppose (R, *) is a simple algebra with the algebraically
closed +-centroid F, K = K(R, =), and dim: K > 1.

(i) The induced grading of the Lie algebra K is special if and only if the
corresponding gradings of K' and K'(R, *) are special.

(i) If dim. R < 36, then any grading of the Lie algebra K'(R, *) is
special.

(iii) If = is of the second kind, then any grading of the Lie algebra
K'(R, *) is special.

(iv) If = is of the first kind and dim. R > 36, then any grading of the
Lie algebra K'(R, ) is special if and only zf * 15 symplectic.

Proof.  Assertion (i) follows immediately from Theorem 5.7, Lemma 4.7,
and the fact that Z(K) c K, for any induced grading of K.

Since any grading of Lie algebras A,, C, is special, statement (ii)
follows from well-known isomorphisms D, = 4, @ A,, B, = C,, D; = A4,.
Also, Corollary 4.5 and Lemmas 5.3 and 3.2 imply part (iii).

To prove (iv) assume that = is symplectic and consider a grading of

=Y _,K’,. Then by Corollary 4.5 there isa gradingof R = @ _, R,
WhICh induces the given grading of K’. According to Lemma 5.3 and our
assumption on * for any integer s & Supp(K) one has R, € QAnn,(K)
= 0. Therefore, Supp(K”) = Supp(K) = Supp(R), and hence the grading
of K is special.

Conversely, suppose that dim. R > 36 and : is an involution of the
first kind which is not symplectic. It follows that R is simple, QAnn(K)
+ 0, and K=K’ =K’ by Lemma 3.3. We shall construct a non-special
grading of K.

First, we want to show that there is a non-zero element a € QAnn ,(K)
such that a® = 0. Consider 0 # b € QAnn,(K). Theorem 1 of [14] implies
that for any x € R one has bxb = a(x)b for some a(x) € F. If a(b) =0,
then the element a = b or a = b? is as required. Suppose a(b) = 0.
Changing b if necessary one can assume that «a(b) = 1. Then (b?)? = b?
and b?Kb? = 0. So we can assume that b is an idempotent to begin with.

If for any k € K bk?b = 0, then bHb = 0 and b = 0. Hence, there is an
element k € K with bk*b # 0, i.e., a(k?) # 0. One can assume that
a(k?) = —1.Put x = bk; then xx* = —bk?’b =b, bx = b, xb = 0, x*b =
x*, and bx* = 0. Also, (x*x)* =x*bx = x*x # 0, otherwise b = b’ =
(xx*)? = 0. Thus, the element ¢ = x*x is a non-zero symmetric idempo-
tent orthogonal to b. Now, it is easy to check that for i € F, i> + 1 = 0,
the element a = b + ix + ix* — ¢ has the property a> = 0. Moreover, the
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idempotent ¢’ = b + ¢ is the unit of the algebra B = ¢'Re’, a € B, and
aKa = ae'Ke'a = aK(B, *)a = 0.

Having obtained such an element a, we can apply Lemma 5 of [18],
which states that whenever

Besides, according to Theorem 2.4
there is a symmetric idempotent e € R such that the subalgebra 4 = eRe
is isomorphic to M,(F) and a € A. It follows that = is an orthogonal
involution of A, and choosing an appropriate basis of A4 one can assume
that = is the co-transpose involution of A with respect to the basis
{El.j:l <i,j<T}.

We identify 4 with M,(F) and consider the grading of A defined by the
complete orthogonal system of idempotents {e,, e, e,, €5, €,} as in Lemma
6.4. Next we consider a grading of the unital extension R* = F1 @ R of R
induced by the complete system of orthogonal idempotents
{fo, f1. f2: far fal, where f, =1 —e + e, and f, = ¢, for i # 2. It is easy to
see that f* = f,_, for any i, so this grading R* = ®;__, R? is invariant
under . Obviously, R is a graded ideal of R*, ie, R= @' _, R, We
claim that the grading of K induced by this grading of R is not special.

First, we note that R, = e,Re, = e,eRee, = e, Aey = FE;; € H(A, *),
so K(R,,, *) = 0. Analogously, R; = e;Re, + e,Re; = e;eRee, +
e,eRee; = A;. Thus, K(R 4, ) = K(A_ 4, *) # 0. If the grading of K
were special, so would be the grading of K(A4, =), which is not special by
Lemma 6.4. The proof is complete.

We conclude our paper with the graded version of Zelmanov’s classifica-
tion theorem. It follows from Zelmanov’s theorem, Corollaries 4.5 and 5.8,
and Theorems 5.4 and 6.5.

THEOREM 6.6. Let L = ®!__, L, be a simple graded Lie algebra over a
field of characteristic O or at least 4n + 1, L # L, and L, # 0. Then one of
the following is true.

There is a simple associative algebra (R, *) with a grading R = ®'_ _, R,

invariant under * such that L is graded isomorphic to the algebra K'(R, *)
= @®!__, K', with the induced grading. The algebra L has

. Special grading: m = n;
. Non-special grading: R,, # 0 and m > n; in this case K =
K' =K’";
(@ m<2n;
(b) R is simple algebra with non-zero socle;

(¢) = is orthogonal,
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(d) R, =0 foranyisuch that n <lil <m, i.e.,

K,® oK ® oK,

R,®R_,®--®R,® &R, ®R,,;

(&) dim (R,,) =1,
I1l. Finite-dimensional exceptional grading: L is an algebra of one of

the types G,, F,, Eg, E;, Eg, D,.
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