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ABSTRACT. In this paper the simple (infinite-dir:onsional) Lie algebras with a finite
nontrivial Z-gradmng are described, under certain rostrctions on the characteristic of the
field.
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Introduction
1°. Main results. Let Z be the ring of integers. By a Z-grading ol the algebra 4 we mean
a decomposition of this algebra into a sum of sub:paces, £ = ¥, ., 4, such that 4,4, €
A;,,- The grading is finite if the set {i € Z|4, # 0} is finite. The grading is nontrivial if
Li0A; # 0. The goal of this paper is a description of the simple (infinite-dimensional} Lie
algebras with a finite nontrivial Z-grading under certain restrictions on the characteristic
of the field.

THEOREM 1. Suppose F= 3" P is a simple graded Lie algebra over a field of characteris-
tic at least 4n + 1 (or of characteristic 0) and ¥, & # 0. Then ZLis isomorphic to one of
the following algebras:

LR RONSZ, where R = 1" R, is a simple associative Z-graded algebra and Z. is the
center of the commutant [R'™, R\

H. [K(R,*), K(R,*)/Z, where R = " R, is a simple associative Z-graded algebra
with involution *: R - R, RY = R and K(R,*}={a &€ Rla* = -a}.

HI. The Tits-Kanior-Koecher construction of the Jordan algebra of a symmerric bilinear
Jorm (see 2°).

IV. An algebra of one of the rypes G,, F,, Eg, E4, Egor D,

The isomorphism in cases 1 and 11 preserves the grading, i.e. is a graded algebra
isomorphism.

We can consider a more general situation. Suppose A-is a torsion-free Abelian group
and 4 =L __,A, is a A-graded algebra. As above, the grading is finite if the set
M’ ={a e A4, # 0} is finite, and is nontrivial if ¥, .,4, # 0. Examples of finite
gradings:

1) Suppose.? is a Lie algebra over a field of characteristic zero and 7" 1s a spht torus.

Then the decomposition of % into a sum of weight subspaces relative to ad(7") is a finite
grading.
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2) From any Jordan algebra (Jordan pair) we can construct, by means of the Tits-
Kantor-Koecher construction, a Z-graded algebra of the form =% | + %, + &, ¥, = 0
for |i| > 1 (see [4]-[7] and 2°).

3) From any J-ternary algebra we can construct a Z-graded Lie algebra of the form
=L+, + L +& +%,,% =0forli| > 2 (see[8]-[10]).

We may assume without loss of generality that the group A is generated by the set M’.
The elements of A can be represented by lattice points in an r-dimensional real space (r is
the rank of the group A). Let M denote the set of all lattice points in the convex hull of
the set M’. We will say that the A-graded algebra 4 = ¥ ., A4, 1s M-graded if A, = 0 for
a & Mandif A = 2, oA, By the width of the set M we will mean the number

d(M)=min{|p(M)|p € Hom(A,Z), p # 0}.

THEOREM 2. Suppose F=1% _ &L is a simple M-graded Lie algebra over a field of
characteristic at least 4n + 1 (or of characteristic 0) and L. %, # 0. Then & is isomorphic
to one of the following algebras:

L[RD, R /Z, where R = ¥ o\ R, is a simple associative M-graded algebra.

IL [K(R,*), K(R,*)]/Z, where R = }._. R, is a simple associative M-graded algebra
with invelution *: R — R, R* = R .

111. The Tits-Kantor-Koecher construction of the Jordan algebra of a symmeiric bilinear
form.

IV. An algebra of one of the types G,, Fy, E¢, E;, Eqor D,.

In cases | and 11 the isomorphism preserves the M-grading.

Following Weil [11], we will call an associative algebra R with an involution *: R — R
an involutory algebra. With an involutory algebra (R, *) are associated the Lie algebras
K(R,*)= Kand K'(R,*)=[K, K]/Z(K, K)).

An involutory algebra (R, *) is graded if the associative algebra R = ¥ . R, 1s graded
and R* =R _,a € M.

An involutory algebra (R, *) is simple if the algebra R contains no proper *-invariant
ideals. It 1s easy to see that in this case R either is simple or is a direct sum of two ideals,
R =1 ® I* where [ is a simple algebra.

Cases I and II of Theorems 1 and 2 can be combined by considering the algebra
K'(R,*) of a simple graded involutory algebra (R, *).

If X C % is a subset of the Lie algebra ., then we denote by #( X) the subalgebra
generated by the set X, and by Id ,.( X) the ideal of & generated by X.

As usual, we denote by ad(a), a € Z, the operator ad(a): = x — [x, a], and by

lai. a5.....a,] = ayad(a,) - - - ad(a,)

the right-normed commutator of the elements a,,...,a,.

Even if we do not say so explicitly, we will assume that graded algebras #= ¥", % are
considered only over fields of characteristic at least 4n + 1 or of characteristic 0.

2°. Jordan pairs and algebras. The Tits-Kanior-Koecher construction. Of particular
interest 15 the short Z-grading = % | + %, + .%,. In this case the pair of subspaces %,
2, with the action on each other by the rule

(L), L, L) (x4, y.2.4) = {(x_LyLzy=[x, ym.z,]€e&,,
(—9«017 Z 1, *-?1) = (xl, Y1, 31) - {x1= Yo1s 31} = [xl-' Yoi- Zl] € 7
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is studied independently of the Lie algebra % (see [12]) and is culled a Jordan puir. More
precisely, a Jordan pair is a pair of spaces (V' 7, 77) with operations (V.1 i} 3

(xph )= {xL oyt e eE rand (VLY EY s (vt o) v e s e
satisfying the identities

(JP1) {x7, v7 7 {x°, '-"". _‘” = {x ) 3 "},x"},

(P2) ([ 72770 ) = [ [ % y7e) 20),

(P3) {{x" v k7). 2 = L L
and all of their partml lmmuzauons. It is easy to verify (see [12]) that the operations
(X, 22, ) = [Ixy 0. e ) 24 ] satisly these identities.

Any Jordan pair can be ohtained by the method described above. Indeed. for elements
a*€ I+ we define an operator L {a”,a')y: V'3 x = {x'. 0", a’). The subspace of
End (") spanned by the operators L (a7, a™), a*€ 17 %, is closed under commuiation.
We deline the operater L (a™.a™): V"3 x = {x7, a*. a”} analogously. Consider the
space of matrices

J 'L (a7 . a]) a* ]
Kvy=q " R PR AT=R A

with commutation

0 4 o s3] L. (b,a"y—L,(a".b") 0 )
Ku” { )1(b' 0 )] B ) ~L (b a" Y+ L (a. b))

{( 0 lﬁ) (L‘,_(a‘, a’) 0 H=
b= 0 ) 0 ~L {a".a")

The algebra K(¥7) is a Lie algebra, which is called the Tizs-Kunror-Koecher consiruction of
the Jordan pair V. Obviously XK(V)= K(V)_, + K(V), + K(7'},. where K(}")_, =
(1 - 0) and

YL (a7, a]) 0

K(V )y = 0 ~Ye(ar.at) ||

The concepts of subpair, ideal, and homomorphism for Jordan pairs are defined in the
natural way (see [12}).

A linear algebra 1s called a Jordan algebra if it satisfies the {ollowing identities:

(J1) xy = yx.

(12) 2 yx) = (x ).

ExaMPLES. 1} An associative algebra R with symmetrized multiplication xo y =
N xy + yx) is a Jordan algebra. 2} If *: R — R is an involution, then the subspace
{a € R{a*= a} of Hermitian elements is also a Jordan algebra with respect to the
symmetrized multiplication. 3) Suppose f: M X M — @ is a symmetric bilinear form on a
vector space M over a field @. Consider the direct sum © - 1 & M. We deline addition and
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scalar multiplication on the direct sum componentwise, and multiplication by the rule
(a-1@a)(f-1eb)={(af+f(a, b)) 1&(ab+ Ba).

The resulting linear algebra B(f) is a Jordan algebra and is called the Jordan algebra of

the symmetric bilinear form. If dimg M > 1 and the form f is nondegenerate, the algebra

B(f)is simple.

Suppose J is a Jordan algebra. We define on the space J a ternary operation
(x, 2} = ()2 + x(yz) — (x2) .

A palI' (J-, J*) of isomorphic copies of the algebra J, J = J = J", with the action
[x* y¥, 2%} = {x, y, 2} *is a Jordan pair.

Conversely, if (VV-, V™) is a Jordan pair and v*&€ V", then the multiplication a~ = b™=
{a~, v¥, b7} defines on V'~ the structure of a Jordan algebra.

By the Tits-Kantor-Koecher construction of a Jordan algebra we mean the Tits-
Kantor-Koecher construction of the Jordan pair (J -, J*), K(J) = K(J ", J7). In particu-
lar, if J is the Jordan algebra of a nondegenerate symmetric bilinear form on a vector
space of dimension greater than 1 over a field @, then the algebra K(J/) is simple and
locally [inite-dimensional over ©.

A classification of simple (infinite-dimensional) Jordan algebras was obtained by the
author in {13] and [14], and a classification of simple Jordan pairs and simple Lie algebras
with a short grading #= % | + %, +.%, in [15]. The present paper depends esseniially on
these results.

We acknowledge the significant influence on the present paper of the ideas of A. 1.
Kostrikin [1], [2], [3], J. Tits [4], [5], I. L. Kantor [6], and M. Koecher {7].

The author would like to take this opportunity to thank L. A. Bokut’ for his constant
assistance and encouragement, and also A. I. Kostrikin for his great interest in this
research.

§1. Radicais of graded algebras
The results of this section were proved in [16]; hence we oxmt the proofs

LEmMaA 1.1 (see [16]). If a graded Lie algebra £ = 1" £, contains no mlpozent ideqls, then
the sum 3" %, is direct.

=1

Let ad(-#) = {ad(a)|a € £}, and let R(&L) = E,,,ad(-#)" be the associative subal-
gebra of End (%) generated by the set ad(.%). ' '

LemmMa 1.2 (see [16]). Suppose a graded Lie algebra &= Y." %, is generated by a finite
collection of elements a,,...,a, €U, ;5. Then there exists a natural numbez f(m, n) such

that R(L) = 2I0m M ad( L)',

An ideal J of a graded algebra &'is called strong if it is generated (as an ideal) by the set
Iy (U 0%

Lemma 1.3 (see [16]). A graded Lie algebra &L= T" L, % = YL ., L), contains a
maximal strong locally nilpotent ideal Loc{ #). Any locglly nilpatent rdea! of the quotient
algebra £ = E/Loc(f) lies mnSf’ M Z(;E’)

Let Loc(ff’ ) denote the preimage of the center Z(.#) under the homomorphism
L Z. Obviously, (i) any locally nilpotent ideal of the: algebra & lies in Loc(_'i”) (ii)

[Loc(,Sf’), Z1C Loc(Z); and (iit) the quotient algebra &/ Loc(éf’ ) contain$ no noOnzero
locally nilpotent ideals.
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The subalgebra & | + [ %, &, ]+, of £ possesses a short grading, and the pair of
subspaces (%_,, ”) 15 a Jordan parr.

?i%g LEMMA 1.4 (see [16)). Suppose I = ({_,, 1) is an ideal of the Jordan pair (%_, . 2, ) and

the quottent pair (£ .. LN/ contains no nonzero locally nilpotent ideals. Then 1d (1, )
Nng

+n_ 4 n-

LEMMA 1.5 (see [16)). Suppose the Lie algebra 2 is simple. Then the Jordan pair
(& ., L) is simple.

By the centroid I'(.#) of the algebra.?’ we mean the centralizer ol the subalgebra R{.%)
in the algebra End4(.¥). The centroid of the Jordan pair V' = (V7 ¥*) consists of the
pairs (@7, @) € End (V") ® End (¥ ™) such that

{q;“—“(ai),b$,ci} =<;g;vi({r:14~”,b$,.:i ) = {a*, T(b¥), e}
for any elements a %, b*, cte V1

If an algebra .# (Jordan pair ) is simple, then the centroid I'(.#) (I'(17)) is a field.
From Lemmas 1.1 and 1.5 we obtain

Lemma 1.6. I[f a graded algebra = 3" L., L, = YL ., L. is simple, then:

a) (L)L =2, —n<1 < n,and

b) any element of the centrazd of the Jordan pair (L.
element of I'(#).

.. <L) is induced by the action of an

An element a € 2 is called the crust of a thin sandwich (see [1] and [3]) if ad(a)* = 0. A
Lie algebra that contains no nonzero crusts of thin sandwiches is called strongly nondegen-
erate (in the sense of Kostrikin).

 The smallest ideal of & for which the corresponding quotient algebra is strongly
nondegenerate is called the Kostrikin radical of & and is denoted by K(.%).

LEMMA 1.7 (see [16]). If ¥=3" &, % =21 [ L, L), is a graded Lie algebra, then
K(Z) € Loc(2).

An element a*€ V * of a Jordan pair V = (V~°, V™) is called an absoluie zero-divisor
(see [17] or [12D) if {a*, V' ¥, a*} = 0. A Jordan pair containing no nonzero absolute
zero-divisors 1s called nondegenerate. The smallest ideal of a Jordan pair V¥ for which the

corresponding quotient pair is nondegenerate is called the McCrimmon radical of V and is
denoted by M(V').

LemMa 1.8 (see [16]). M(Z . %)) C K(V).

LEMMA 1.9 (see[16]). If £=3}" L., Ly = Y" [ L ., Z], is a graded Lie algebra, then for
any ideal [ AFwe have K(I) =1 N K(Z).

COROLLARY. If, under the conditions of Lemma 1.9, the algebra % is strongly nondegener-
ate, I4L,. a € ¥, and |1, a,a]l= 0, then I, a}l = 0.

§2. Special graded Lie aigebras

Suppose R = 2" R, is an associative algebra with a given finite Z-prading and
Z, C Ry Z(R). The grading of R induces finite Z-gradings on the associated algebra
R and on the quotient algebra R/ Z,.
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Suppose &= )" % and %, =Y" [L ., 2] A homomorphism pr L=3" Lo—
R'7 /7, is called a specialization if ®(Z) € R\, i # 0. The category of specializations of
the graded Lie algebra & contains a universal object u: % — U2y The graded
associative algebra U = u(%) = L" U, is called a universal enveloping associative algebra
of . It is obvious thai the algebra U is generated by the set U, 2qu(Z); on U there acts
an involution * sending the element u(a,), a, € %, i # 0, into —u(a,;). We have u(¥) C
KU, *), 1 # 0.

If Ker u N.%, = 0 for i #+ 0, then the graded algebra % is called special. Otherwise the
algebra 2 is called exceprional. -

Let B be the Baer radical of the algebra U. The composition #: % — v-,z, —
(U/BYD sz, + B/B is called a universal semiprime specialization, and the algebra U =
U/ a universal semiprime enveloping associative algebra, for Z. If K(#)=10, then
2L N Keru=0fori=+D0.

Consider the set X = {x/-n<i<n j=1)and a free associative ®-algebra Ass( X)
on the generating set X. The algebra Ass{ X') possesses a Z-grading in which the weight / is
attached to the generator x, ; Ass(X) = ¥, , Ass(X),.

Let / denote the ideal of Ass(X) generated by the set 25, Ass( X)), The quotient
algebra Ass( X, n) = Ass(X) /I is a free associative graded algebra.

Consider the Lie algebra Ass(.X, 7)™ and the subalgebra SLie( X, n) generated by the
elements of X. The algebra SLie( X, n) is a free special graded Lie algebra in the sense that
I #=Y" % is a special graded Lie algebra, then any mapping x;; - %, 0 < |i| < n. can
be extended to a homomorphism SLie( X, n) —» .%. Of course, Ass( X, n) 1s a universal
enveloping associative algebra for SLie( X, n).

On the algebra Ass( X, 1) there acts an involution *: Ass( X, n) — Ass( X, n) sending an
element x;; € X into ~x; ;- Consider the Lie algebra of elements that are skew-symmetric
with respect to *: ’

Skew(X,n)={ae Ass( X, n)la* = -a}.

Obviously, SLie( X, n) C Skew(X, n). In this section we will study the connection between
the algebras SLie( X, n) and Skew(X, n). Let X, = {x;;17=1),0 <{i| <n

-_._.._._.___LEMI\AA 2.1. Suppose a4,. C Py = Xn’ b—m dwn = X—m I & X—k and I, & ‘Xk1 0 <k =<n
Then the following assertions are true: :
1) anb— ncnz—kzk = an[{bwn’ Cn]’ z—k]rk'
2)
[_pn [[b-n’ anl’ [d—n’ Cn]]] Z—ktk < SLiC(){, ”)n
+SLie( X, n),SLie( X, n)_,SLie( X, 1)

PROOF. Assertion 1) can be verified by expanding the brackets on the right-hand side.
Let us prove 2). Let W = SLie( X, n), + SLie( X, n),SLie( X, n)_,SLie( X, n),. We have

[_pu" [d—nv Cn]] Z—ktk = (p::dufrctl + Crrd—npn) z

.'.’.__ktk

n-

= pn[[d~n’ Cn]’ z-k}tk + Cnd—n[pn= [Zwk’ tk]] - Cndwntlfz—kpn
= pn[[d«n’ Cn]= z—k]rk + Cnd-»n[pn'f {z—kv Ik]] - [[Cn’ d-n]‘ IA']Z-A'pu

= P [[d—n’ C"]’ z—k] Ik + pnz—k[[cu’ d~n] tk]mOd w
On the other hand,

[Pn’ [bmnﬂ an]]znktk = (pub—nan + aubmn.prr)[z—k’ [k] = [pnz-krk'- [bwn" a,,]]mod w.
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Therefore,

[[Pu» [b_,. a,].1d_,. c”]]z_,‘.r!‘, € [p,[o_,.a,l],
(ld_,.c.lzodte + ol @]zl doy ) ] + W
< (p,.ld_rcloz o]+ poz i llen, d ) o d Moo, a,l] + W
clpnld e dlz_p + W,
(b, a,) +Wc|lp.ld ,.c)lz_wtilbo,na,]] + W
cpeld_n. el 0bon a 21, + W.

Consequently, [ p,,[[b_,, a,l.{d_,. c,]lz_.{, € W. The lemma is proved.
Consider in the algebra SLie( X, n) the graded subalgebra SLie’( X, n) generated by the
set g i< ,SLie( X, 1),

LemmMa 2.2 'SLie’( X, n) is an ideal of the algebra SLie( X, n).

Proor. It suffices to show that {a,SLie( X, n), 1< SLie’( X, n) for any element a €
Ug<ij<n SLie(X,n),. If @ € SLie( X, n),, i > 0. then [a, SLie(X, n),]=0. Il —-n < <0,
then

[a,SLie( X, #),] € Siie( X, n),.; € SLie"( X, ).
The lemma is proved.

For an element a € Ass( X, n) we denote by {a} its trace ¢ — a* € Skew( X, n). We
write a = b if {a — b} € SLie(X, n); a, b € Ass(X, n). It is obvious that if a. b &
SLie( X, »n), then ab = 0.

We denote by T’ = (T”,, T,)) the ideal of the Jordan pair (SLie( X, n)_,,, SLie( X, 1))
generated by the set -

[SLie( X, n),, [[SLie( X, n)_,,SLie( X, n) ], [SLie( X, n)_,, SLie( X, n),]]]
andweput T, , =T,, N SLie"(X,n)and T = (T_,, T,).

LEMMA 2.3 Suppose k, I 20, mzk+ 1+ T ap,...,0,, By,....8,€ {-n < i< n}and
Tia; + XiB; + n # 0. Then

SLie{ X, n1)a, - -+ SLie( X, 1) (T,T_,)"T, SLie( X, n)g, --- SLie( X, n)g = 0.

PrROOF. We may assume with no loss of generality that —»n < o, <0 for 1 </ < r and
a;=0forr<ig<hki-n<f<0forl<j<sandf;=0fors <j< L

1°. Suppose w = a’a® - . a'¥) with a'{’, = SLie(X, n) _,, where at least one of the
elements a¥¥) lies in SLie’( X, n) _,. We wiil show that w = 0. Suppose a") € SLie( X, n)_,..
We may assume that a¥) = [x__, y_p), where x_, € SLie( X, n)_, and y; € SLie(X, n)_,,
0 < a, B < n.Then

-n
= aP[[a®), aP]. [a, aP]]. |- [, af 0], x ] -]

i+1)  (i+2 d-3 -1 1)
.[y—,ﬁ'?[a:(: ‘a-‘u )]"":[afa )? a(c )]]aflf :

-n

2 [ — [+
aa® - al=Vx_y ali*h ... gl

Consequently, it suffices to consider the case d = 3. We have

1 () R O3 M) =
at )x“ﬂyﬁﬁan = [a” 13-a][J’~5= a; ] = 0.
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2°. By Lemma 2.1, each element of (SLie( X, n),)* (T, T_)"T,(SLie( X, m)y) " is a
sum of words in SLie( X, n) , ,, where each word has degree at least 3 with respect to T_,
3°. Note that
SLie( X, ), --- SLie( X, n),, SLie( X, n), SLie( X, n)_,,

= (-1)"[SLie( X, n),,,SLle(). n)a,. .. SLie( X, n) . |SLie( X, n)_,

C SLie( X, n), + Za SLie{ X, n)_,, n+ Za
i=1 i=1

Analogously,
SLie( X, n)_,SLie( X, n),SLie( X, n)p, --- SLie( X, n) g,

! !
C SLie( X, n)_, + Y, BJSLie( X, n),, m+ oy B,=20

j=1
Note also that for 0 < & < n we have
SLie{ X.n)_SLie( X, n)_, SLie( X, n), SLie( X, n)_,
= [SLie( X, n),,SLie( X, n)_,,SLie{( X, n),]SLie( X, n)_,
c SLie{ X, n),SLie( X, n)_,.

Consequently, SLie( X, n) v = 0 for any word w in SLie( X, n) , .
°. Suppose w = aaPal) ... o) with a')), € SLie( X, n)

-nn -Nn n

. »» Where at least three
elements al) g) a9 ie in T_". We will show that for any weights 0 < a, < n we have

SLie( X, n) ,wSLie( X, n)z= 0.
fa, B € {0, n}, then our assertion follows from Lemma 2.1 and 1°.
IfO<a<nand B {0,n}, orif e« € {0,n} and 0 < 8 < n, then it is enough to
apply Lemma 2.1 and the concluding remark of 3°.

Suppose 0 < e, 8 <n, a + f8+#n x, € Shie(X, n), and y; & SLie(X. n),. Assume

that
ae 1 [SLie( X, n)_,,SLie( X, n),,SLie( X, n)_,].

We have

x aWVag@a® .. gy, — [xu,[a(” a(z)],.._,[a(d D gld- 1)”6,(_{?)),,8.

ot et ~H -nJsf - =n -1
Therefore, we may assume with no loss of generality that d = 1. Obviously,

%8Ny C aBx,yp + [ x40 aW)] yp = aBx Xo)-

[I - I
We will show that for any elements a’ , a’), € SLie( X, n)_, anda;] € SLie( X, n), we
have a’ , aya’;x, v, = 0. Indeed,

e — " e L —
a’aja’ix yp=a ,a [ _”,JLH,)B] = 0,

Rt I

since —r + a + B8 # 0. The lemma is proved.
3¢ Suppose #= Y %, is a simple special graded Lie algebra such that 24, .,-%, # 0 and

s
BRI A A R AN A

H "

Consider a universal semiprime enveloping associative algebra U = 2" U, for the algebra
% and identify the space %, with its image in U, under a universal semiprime specializa-
tion, . c U, 0 <li|<n
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The algebra U has an involution *: U — U/ sending an element ¢ € % i # ). inlo_~a.

By Lemma 1.5, the Jordan pair (&% ,, %) is simple. Hence, ¥, =T, . By Lemma
2.2, the algebra % is generated by the set L,_ ;<& and is generated as an 1dea1 by the set
2 . Therefore, by Lemma 2.3, %, = K(U, *) for any nonzero weight /.

Lemma 2.4 The nloebra U cohiar‘n; no proper *-invariant Q‘r'adea’ ideals.

PrROOF. Suppese 0 = I = X", 1 is a proper graded ideal of the algebra U such that
I* =1

If I. 0 K(U, *) # 0 for some ; # 0, then, since the algebra .% is simple, the ideal /
contains U,M.Sf’ Since the algebra U is generated by the set U, 2. it follows that
I = U. Contradiction.

If I, " K(U,, *) 2 z4 # 0, then [zy, &) € I, N K(U,*) =0 for i # 0, which implies
that z, lies in the center of U.

If an element a lies in [, 7 # 0, then a* — a € I K(U,*)= 0. Thus, a* = a. Now
(zpa)* = a*z§ = —zpa and zya € I, N K(U, *) = 0. We have proved that z,/, = 0 for
every i = 0. Consequently, z,7 is an ideal of U contained in U,. Since the algebra U is
generated by homogeneous elements of nonzero weight, z /U = (. This contradicts the
fact that U is serhiprime.

We have proved that 7 N K(U, *) = 0. Thus, the ideal J is commutative and, since U is
semiprime, 1S contained in the center of this algebra. For any elements o € 7/ and x € &,
i+ 0, wehave ax € I N K(U,*) = 0, re.,, I%, = 0. Since the algebra U is generated by
the set U, . ,-%,, it follows that U = 0, which contradicts the fact that U is semiprime. The
lemma is proved.

If U contains no proper graded ideals, tlren, by Lemma 1.1, U is simple. Then

1

= ¥ K(U.*)+ i[ KU, %), k(U 5)]/ 2 [K(U. 7). K(U.*)| nZ(v)

O<W|<n =1 j=1
= [K(U,*), KU, )] /[K(U,*), K(U.*)] n Z(U),

where Z(U/) is the center of U.

Assume that U contains a proper graded ideal 7 =2%",7. Then, by Lemma 2.4,
INi*=0and i+ /%= U Then

= L 1D+ Z[I_,, ,]/E i LN zZ(U)

O<lilgn
= [10, 1OV/[19, 1C0] 0 Z(U).

It is obvious that the associative algebra I is simple.

In conclusion, _note that if L= rr % is a simple oraded Lie algebra, then
(. 0L, _][ o L1 0. if and only if dimp%, > 2, where I' = T(.%) is the
centroid of . Indeed, it follows ftom the classification of sunple Jordan pairs (see [15])

that a simple¢ Jordan pair whose SpaCE:S are not one-dimensional over the centroid does not
satisfy the 1dent1ty :

[‘ -,,,[[y-n, t1 2o, 0] =
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§3. Finite-dimensional graded algebras

Suppose F= 1" ¥ is a simple finite-dimensional algebra over an algebraically closed
field of characteristic at least 4n + 1 or of characteristic 0, and suppose £, # 0. It 15
known that .% is either one of the algebras 4,,, B,,, C,, or D, or one of the exceptional
algebras G,, F,, E;, £; or Eg. In the case char ® = 0 this follows from the classical
Cartan-Killing theorem, and in the case char @ = p = 4n + 1 from the Kostrikin-Strade-
Benkart theorem (see [2], 18], and [19)), since ad(a,}” ' = O0fori € %, i = 0.

Consider the derivation of & sending a homogeneous element a, € %, mto iu,. Any
derivation of a Lie algebra of classical type s inner [20].

Consequently, there exists an element d, € #such that [a,, d,] = ia, for any a, € &,
-n < i < n.1t1s easy to see that 4, € %, and the element d, of £ is semisimple.

Consider realizations of the algebras 4, B,,,, C,, and D,,. The algebra 4, 1s isomorphic
to @), /Z, where @, is the algebra of matrices of order m + 1 over ® and Z is its
center. The algebra C,, is isomorphic to the Lie algebra of 2m X 2m matrices of the form

A Sl
Sl _A’

bl

where 4, Sy, S, € @, 4 — A’ is transposition, and S/ = §,, i = 1,2. The algebra D,, is
isomorphic to the Lie algebra of 2m X 2m matrices of the form

A K
K2 _A’

2

where 4, K|, K, € ®_and K/ = -K,. The algebra B, is isomorphic to the Lie algebra of
(2m + 1) X (2m + 1) matrices of the form

o v Uy
-v; A K,
-v; K, A
where 4, K, K, €®,_,a €@, v,, 1, E ®, , and K/ = -K, /= 1,2. These representa-

tionsof A, B, C,, and D, will be called elemen:ary.

_LEeMMA 31 The elementary representations of algebras of types A4, and C,

' are specializa-
tions for any finite Z-grading.

PROOF. Let R = @, in the case of A,, and R = @, in the case of C,. We will show
that all eigenvalues of the operator ad ,(d,): R — R belong to the set {-n < i< n}. In
the case of 4 this is obvious.

The set of matrices of the form
A4 5

S, A’

is the set of skew-symmetric elements of R under the involution

(A B )* _ | D =B

C D _C! Al .

We know (see [21]) that it is equal to K(R, *) + K(R, *)K(R, *). Therefore, the eigenval-
ues of ad z(d,) belong to the set {-2n < i < 2n}.
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Let k, 1 < k < 2n, be the largest integer for which the subspace R is nonzero. Assume
n < k. Then for any element a € R, we have ¢* —a € R, N K(R,*)=0, so a* = a.
Next, aK(R, *)a € K(R,*)n¥L2" R, = 0. However, it is easy to verify that R contains
no nonzero elements such that aK(R, *)a = 0. Hence R, = 0. Contradiction. The lemma
is proved.
» Henceforth in this section we will assume that % is an algebra of type D, or B

Recall that a Cartan subalgebra of .%° is a maximal Abelian subalgebra of & consisting
of semisimple elements. The following lemma is due (o . L. Kantor [6]. )

LeEmMaA 3.2 (1. L. KANTOR). A Cartan subalgebra H of & containing the element d is a
e et
Cartan subalgebra of 2.

Consider the decomposition of . into root subspaces with respect to ad( ). Every root
subspace correspending to a nonzero root is one-dimensional, and every homogeneous
component.%,; is a sum of root subspaces with respect to ad(H ).

A root system of the algebra D, is a system of vectors ¥ = {tw, + w1l i+ j < m]}
in an /m-dimensional space ¥ == @ "R, (see [22]), and a simple Subsyqtem is the set

H = {Wl""’ m} {wl T W00y T W, W) T Wy, Wy + wm}'

¢ A root system of B, 1s A = {+w, +w,tejl<i#j<m}C @"Rw; =V, and a
simple subsystem is the setH = {m,... rm} (@) — w0 — @y 0

m-1 T Wy Wy -
We define a Z-linear mapping /: 6@ ["Zw,; — Z by putting h(a) =kif&#, C .Sf’ a € 9,
k € Z. We may assume without loss ot generality that A7) =%k, =2 0,1 < i < m. Then
h(wy) > h(wy) > - > h(w,).

LEMMA 3.3, a) If k, = 0, then the grading &= ¥" | %, is special.

b (I. L. KANTOR [6]). If by > Oand k;, =0 for2 < i< m, then =%, + %, + 2L, is
the Tits-Kantor-Koecher algebra of the Jordan algebra of a symmetric bilinear form, and
therefore (see [17]) the grading is special. :

c)Ifk, > 0, ky = 0,and X3k} > 0, then the grading = ¥." %, is exceptional.

PrOOF. a) Consider the elementary representation of % and take as a Cartan subalgebra
the subalgebra consisting of the diagonal matrices. Then &, % + 0 (a, f € A) only if
e+ feNora+ pf=2w,l <i<m

Obviously, &, = X( %, - Ih(w )= h(w;) = h(w;)}. Assume that ZF, C %, &5 C &L,
a, B U, k> O,andfa}f —;—0

Since a + 8 & U, it follows that ¢ = w; + w; and B = w; — w; M{w;) = (W) = h(wy).
But then k = A(B) =0, which contradicts our assumption. Thus, Z,Y,.q%; =
Yis0ZLeZL, = 0. Since the algebra % is generated as an ideal by the set .2, we have
&&= 0 for i +j > n. Analogously, %%, = 0 for / + j < —n. Thus, the grading &=
" %, is special.

¢) Assume that ky > 0, k, = 0,and £, 1k > 0. Then

L2, ve, T dimgy %, = 2

+ sy wy Hwy? n = =

and X< ,<Z; # 0. I the grading &= 2.7 | &, is special, then, as shown in §2, the graded
algebra % is isomorphic to either the algebra [R‘7, R\7]/Z, where R = I" R, is a simple
associative graded ®-algebra, or the algebra [K(R, *), K(R, *)}/Z, where R = 1" R;isa
simple associative graded ®-algebra with involution *: R — R.
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The algebra [R{?), R(7]/Z has type A,,; hence £= [K(R,*), K(R,*)]/Z. Since R 15 a
matrix algebra over an algebraically closed field @, it follows that.#= K(R,™*).

Choose elements e, € %, ., ande_, €2, _, satislying the relations [e,. e_,. ¢ ] =
2e, and [e,, e",e_"]m 26_” Then in R we have ee_e,=e, and e_ee ,=e_,.

Consider the centralizers Zg(e,,) and Zz(e,,) in the a]gebras. Z and R. In D,
(respectively, B, ) we have

L2l

Zole ) = (Lo ¥ [ Loy L] + B @g(,,& Y

(respectively,j?(&f’ﬂwlwl,) EBE( 7. JB<is< m)).
In R we have
ZR(e—_i-n) ((en —r:Rene—n —nenRe—n n) N Z ( +n)) FBfRfv

wheref=1—ee_ —e_.¢e

n —H N

Obviously, e,e., Ree_, +e_e, Re_.e, C R, However, the algebras J“(&’Hml wa))
and L(Z, , ., |1 <i+j<m) do not lie in .%,. Therefore, Z (e , ,j = K(fRf,*). But
the algebra fRf, hence also K( fRf, *), is simple. Contradiction. The lemma is proved.

A simple Lie algebra % is called an algebra of one of the types 4,, B,. C,. D, G,, F.
E,, E, or Eg if the scalar extension #® I, where T is the centroid of .% ard I is its .
algebraic closure, is isomorphic to the algebra of corresponding type.

Lemmas 3.1 and 3.3 imply

LEMMA 3.4. Suppose = 3" L. is a simple finite-dimensional graded algebra over a field
&, If Lis an algebra of type A, or C,,, then £ is special. If Lis an algebra of type B, or D,
then either £ is special or rhe;e is a bilinear form - (%£_,,, £,) = I'(#) such that

{ —n’ n un] f(a—rzﬂ n)C——n+f(C~n’ 11)a—n E"ga
[an’ b—n’ .ﬂ] f(b-’"’ H)C” +f(b—ﬂ’ n) "

for any elementsa ., b, c,. €ZL

1

+nt

PROOF. Suppose #= Y.", %, is an exceptional graded Lie algebra of type B,, or D, , Iis
the algebraic closure of the field T = T(%), Z=.2® I is the scalar extension, and
Z, =%, 1. Then, by Lemma 3.3,

E{ m+w|h -)=h(w1)}, Qﬂn=2{§f’wwi_u|h(w —h(wl)}

For each index i such that i(w;) = i(w,) choose elements X , ey 4 (o, +w,) Satisfying the
relations { X, ;, X3, X, ;] =2X, . Wehave

[Za;Xip LB Xz ZaiXiil = 2(Zaiﬁr’)zai‘x¢i‘
If the field T’ = T is algebraically closed, then
f(Ea - ZB:'XJ) = ZZaEBi

is the desired bilinear form.

Suppose P: I' —= T'is a linear projection, i.e., I is a linear mapping such that Py =
and P? = P. Then f(a_,, b,) = P(f(a_,, b,)) is the desired bilinear form in the field I‘
The lemma is proved.
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COROLLARY. {f ¥ = 0" F.is a simple exceptional graded algebra of type B, or D, then
for any elements a, € L, and b, c,d € %
la,,b,a,.d]a,ca,d]] =0

LI
PrROOF. It suffices to observe that [a,, ¥, a,]=[a,, £ .. a,]=T{%)a,.
The following assertion is well known in the case char ® = 0, but requires a special
proof in the case char ® = p > 0.
Q
* Lemma 35 Suppose K=" & Lp=3" ¥ L) is a finite-dimensional strongly

nondesenerate Lie aleebra over a field @ of characteristic p = 4dn + 1. Then the alvebra ¥ is
a direct sum of minimal ideals.

Proor. The Jordan pair V = (I"_,, ”) 1s semisimple and is therefore a direct sum of
minimal ideals (see [12]), V=¥V @ ... @ VO VO = (PO V) Let [, = 1d (V1))
= Id (V{"). Since the quotient pair V/V‘” has no nonzero locally nilpotent ideals, it
follows from Lemma 1.4 that 7, n.% = V) We will show that J, is a minimal ideal
of 2.

Suppose B is an ideal of ¥ contained in I, and B #+ I,. Then BN.Z, =0 and
(B, V), V{1 =0. By the coroilary of Lemma 1.9, [B, V' g""] = (). It follows easily that
[B.1d (V)] = 0, and, in particular, [ B, B] = 0. Since.?’is semisimple, 8 = 0.

We now temporarily assume that the ground field ® is algebraically closed. The algebra
I. is simple and, according to the Kostrikin-Strade-Benkart theorem, is an algebra of
classical type. Suppose H; is a Cartan subalgebra of J; contained n f;, N .%,, and let
H=H;+ ---+ H_. Consider the weight decomposition into weight subspaces with
respect to ad( H). Note that weight subspaces with nonzero weight that are contained in 7,
1 £/ < s, are one-dimensional. Let U denote the subspace of vectors of weight 0 with
respect to H. It is easy to see that [/ is a graded subalgebra of .#. Choose an element
ue UNZZ, 0 <[il<n, and consider a weight subspace W with respect to H with
nonzero weight that is contained m [, N.%, 0 <|ji< »n. Then [W,u]C [W,U]C W.
Since dimg W < 1, either [W, u] = 0 or [W, u] = . The latter alternative 1s impossible,
since {W, u] € .%,, ;. Hence, [W, #] = 0. The subspaces of type ¥ generate /, as a Lie
algebra. Consequently, [/, U 0%} = 0. The centralizer Z,(I,) is an ideal of %, and
UNYZ, C Z,(1). For any weight i, -n <i<n, we have &, C UNZ + 1, where
I'= @I Thus, =16 Z,(I). Obviously, Z,(I) = Logen-1(Ze(I) NZ). By the
induction assumption with respect to n, Z,(JI) is a direct sum of minimal ideals. The
lemma 1s proved in the case where the field @ is algebraically closed.

Now assume that @ is an arbitrary field and ® is its algebraic closure. We will show that
the ideal 7 = @ {Id (V") is, as before, a direct summand of .&°. Let I' = I'(:#’) be the
centroid of & and £= .¥® .© a simple ®-algebra. By what was proved above.

But Z (71 ®F<§) = Z,(I) ®r<§; hence = I & Z,(I). Now, as above,

Z_g,(])z Z (Z.?(I)mgf),

O=lijsn—1

1.e., Z4,(1) is a direct sum of minimal ideals. The lemma is proved.
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The following very special lemma will be needed in §4.

Suppose & is an algebra of type D, or B, over an algebraically closed field @, where
nz 4 { X, h,|a € U} is a Chevalley basis with respect to some Cartan subaigebra. and
U a root system. Assume that 4 is a subalgebra of &, and X o rwnr X g+ w1 € A
Rad 4 is the solvable radical and 4 = 4/Rad A4 an algebra D,. ‘Choose a Cartan

subalgebra of 4 and denote the roots with respect to this Cartan subalgebra in such a way
that

(E) wytwy T (D‘?ml oyt (‘:f) wytay T DY

Consider the subspace
Asq= { ae Al[a Rt o, ] = [a, hwﬁ‘ws] =uq,.
Obviously, 4, 5 = (A, 1., Analogously,
A5 4= {a = A][a, hw]h,j] = [a, hmlﬂh] =g, 4 ('.4_)%.2_,%}.
and E—z.-a = (Z)—wz— . Let
Ay 3= [Az.:a» Ay 3 Az,a]a ALy =4, 5. 4.5, A5 5]

LEMMA 3.6. a) Either A = E(X,wwll # j < 3)+ Rad 4. or
Ay COX, + P BX, ., A’_z.d COX , + ) DX

sy + w, "
iz4 iz4

b) If, under the conditions of a), 4 = L(X, ., t o 1 < <3+ Rad 4 and
A’i(wl+u1), X—?-(wl-l-m y € B, a subalgebra of A, B = D,, then

B=(X,,,.|l<i+j<3).

PROOF. a) Suppose a € 4, ;and b A_, _5. It follows from the conditions [a, &
= [a, hm]+w3] = a and [b, lzm +u,) =[5, hu1+w ] = -b that

a_ga:&wj_*_m“-{-ao.k’ + Za

[ +L-.‘2]

iz4 w -
b= n)(mwg_u.’] + BUX—wI + Z Bi"j}f""wi Ty
i=d

Assume {7 # 0. It follows from [(Z)_wl_ml, (;f)wﬁ_m}, (E)hhw ] = 0 that

[X_ul_wz,a,a] = (—i—aoXml s +2) ao_ X - ‘“)

i=4
+2§(aoXm3 + Y ai,.xwﬁm,_) € Rad 4.
iz4

Analogously,
[Xml':“"’l’ ba b] = (iBDg'Af—ui—!—wz + 2 Z BEB—iXmI—:-cul)

iz=d

+271(B0X_m3 -+ Z Bif'Xr-msiw.-) = Rad 4.

izd

Thus, the subalgebra

E(CXDX t Za w-i+m’BO‘X'- + ZBif‘Xr—wgim')

iz4 iz4
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1s solvable. But

y(au" + Z(X E u 4L.J’BU", wy + ZBIr‘Y—u"tmf-)

iz4 i=4d

:,‘Z’(aoXml + 3 @y Xy s BoXo + DB Xy m,)-

x4 izd

We define inductively two sequences of commutators in the variables x, v as follows:

Wy =X, 0=y, W, = [w, u.wand o, = [u,.w,, v,]. There exists a natural number
m = 1 such that

Wm(CEO_le + z a:ti‘x’ml'_l-w,-!ﬁ()‘x—ul - Z Bir"X—wliw{) = 0.

izd izd

Now

wola b)) =w, (X, .. 0X . _.)

+H,m(a0'kvw| + Z aif‘\‘:ﬂl+w,’ /8(')'}'] w) + Z IB-‘-I -y oW )

1

=4 iz=4
= EP’?unza- oy € A,
p. g = 1. Analogously, X & 4. Thus,

AzyiAI col <77/ < 3]+ Rad 4.

EL(X, 00|l <i#j<3)Z A, then either 4, , C OX, T L QX L, or AL
COX , +YXi®X ,, ., Ineither case,

Ag3c®X + ZM

iz4 ix4

Wy e, A5 ;€ (I’Xvw, + 20X

—wy bt

This proves a).

b) Choose a Cartan subalgebra of B and choose roots with respect to this Cartan
subalgebra so that

J— < —
Bi(my*—wz) - q)‘}lv_!-(ml-kmi)’ B-_l-(w;-f-r.u:,,) - (I)Xi(wl—i-wl}‘

In view of a), if B $°?(Xiw,-:tmj|1 <7 #j<3), then
+ Y X

i=4

On the other hand, if 0 # 5 twstwy) S B gy 4uwy) then

bi(“-’z“‘wj) & a.‘_ﬁ‘x‘i(mzﬁ-w}) + Rad A,

Bi(“’:“‘ms)g (I)Xibh ooy

# (0. Hence « Xty T Oy X+ b & Rad 4, where b,edX,  +
):,>4¢)X+m +o, and a,a # 0. Therefore, the subalgebra generated by the elements

« Xm-, . and a:_Xwhwma 1s solvable, which leads to a contradiction. The lemma is

proved.

§4. Locally finite-dimensional graded algebras

A system of subalgebras {4 € L|4 € P} of an algebra % is called local if (i)

U{4]|4 € £} =2, and (ii) for any subalﬂebras A, B e .@ there exists a subalgebra C € 2
such that 4, B C C
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A system of homomorphisms {g,: 4 = Z,|4 & P is called local f A € B, where 4,
Be?, impliqé Ker g mA C Kerg,. A local system of homomorphisms is said lo be
approximating if N{Ker g |4 € #} = 0.

For any element a €.% consider the subsystem Z, = {4 € Pla € A}. The system
(Pa €LY is centered and 1s therefore embeddable in an ultraflilter # (see [23]). Every
local system of homomorphisms {@;: 4 — 2,14 € #) defines a homomorphism
[, cop/F: L= 11, w-Ly/F into an ultraproduct. If the system {¢,: A — £, |A € P}
is approximating, then KerI'l, cp@,/# = 0. From this we obtain

T eMMA 41, A eraded Lie algebra &= 3" %P, that possesses an dpproximating system of
specializations is special.

LeEMMA 4.2. Suppose = L' P is a simple graded algebra that is locally finite-dimen-
sional over its centroid T. Then there are three possibilities.

1).% is an algebra of one of the types G,, Fy, Eq, Eq 0r L.

2) There is a bilinear form f: (&£._,, &) = I such that

[a-i'i" !J?l"' C—H] =f(a~.”’ l)ll)c—li' _I_-f(C‘-l'l'J bi]‘)af.'.l"

[an’ b-:]’ Cn] = f(b—n? Cl”)C” + f(b—n’ Cn)an
for any elements a . b, . ¢, €L 4,
3) & is special.

PrOOF. We may assume with no loss of generality that the centroid T is an algebraically
closed field.

Consider a free graded algebra Lie( X, n) and two ideals: the ideal T consisting of the
elements identically equal to zero in all graded algebras of types G, F,, E¢, E; and Eg,
and the ideal P generated by the set

{la,.b,a,.d.[a,.c a, d1]la, € Lie( X, n),; b, ¢, d € Lie( X, n)}.

19, Assume that T(%)= 0. Then the multiplication aigebra R(Z) = Y& ad(#)"
satisfies a polynomial identity. Since £ is simple, the algebra R(Z) is prime and, by
Lemma 1.2, locally finite-dimensional. Let Z be the center of R( #). Since T is algebrai-
cally closed, Z = I'. By the Markov-Rowen theorem (see [24] and [25]), R(Z) is
finite-dimensional over I'. Consequently, dim.#< dimpR(Z) < co. It now remains to
use Lemma 3.4,

2°. Assume that P(.#) = 0. It follows from the classification of simpie Jordan pairs (see
[15]) that the identity P = 0 is satisfied only for simple pairs of I-spaces (V. ¥7) on
which is defined a bilinear form f: (¥, ¥*) — T such that

[a*, b7, c*] =f(b, atyet+7(b7, cF)at,
[a-, b*, ¢ ] =f(a", b¥ )+ fle™,b™)a”
for any elements a %, b*, c*&€ V * Thus, case 2} of the lemma holds.

3°. T(#) = P(F)=%. Let ' denote the set of all subalgebras of % generated by
finite sets of elements of U, %, The system of subalgebras # = {T(4) N P(AA € 2}
is local in .%°, and the system of homomorphisms { ¢z 8 — E_/_:I:BE(B)IB e P} is local
and approximating. We will show that the graded algebra B/ Loc(B), where B = T(A) N
P(A), A € %", is special. Indeed, B4A, Loc(B) = B N Loc(4), and B/ Loc(B) = T(A)
A P(A), where A = A/ Loc(4). By Lemma 3.5, 4 = 4, ® - & A, a direct sum of
simple graded algebras. If the graded algebra A, is exceptional, then, by Lemma 3.4, either
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T(A,) = 0 or P(;Iw } = 0. Thus, the ideal T(4) N P{A) is the sum of those minimal ideals
A, 1 <i<s, whose grading is special. By Lemma 4.1, the algebra .# is special. The
lemma 1s proved.

LEMMA 43 Suppose L= 3" P is a simple exceptional graded algebra that is locally:
finite-dimensional over its centroid I' and dim %, = 2. Then % is either an algebra of one r)f
the rypes G,, £y, Eq. By, Eg or D, or the Tits- Kanto: Koeche: construction of the dean
alqebi a of some synunetric bilinear form.

PrOOF. Assume that .# is not of one of the types G, F,, E,, E,, E; or D,. Then, by
Lemma 4.2, there is a bilinear form f: (%_,, #,) — I such that

[a“n’ n? *H] _f(a"“‘ﬂ’ H‘)C—'ﬂ +f( —H’ n)a—n’
[au’ -1 ] f(b—n’an)crr_}_f(bvn r:)

for any elementsa, ., b,,,c,, €%, . Choosecelementse , ,,g,,€Z
relations

satisfying the

tn

fle_,.e)=1(g_,.8,)=1, f(e_,,, g,)=f(g_,.e) =0

eom [e—u’en] = [g—r? gar]
1°. Assume that % is an algebra of type .J')q or B3 Let I' be the algebraic closure of T

and let = ¥® [ We may assume that fe , =2 and &, = f L P

+n A (g g} T wy Wyt
Then

Zoley,) =L L wn) = (D)

and h(w;, — w,) > 0. Since Zz(e_,.e,) = Zo(e_

—H?

Zf(e—n? 6”) = Fa«r‘ + I-|[a

wr €,) @ rf, it follows that
_in ;] + Ta; = sh,(T), a,; €L, 1#0.

Consider the elements e, , 5y =e_, + a.;and ey = [e_,. €] It is easy to verify that
Te _, + I‘e(o) + I"e(-,, = 5/,{I") and the transformation ad(e,) has eigenvalues -2, 0, 2.
Let L= X%, _, + & + %, be the decomposition of 2 into weight subspaces with respect
to ad(e ). The operation £,y X £33 (x, y) = [x, €,_5), ] defines on #,, the structure
of the Jordan algebra J of a symmetric bilinear form in a 3-dimensional space over the.
field T', and . is obtained from J by the Tits-Kantor-Koecher construction.

2°. Assume that £ 1s an algebra of one of the types B,,, m > 4,or D,, m > 5. As above,

" 2 m?
we assume that I‘e+” = .,294 (o, + w0y A1 I"g+,, =9 Then

(e +owg )

Zole n 8an) =$( gim,:tu,-l“ <i#+j< m)

in the case of D, and #(%£, , |4 < i < m)in the case of B,,. Consequently, either

Z_'E-’(Z.'?(ein’ gin)) =$(§¢m,—iwi

1<f¢j<3),

or
Z.[’(Zf(evrn: g—i—n)) “go( —lm|1 <1 3)-
Also,
Z.S?’(ein! giu) = Z.'Z’(ej;n’ giu) ®I*f
and

Z.?(Z.‘?(ein’ gin)) = Z_‘?(Zf(eiu’ gin)) ®Ff‘"
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Thus, &' = Zg(Zy(e . 8, ,)) is a simple Lic algebra of type D, or B;. As in 1°, we
choose elements a , ; € £, such that the operator ad(fe_, + a_;, e, + a,]) has eigenval-
ues —2, 0, 2. The decomposition into weight subspaces with respect to this operator yields
the desired representation of the algebra.

3°. Assume the algebra % is infinite-dimensional over its centroid. We will show that:

DWW = Zs([Lu(ey, 80) Zo(ey, 89)) 1s a simple algebra of type D, or B;.

DNZy(e_,e)=Ta_+Tay+ Ta,=s1,()a,, P, i>0.

3) The transformation ad{ e, + a,) has eigenvalues -2, 0, 2, and the decomposition of %
into weight subspaces with respect to ad(e, + a) yields the desired representation of 2.

Since any ®-form of the Jordan algebra of a symmetric bilinear form is again a Jordan
algebra of a symmetric bilinear form, we may assume with no loss of generality that the
field is algebraically closed.

Let & denote the system of T'-subalgebras of 2 generated by finite sets of the form
{e .. 8., U B, where Bc U, _,%.Itis obvious that Zis a local system of subalgebras
in .%. For any algebra A € @ consider a decomposition of the algebra 4 = 4/ Loc( A)
into a direct sum of minimal ideals, A =1, ® --- @ J. Since [.#.,¢,.¢,]=Te,, the
element &, lies in one of the ideals 7,. It is easy to see thart the elements &_ and g, ,also
lie in 1. Let x, denote the projection of 4 onto I, and g, the homomorphism g@,:

A3 u— x.(A). We will show that {¢,]4 € )} is a local approximzting system of
homomorphisms.

nT

_———

Suppose 4 C B, where 4, B € 2, and a € A N Kerg,. Then [a,1d z(e,)] € Loc(B);
hence [a, id ,(e,)] € Loc(4d) and a € ¢@,. Thus, 4 N Ker ¢, C Kerg,.

We will show that N{Kerg, |4 € #} = 0. For any element a € .2 there exists an
operator V in the multiplication algebra R{(.¥) such that a = e, I". Let a,...,q, € Zbe
the elements occurring in the expression for V' = V(a,,...,a,). If a # 0, then for certain
elements by,....b, € U, (%, the element @ does not lie in Loc(-#(a, by,...,b,)). Consider
the subalgebra 4 = #(e,, a,...,a,, by,...,b,). Obviously, a & Loc(A) and a € 1d 4(e,,).
Consequently, ¢,(a) # 0.

As above, we denote by & the ultrafilter in & generated by the family of subsets
P,={AceP|lac A}, a € ¥. There exisis a set #, € % such that for any subalgebra
A € P, the image ¢ (A) is an exceptional graded algebra; otherwise the embedding
I, o, /57*" would be a specialization. Moreover,

Pr={AePlo,(A) =Gy, Fy, Eg, B4, Eg, D} €F.
By Lemma 3.1, Z 4, U 2, € F, where 4 € P, il A € P, N &P, with ¢,(A4) an algebra
of one of the types B,, m > 5, and 4 € P, if A € #, N P, with g,(4) an algebra of
one of the types D,,, m > 5. By a property of an ulirafilter, either &5, € For #, € F.

Assume for definiteness that & 5, € F#. The case Z,;, € F is handled analogously with
some simplifications.

Choose in each algebra ¢,(4), 4 € &, ;,, a Cartan subalgebra /, and denote the roots
with respect to this Cartan subalgebra in such a way that

‘P.:r(re i,,) = ‘p.si(A)i(w;+w:)v {PA(I‘gin) = ’*PA(A)i(wH'w])'
Obviously,

¢, (2.4(€0= 80)) = Zip,,{A)(q)A(e(])v (PA(EU)) = H, +=97( %(A);L—m,lf = 4),

‘PA([ZA(EDa g0)» Za( ey, 80)]) = _C,P( (PA(A)M'zfli = 4)-
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Also,
p (AN W)c cp.—I(ZA([‘ZA(GO’ g0): Zaley, gu)])) - un(,‘i)('&a( ‘P.q(A)iw;I"’ 2 4))

= 2 gu(A)sufl <i<3),

an algébra of type B,. Consequently, dim W < 21 = dim . B,.
Suppose A € P, 5,. Consider the preimage of the subalgebra

L( @i A) ruaull <)< 3)

under the homomorphism A — 4/ EBE(A), and denote it by A. Then A4 /Rad A is an
algebra of type D;. If A € C € 2, and |, is an embedding, then the pair po(A)Y C
@(C) satisfies the conditions of Lemma 3.6. According to Lemma 3.6, { 4 € C € & 4, }
= P* U 2+ where 2{*) contains those subalgebras 4 ¢ C € 2, for which

P (A) 2 9 @c(C)ruxull i %) <3,
and Z{**) those subalgebras for which
‘Pc(j)’iz.ia C o (Clsu, + > Pe(C)iw s,
P4
Consequently, either {*' € For **) & F.
Assume that P{**) € F, A, € P} **) and 4, € P{**) € F. We will show that #{*)
& % . Indeed, suppose 9'{_52**) =%and 0 = ﬂ{.@é}**)m <i<
(A4 5.1 =0,1,2 s0 that pi(la) =9, (4)) ..., Wehave
q; = (PQ(U;) = ‘PQ(Q)L-:] + Z (pQ(Q)w‘:tw,'
iz4

It is easy to choose coefficients ag, oy, a; € T, at least two of which are nonzero, such that

P ;
Z g € Z (PQ(Q)w}i%'

i=0 iz4

Then, as shown in Lemma 3.4,

2 2 2
[ewn Z &;g;, Z ai‘?i:l el Z o;q;-

i={ =0 f==0

2}. Choose elements a; €

Since either ay % 0 or &, # 0, it follows that aga, + a;a; # 0. If &, # 0, then

2
_ ?
cPAz( Z oz,-al.) =da T a3,
i=0
where

+ a’ = cpAz(A?.)wl - Z qJAz(Al)wliw,-v 0+ a2.3 = q}.—‘tl(Az)w3+m3s

iz4

and

[@AE(A2)—L0;-¢.J25 a' +ayq,a + a:.a] € r(al + a2.3)-

It was shown in the proof of Lemma 3.6 that such an inclusion is impossible. If a, = 0,
then ega; # 0. As above,

qu,(aOa() + alal) =a + 3,3, 0+#a e CPA,(A])mlju,ﬂ

0+ a5 4 = q),q](Al)m3+u3-.
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and

[rprfl(Al)_,&.iAm:, a’ -+ ay 4, al + az,s] e T(a' + (12._1).
which also leads to a contradiction.

Thus we have proved that there exists a subalgebra 4 € 2/, such that 2{*' e &
Suppose C € 2{*) ie,

(Pc(ff) =n§g( ‘Pc(c)iu +ml] <i#*j< 3) + Rad rpc(/f)

Let A = o7 (£ (@ (C) terwll SEFJ<3))NA Then A’ 2 ¢ + o 84,18 an algebra of
type D and 1t follows from Lemma 3.6b) that for any subalgebra @ € @.‘ . we have

ol A) = L[ 9p(Q) suzul <i# /<3

In particular, [A4,[Z oleys 80)s Zoleg, 8ol © Loc(O) For any subalgebra Q € Q' € 2!
we have

[A—’ [ Q(‘-’na ga)s Z'(Em go)H - [ff’, [ZQ'(GU?gU)’ZQ’(‘?U’ gn)H Q’I:SE(Q’)°

Thus, [4".[Zy(eq, 80)» Zyleq. go)] & Loc(.#) = 0. ie., A" € W.
For any subalgebra Q € #*) we have

JZ’( qJQ(O)+w+w|l,gl'¢jg3) qJQ(fT)Cq)Q(I'ff')CE(mQ ll 3).
Since £ (gp(Q) , .. o |1 < i+ j < 3)is a maximal subalgebra of .i”(q.‘o(Q) :&.m,|1 <<
3), it follows thdl cither gy (W) = Lo Q) y 2l <P/ < 3) or @) =
L Q) 5|1 < i < 3). Consequently, ¥ is an alwebra of type Dy or By, Z (e )=
Ta_, + Tay + Fa,_ =la_,a]l la,,.ayl=+2a,,, a,,€F,,i+0 and for any
subalgebra Q = 9{.}*’ the eigenvalues of the operator ad WQ(Q)(qu(eG) + @play)) belong to
the set {~2,0,2). This implies the assertion of the lemma.

It follows from Lemma 4.3 and the results of §2 that if dim.%, > 2, then any simple

graded Lie algebra = ¥ %, that is locally finite-dimensional over I is an algebra of
one of the types I-1V (see Theorem 1).

LEMMA 4.4, Suppose = Y." L is a simple locally finite-dimensional graded Lie algebra
with dimp % | = 1. Then either £ is an algebra of one of the types 1-1V or: 1) £, = 0 for
P& {—n,-n/2,0,n/2,1n};2)if 0+ EZL, . ep=le_..elle,,.el= t2e,,, then

E+,z/,={a Egla eo = ta}, L= Zs(egy).

PROOF. Suppose the Lie algebraoﬁ? ):” ,-Z; satisfies the conditions of the lemmd and 18

not an algebra of one of the types 1-IV. Let

& ={acPlla,e] =ka}, Oxlil<n,-1<k<1.

Assume we have defined a Z-grading #= L7, %, on .#, so that: 1) any subspace &, ,
lies in one of the subspaces ¥ ;), and if i > 0, then.%, ; C ,&"U) j > 0, while if / < 0, then
L0 CLyj<0;and2)#, , C &, ., with dunr.iﬂ,,,) =

If the grading #= 2" %, is exceptional, then, by Lemrna 4.3, # is the Tits-Kantor-
Koecher construction of the Jordan algebra of a symmetric bilinear form.

Assume the grading = Y7, %, is special. Then there exist a simple involutory graded
algebra (R = X", R.,.*) and an isomorphism ¢: Z— K'(R,*), where (%)

K(R . ") fori #+ 0 and

() g[ (R ),K(R(,.),*)]/Z.
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It is easy o see that the algebra R is generated by the set U{ ¥, ,|¥, , €%,/ # 0}. We
define on R a new Z-grading by putting

= { ZA,‘,,.A-,]
7

A € cp("?i,?.k,i)"’s’pfn,k SEAUALDNY
7

To prove that R, = 0 for |i| > n 1t suffices to show that @(e¢)a, , =0 for / > 0 and
a; . € (& ) If k =0, then & , C %, j > 0; hence p(e,)a; , = 0. Assume k = 1.
Since @(e i”)2 = 0, the transformauon ad({e(e_ ), ¢(e,)): R — R has eigenvalues -2.
-1, 0, 1, 2. However, ¢(e,)a; , is an eigenvector belonging to the eigenvalue 3. Thus,
R=12", R It is easy to show that = K'(R = " R, *). Contradiction.

Assume the conditions of the lemima are satisfied and

Y{Lm2<i<n}=o.

Let
2 - -k
max{ ‘l“.,g’ # 0,0 < z<nitm01\— =
n— / =1y
Then the grading %, = L{%; ,\|(2 — ko)i — (n — iy)k =) sauslies the requirements
enumerated above, 3’ ZT,,, Gy =@ = kgn — 2(n —ip) = 2iy — nky > 0, and &, ,

+ & . S L Thus, X 9”,|n/2 <i<n} =010 Analogously, X{ L j-n <i < -n/2} =
0.

Assume that &, , 4 # 0. Then the grading & ;) = L{ %, /|4i — nk = j} also sausfies
these same requirements, &= 1", % ), m = 2n, and L + £ 0 & Ly Thus, L 5 =
S AYRE

Assume %+ 0, 0 <i<n/2. Then [e_,, L|C P ;v —n<n+1<-n/2; hence
le .. Z]=0and.F =92 ;. Let iy = max{i|0 <i < n/2, % = 0}. The grading

3;(1):2{“?5 k|2i_(” - io)k=f}

satisfies the above requirements, L= L, % ,, m = 2iy, and &, , + &, 4 C &£

(my- Thus,
L=+ L, ,+ &+ &, + L, Thelemma is proved.

LEMMA 4.5. Suppose a finite-dimensional Lie algebra & over a field ® is generated by
elements a and b; ad(a)! = ad(b)* =0, ~: F— %/Rad ¥= Pis the natural homomor-

phism, and L= ®A +®[A, b] + @b = s1,(D). Then there exist preimages a’ and b’ of A
and b such that [a’, b’, a’] = 2a’ and [b’, a’, b'] = 2b".

PrROOF. We may assume with no loss of generality that (Rad .#)> =0 and Rad .%
contains no proper Zsubmodules. Since ad(a)* = ad(h)* = 0, it follows that dim 4, Rad &
< 4. Consequently, the eigenvalues of the operator ad([a, b]): £ — Zbelong to the set
{-3,-2,-1,0,1,2,3}. The weight subspaces .%_, and %, of the weights -2 and 2 form a
finite-dimensional nilpotent Jordan pair. Since idempotents are understood modulo the nil
radical in Jordan pairs (see [12]), there eixsts an idempotent (a’, b") of the pair (& ,, %)
that is a preimage of the idempotent ( A, b). The lemma is proved.

LEMMA 4.6. Suppose L= Y.2,.%, is a simple graded Lie algebra of nonexceptional type,
F=1(#), &L ,=Te s eg=le_y,e;land &, = {a € L|a, eq] = a}. Then there exisis
a finite Galois extension P /T of I such that it is possible 1o define on the algebra P=PQLP
a finite Z-grading = L7 2, of type I or 11 (see Theorem 1).
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PrOOF. 1°. If dim % < oo, there exists a [inite Galois extension £ /1" of I' such that the
algebra #= ¥ ® P is splittable (see [20]). We can choose a Cartan subalgebra of .# and
roots with respect 1o this Cartan subalgebra so that

P o —uy HZLisof type A

nm?

+ P riwrw,y i[Zisoneof thetypes B, C,. D, i j<m.

n? 1

In the cases of D, and C, we have #= 7, + %, + %, and in the case o B, we have
L=+ P+ P+ L, + P, where P, = e ,.i"

o, |,BL..
2°. Assume that the aigebra ¥ is infinite-dimensional over I" and satisfies the conditions

of the lemma, but the desired extension P /I’ does not exist.

We will show that for any natural number # > 1 there exist a Galois extension P /1
and a grading ¥ = L@ P, = L ¥!" such that

—m

(n) () (ny _;
dlrnP “E’ﬁn n, "?ﬁ:m = eil’ Z "EPI * O
O=<|ij=<m,
Assume the extension P, /T" has been constructed. Since the grading &' = L, ¥ is

not of type I or II, 1t follows from Lemma 3.4 that there exists a bilinear form j:
(&4, £y - P, such that

[ersborcy) = b a,)e,+ fboc,)a,
'[a-,b4.=C‘_]zf(ﬂ_=b+)t'_+f(c b;)cx

for any elementsa ,, b ., ¢ ,€ £  Choosein the spacesﬂ‘”’ and )" dual bases with

- 1,

respect to f, namely g ;, 1 <i<n, ‘such that /(g 8;) =8 (the Kronecker symbol) and
£:17 €,

Let & denote the system of all finite-dimensional subalgebras of & containing E’ﬁj’m
graded with respect to the grading %" = ¥ %" and generated by elements of nonzero

weight with respect to ad([e_,, e,]). For each subalgebra 4 € # we decornpose the

quotient algebra 4 = A/Rad A into a direct sum of minimal ideals, 4 = A, & --- @ A_.
We will assume that g C A, and that A4, is an algebra of classical type over P,. Smce
[4,,&,,&,]=Pg, the P, algebraA is central. As above, we can embed the aloebra L

in the ultraproduc:t of the algebras A,, 4 € P, with respect to the ultrafilter %#. Conse-
quently, for some algebra A € & the algebra 4, has one of the types 4,,, B,,, C,, or D

m? " mn ne*

where m = n + 3. It is known [20] that there exists a Galois extension 2, _, /P, of £, such
that the algebra 4, = 4, ® p Py 18 splittable.

Assume the algebra A, has type C,. Then n =1 and we may assume that P, e, =
(A, )jm ‘Choose elements 0 = 4 € (Al)m +a, and he (AI)_m _ ., SO that [A,b, A] =24
and [b, 4, b} = 2b. The elements 4<and b have weights 1 and -1, respedwely re]atwe to
the transformation ad([e_,, e,]). In turn, € , is an eigenvector of ad([b, A)) with weight
+ 2. Note also that there exist eigenvectors of ad([b, 4]) with weight 1 that do not lie in
,Q’Ei”,)n" ®P,,Pn+1‘

Assume A, has type 4, . Then we may assume that P, g, = (4)) ) 4oy =y b S S L
Choose elements 4 € (4, Vo —a, ., a0d B € (A)_(y ~y, ) WithF (A4, b) = s/,(P, ) the
elements 4 and b have welghts 41 with respect to ad([e”l e,]); & L",)ﬂ 1S & proper
subspace relative to ad([b, E]) with weight +£1. Moreover, there exist eigenvectors of
ad({b, A]) with weight 1 that do not lic in £{"), ®, P, ;.

The cases of B,, and D, are analogous to that of 4,,.



LIE ALGEBRAS WITH A FINITE GRADING 369

For the elements 4 and b we choose preimages 2 and b under the homomorphism
A — A such that @ and b are homogeneous elements of the grading

+1) — — o)
"?(” _“?(”) ®P"Pn-l-] - Z““"i " ®P,,P
i

13
a and b are eigenvectors of the transformation ad({e_,, e,]) with weights 1 and -1,
respectively; e . 5 1s an eigenvector of ad([b, a]) with weight ky € {1,2

Note that ad(a)® = ad(b)* = 0. If c € L% and cad(a)4 #+ 0, Lhen ceE P, e .
cad(a)* € P, ,e,. and cad(A)* # 0. But it is easy to verify that [¢_,, A, 4] = 0. Com.e—
quently, the subalgebra.#(a, b) satisfies the conditions of Lemma 4.5.

By virtue of Lemma 4.5, we may assume without loss of generality that [u, b, ] = 2a
and {b, a, b] = 2b. We decompose the subspace %" ! into weight subspaces with respect
to ad((b, a]), i.e, LV =L, LU Let iy = max{0 < i < nl% , # 0). We define a
new grading on.#"* ! by putting

g(n-&-l) — chéa(%r 1)’ ng?(&_;r+l) — Z{ ”g‘ajfr;:'l)ij(?_ — kD) + k()ﬂ” — iD) = j}_

It 1s easy to see that

rnax{ (R AR 0} =2m, — igh,, ,Sf(‘l’f,f;l_)[ﬂk o2& e, P

m n+1

(n+1).
+,‘20,~“‘2 ;

then "+ 1 = 3 &% D is the desired grading.

Suppose P = P5, #= L@ P =1", %, %, , De,, dmpP,,>5and Toye,, &
# 0. If the graded algebra % is special, then, by the tesults of §2, % is an algebra of type I
or I1. Consequently, & is exceptional. By Lemma 4.2, commutation of the subspaces &
and %, is defined by a bilinear form f: (Z_,.%,)— P. As above, we choose dual
elements gsr=e,and g, ,,2<i<5,f(g_;, g;) =9,;, and a system 2 of finite-dimen-
sional graded algebras containing { g1 < i< 5}. For each subalgebra A € P consider
the decomposition 4 = 4/Rad A =4, & --- @ A A, 238 45 1 < i <5, and the homo-
morphism ¢@,: 4 — A4,. The system of homomorphlsms {p,14 € gz’} is local and ap-
proximating; the algebra Zcan be embedded in the ultraproduct of the algebras ¢, (4).
A € &, with respect to the ultrafilter . Since the graded algebra % is exceptional, the set
P’ = {4 € P|p,(4)is an algebra of one of the types B,,, D,., m = 5} lies in % . Suppose

mnil m?

A €P, ¢,(A) is an algebra of one of the types B, or D,,, m = 5, P'/P is a Galois

extension of P splitting the algebra ¢ (4), P is the algebraic closure of P, and %’ =
#®,P’. We choose a Cartan subalgebra of ¢,(4) ® ,P’ and a root system so that

1y

((PA(‘A) ®PP’)i(wl+w-+])=P’(p.ft(gi-i)v 1 QI{(__S,

and let A denote the prelmage of the algebra L((9,(4) ®,P'),,, tull ST#Fj<6)
under the homomorphism 4 ® ,P’ —» A4 ® ,P’. Consider the subspaces

fi‘ii, £+ { ae Al[a, [g_ gi]' = [a:[g_(i+l.)s gi+1]] = —a,
Ade(4 ®PP’)iw,ih-'.+l}’
f‘i'!_u ++1) T [[I’I+;' +(i+1)sAH1Fr'IF(i+1)]SA-+i +(;+1)]-
By Lemma 3.6, for any subalgebra 4 C B € @' and for any index {, 2 < i < 5, either

(pB(A) N (pB(‘B ®PP)w,-+m,“ # 0
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or

(pB(A;.i-i-l) - q)B(B ®Pp)w1 + Z (ph'(B ®PP’)u,-a—m'-

i=4

As in the proof of Lemma 4.3, it is easy to show thal not all of the images qgz( 4] ;. ),
2<i<5 liein

{pB(‘B ®PP)wl + ZQDH(B ®[‘P)w1+m;'

iz4
Thus, there exists an index 7, 2 < i < 5, such that
pa{A) N pg(B®,P), ., 0.
It follows that for any index j, 2 < j < 5, we have

(Py(,f{) N pp(B ®PP)M,-'*“M,-?1 # 0;

in particular, the algebra A is splittable, 4 = A + Rad 4. Let { X totws M i, ) bEA
Chevalley basis of A, Xitoyro) T geps2<igbandh=h, + hw:,‘ oy TR T
Bty T R qw,- In view of what was said above the elgenvalues of the transformation
ad qoL(h) qJB(B) ® P — @u(B) ®,P belong to the set {-4,-2,0,2,4}. Thus, the eigen-
values of ad(h): ,.?@ P> ¥® P’ also belong to {-4,-2,0,2,4}. The decomposition
into weight subspaces %’ = .,‘Z’_’4 + F+ Sy + L+ ) with respect to ad(h) is the
desired grading. The lemma is proved.

Suppose (R, *) is an involutory algebra. An automorphism g of the algebra R is called
an automorphism of the involutory algebra (R, *} if it commutes with the involution *.

We will need the following theorem of Martindale [26].

THEOREM (W. MARTINDALE). Suppose (R, *) is a simple involutory algebra containing
nonzero orthogonal idempotents e, and e, with et =e,,e¥=e,ande, + e, ¥ 1. Then any
gutomorphism of the algebra K'( K. *) is induced by a unigue automorphism of the involutory
algebra (R. *).

Thus, the automorphism group of the Lie algebra K'(R,*) 1s 1somorphic to the
automorphism group Aut( R, *) of the involutory algebra (R, *).

Suppose £ = X.2,.%, is a simple graded Lie algebra of nonexceptional type, I’ = T'(.&),
L ,=Te ;. eq=[e 5 e}, and ¥, = {a € L|[a, ey] = ia}. By Lemma 4.6, there exist a
finite Galois extension P /T of the field T, a finite Z-grading on the algebra.#= ¥® .P =
Z:Tmﬁf(,), Z ¢ +m) > €49, and a simple graded involutory algebra (R,*), R = ):_m (i
such that = K'(R,*). In addition, the field P can be chosen so that R contains nonzero
orthogonal idempotents ¢, and e, with eff = e;,e¥ = e,ande, + e, # 1.

The Galois group G = Gal(P/T') of the extension P/T acts in the algebra.% by the rule

G>g: Zai ®p - 2.a,®g(p).
Obviously, = Z°¢ = {a € L|g(a) = a, g € G}. By Martindale’s theorem, the group G
is embedded in the group Aut R. Consider the subalgebra R¢ = {a € Rig(a) = a,

g € G}. It is easy to see that K(R, *) is the P-linear span of the set K(R, *)¢ = K(R%, *).
Therefore,

z([ k(R%*), K(R%,")]) € Z([K(R,*). K(R,")]).
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The algebra K'(R¢, *} is embedded in the Lie algebra K'( R, *), and its image lies in the
algebra (K'(R,*))“ =% and is an ideal of . Since the algebra .# is simple, &=
K'(R®, *). It is obvious that RY is a simple involutory algebra. Also, ¢, , & R, ,, N R
Therefore, €% , = 0 and the eigenvalues of the operator ad(e,): R — R belong to the set
{-2,-1,0,1,2}. The decomposition into weight subspaces with respect to ad(e,) defines a
grading of the algebra RY, and K'(R%, *) =.% is a graded algebra isomorphism. Thus. &
is an algebra of type I or IL.

We have proved Theorem 1 {or an algebra that is locally finite-dimensional over its
centroid.

§5. Inner ideals
Consider a graded Lie algebra = ¥" ,.%,. A graded subalgebra B = X" B, is called an

— 1 L — N !
inner ideal if, for any weights «,, -n <o, <n, i=1,...,m (m 2 1), the nequality
|):”‘a,| > nimplies [#, B,,...,B, ]C B.
1°. Specialization of inner ideals. For any element b € B the operator ad(b) induces an

operator on the quotient space .%/B. We denote this operator by ad(5) € End ,(%/B)
and consider the representation

@:B>2b— ad(b) = End,(%/B)
of the algebra B. It follows from the definition of inner ideal that ¢ i1s a specialization.
Obviously, Kerg = {b € B|[L, b] C B}. We have proved

LemMMA 5.1. B, = {b € B|[Z, b] C B} is an ideal of B, and the quotient ulgebra B/ By,
“is special (as a graded algebra).

We define in B a descending chain of ideals B, = {h € Blhad(.Z)" C B} Tt s casy
to show that [ B,, B;,] € B,y fori = L.

LEMMA 5.2. The ideal I = 1d ([ B3y, L]} is locally nilpotent modulo the subspace B, .

PROOF.. We shall assume without loss of generality that the algebra % is generated by a
finite set of elements of #*. Then, by Lemma 1.2, there exists a natural number m such
that R(%) = L ad(#)". Obviously,

"

Idy(B('""'l]) = Z B(m—*—l)ad("(;p)[ [ B(l)'
i=1

We may now assume without loss of generality that B, = 0. We will show by
induction on / that for 0 <i<m — 1 we have B, ,,_,, € K(&). For i =0 there s
nothing to prove. I B(mﬂ_,.) C K(&#),i <m — 1, then
["?’ B(m-i-l—(i-i-l))! B(m+l (1—:—1))] ["9’9 B('?)’ B(m 1)] [B(l)! B(mﬂ-f)]
c B K{(Z),

from which it follows that By, 41 41y € E(Z). Fori = m — 1 we obtain B;, &€ K(.%) C
Loc(.E’) Now

{(m+1-— 1) =

| Bo, £ |Toc(.#), #] c Loc(.#),
and the ideal I is locally nilpotent. The lemma is proved. @
2°. Principal inner ideals. In this subsection we will construct an important family of
inner ideals. Supposea, € %, and a_, € ¥_,. Consider the operator
T(a_, a,)=1d + ad(a_,)ad(a,) + +ad(a_,) ad(a,)’
and the subspaces B, =%, T(a_,, a,) for k > 0.

—-n?
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,LEMMA 5.3.a)[&, B, Bl c LB/ for k > 0.

b)[ ’]CBr-FffO’ l:j>0‘

¢) (B}, L1C Bl_fori>j> 0.

Proor. a) Note that if # = 1, then Lemma 5.3a) follows from the Macdonald identity
for Jordan pairs [12]- The general case reduces to the case n = 1. Indeed, suppose
x_ €& ,,i>0y, €%, and z, €.%,. Our goal is to prove that

[ - T(a__”, )’Z.n'cT(a—n’ n)] C“£'1+A IT(a—n’an)‘
Consider the commutative associative ®-algebra ® = ®(1, a, 8) defined by the relations
a® = B2 = 0, and the scalar extension #= Z®,®. It suffices to show that
[‘Bx—i’ ynT(a—n’ au)! asz(a—n’ an)] - g:-ﬁ-k-—iT(a-n! an)‘
Consider the subspaces
Kl = 321 + a Z "92 = an’yn’ DiZk; K—l = gmﬂ + B Z"?: > b—-n'- Bx—r"
>0 i<{
Then K = K, + [K_;, K|] + K, is a Z-graded algebra. It now sufiices to apply Mac-
donald’s identity to the Jordan pair (K, K).
b) We will prove that for any elements x; € &, and y; € &, i, j > 0, we have

[xiT(a—n’ an)? .}{jT(a—n’ a, ] = [xi= yj]T(a—n? an}
If i = n orj = n, then both expressions are equal to zero. Suppose i < n and j < n. Then
XT(a-n= ) “—"xi+[xr"a~u’ arr]! )'}T(ﬂ_” n)ﬂy +[_JF,CI n’an];

[)C,— +[x1'1 d s an] [y_,U a_y, n]]
= [xr" Jf;] +[JL’,-, a_, Ay .}{,v]

+ [x,-, [yj! a_y, an]l + [[xﬁ a_p. au]s [J{;ﬂ a_y. an]] -

We have
[x,., [y a_, a,,]] = [x,-, [y, a_,], a,,] [,x,, a,. [y, aw,,]]
= [x,-, [y a_,1, a,,] =[x, y,a_,.a,]-1x.a_,.y,.a,l
Obviously, [x;, a_,, a,, ;] = [x;, a_,, ¥}, a,]. Therefore,

[xi! [.Vj’ a_p, a:r]] +[)‘t’ Qs Ay J ] = [xi! yj? a_y, an]'
Also,

[xiﬁ a_,, dy,, [yjﬂ A yns an]] = [xi! a-—_n: Ay [J’f]’ a—n]:‘ an] - [xi’ Aops Qps s [yj? a—n]]

= ['xh a_p.4a,, [yjs a_,,], an] .
We have

ad(a”)ad([yj, a., )ad(an) = %(ad(a”)lad([yj, a_”]) + ad([yj., am])ad(an)z).

Therefore,

1

[xi? a_ps ly,s [yjs a-n]! an] = [‘xi! a_, [J"_‘f‘ (J-”], Qs an] *

Now
[.X,», a_p, [y_fi a—n]] = [X,-, a_y» yj: a—n] - [x,., a_,-d_y, yj]

= [JC,-, --n'-' V a»n] = }f[xi‘! .}D‘: a_na a_n]-
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Finally,
[x,., a_,, a,.[y.a_,, a,,]] = ¢lx,yaa_,a_,,a, a,}
We have proved that
[x,-T(a%”, a,), vT(a_,, a,,)] =[x, yIT(a_,.a,) € B/, .
¢) We will show that for any elements x;, € &, and y; € & i > j > 0, the equality
{x,T(a,,,, a,), }3-] = ([x,-, i+ [-}’—J’ a,,[x,, a_,,]])T(a_,,, a,
holds. We have
= [x,T(a_,,, a,), y,mj]
=[xyl +lxna a0 ]+ 4x,a .0 ,,a,,4a,. v_];
g = ([x,-, v+ [_v_,,, a, \x, a_, ])T(am”, a,)
=[x, J”-;] + {y_j, a,,[x, aw]] +[x,, Yo _,, a,]
+ [_)f_j, a, [x,a_], a_,, a,,] + L—[y_j, a,|x,a ,},a_ ,,a_, a,, a,,].
We compare homogeneous elements with respect to a_, and a,;:
[_l»‘_j-, a,,[x;. a_,,]] = w[x,, a?,,. [y ;. a, ]

= _['xi’ a_ys y—j’ an] + [xg‘w a_,.,a,, _}’_j]

= _»[x“ Yoy an] +[x:‘= a_p, dy, .J]—_,i]'

Therefore,

f?_ = [xi! Aoy Uy, y-j] = [y—j? a,. [xif a,”]] + [xi’ y—j? oy ﬂ”] = 8a-

Furthermore,
ad(a”)zad(y_j) + ;zu:l(y_j.)f:ld(a”)‘2 = 2ad(an)ad(y_j)ad(a”).
Therefore,
fo=ilxna,a a0,y 1= lx,a a0,y .0,

On the other hand, [x;, y_;, a_,,a_,,a,,a,] = 0 and

-n? —-n n?

E4 = [y—_,r"l a,, [xi’ a—u]! a_p an] = = [xf! a_ns [y—j’ an]" @y H"] .

As abave, we have

ad(a_,)ad([y_,, a,])ad(a_,) = %(ad(a%,,)lad([y_j, a,]) +ad([r. . a"])ad(a_”)z),

from which it follows that

— 11,
_[xi3 a—ﬂ’ [y—jS an]w a’—n‘! a—n] - _2[)“1'= a—n? alnﬂ [J)mjﬁ an]’ au] .

Observe that [x,,(y_;, a, 1€ &,_,,, = 0, since i > j. Furthermore,

[x:" a_ys d_ys y—_,i! Ay, an]

rAp—

1 —
_Z{Xi! Q_n: 4y, [y—j’ an]’ an] - =

ot

+ 5[x1" Q_pa @y Ay y—j’ an]

[xi’ d_ys _yy ap, y—j’ a,1 = f4'

]
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It now remains to observe that [y_. a,,[x,a_,} a_,. a,] €L _; 5,
n. Thus, g, = 0 and f = g. The lemma is proved.
Put B, = B, and

= (), sincei — j <

B, = Z{ 1B, & @y > 0,0 - ia,-= k}

i=1

fork = 0; set B, = .2, for k < Q.
LEmMMA 5.4. B(a_,, a,) = X" B, is an inner ideal of the graded algebra 2.

Proor. We will show that B(a_,, a,) is a subalgebra of &, ie.[B. B]C B(a_,, a,)
for all / and j such that —n < i, j <

If i < 0orj <0, then the mclusmn is obvious. Assume / = 0 andj = 0. Then it suffices

to establish that [ B, &_,. .. B’1C B for arbitrary weights e; > 0,1 < ¢ < .
We will show by 1nduct10n on m that for any weights k > 0 and o, > 0.1 < i < m, we
have
[B,:,,Sf , L, L . B;] < Bla_,.a,)
We know that
(B, Louee Lons BL) € | Bis Lo i, [ Lo B
+ By Lo o B,

If &, + k, it suffices to use the induction assumption.

Suppose a,,, = k. If m =1, then [B], &_,, B;] C B, by Lemma 5.3a). Suppose m = 2.
Then

(B, Lo @i o o B € By Lo | Lo [ Lo Al
[B,',, L [59 B. . |
+|B, Lo P, Bl E ]

and we can now again use the induction assumption. We have proved that B{a_,, a,)isa
subalgebra.

Ifa, + --- + @, < -n,then

[“5?3 Ba;"' ] ZELCB(G—H’ n)'
k<0
¥ a + - +a,>nand (&, B,,....B, 1# 0, then i < 0. Thus, . < Bla._, a,).
Since B(a__, a,)is a subalgebra, it follows that

['got" Bnlﬁ" "-“Bam] g B(a—nﬂ an)‘

-7

The lemma is proved.
§6. Primitive graded Lie algebras

1°. Primitivity and the Jacobson radical in Jordan pairs. Assume that the pair of ®-spaces
V = (V- V") forms a Jordan pair. According to the definition given in the Introduction,
this means that ¥~ and V™ are subspaces of weights -1 and 1, respectively, of some
Z-graded Lie algebra K(V)= V +[V", V] + V", where the weight subspaces of the
weights k, |k] > 1, are equal to zero.
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a

An ordered pair of elements a™%, ¢®, o = +, 18 called guasi-invertible if the operator

T(awﬂ, an)

vl Vo2 X = x4+ {x% a % a4 x% 0" e, a". a”)

is invertible.

An element a® € V° is called properly guasi-invertible if for every element a=° € V¢
the pair (a™° a”) 1s quasi-invertible. The set of all properly quasi-invertible elements
forms an ideal of the pair V¥ called the Jacobsan radical of V' and denoted by Jac(}V') (see
[12]). It is easy to see that Jac{1”) 1s the sum of all gquasi-invertible ideals of V7 (i.e., those
ideals in which every pair of elements is quasi-invertible).

A subspace B C V7 is called an inner ideal if [V, B, B] C B.

An inner ideal B C V" is called modular with _modulus (a”, a™) (see [29]) il (i)
V*T(a~,a*)c B, (i) V(ad(fa™, b] — % ad(a”)*ad(a™)ad(b))) C B for every b € B, and
(i) [a*,a",a']—2a"< B.

If a pair of elements (a~, ¢™*) is a modulus of an inner ideal B and b € B, then the pairs
(a”.a’+ p)and (a”, a* ad({a”, a™])""), m = 1, are also moduli for B.

It was shown in [29] that an (a~, a")-modular inner ideal containing ¢* coincides with
V.

A proper modular inner ideal B € V" of a pair V is called a_primitivizer if for each
nonzero ideal 1<V we have B + I*= V™. In this case the pair I is called primitive, A
Jordan pair that is semisimple in the sense of the Jacobson radical can be approximated
by primitive Jordan pairs (see [13]).

Let us recall a few more facts about Jordan pairs. A pair of elements (a”, a*) is called
_algebraic if there exists a polynomial f(x) & x®[x] such that f(ad{[a", a™])=0. A
Jordan pair 1s called algebraic if every pair of its elements is algebraic.

A Jordan pair V is called a nil pair if for any elements ¢~ and a™ there exists a natural
number m such that ad({a™, ™)™ = 0. The maximal nil ideal of V' is called its ni/ radical
and is denoted by Nil(¥").

By the resolvent Res(a”, a™) of a pair (a~, a*) we mean the set of coefficients o & @

such that the pair (aa”, a™) is quasi-invertible, and we define

As in the case of associative algebras, we obtain by means of Amitsur’s resolvent method
(see [28]) the following

LEMMA 6.1. a) If card Res(a™, a™) > dim,, V', then the pair (a”, a™) is algebraic.
b) If card @ > dim g, V™, then Jac(V') = Nil(V).

A pair (a’, a™) is called idempotent if [a*,a", a’] = 2a* and [a~, a™, a | = 2a".

Idempotents (ay, a7 ) and (a5, ai) are orthogonal if [a], ai] = [a3, aj ] = 0. Suppose
(a7, ai),....(a};, a,) are pairwise orthogonal idempotents. Then the pair formed by the
elements "= Y{%a; and a*= L"a; is also idempotent.

With an idempotent a = (a~, a™) is associated a Peirce decomposition of the pair V:
V="~P(a,V)+ P (a,V)+ P(aV); Pi(a,V)="V" ad(a’”)zad(a“)z,
Pio(a, V) = ve(ad([a=°, a°]) + }ad(a ") ad(a")’),

Pf(a,V)=V°"T(a™" a°), o= +.
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The following conditions are equivalent:

1) The idempotents a, = (ay. a;"), a, = (a3, aj) are orthogonal.

2)a, & Py(a,, V).

3a, € Py(a,, V).

It is casy to show that an algebraic Jordan pair that is not a nil pair contains an
idempotent.

2°. Primitive graded [Lie algebras. Consider a graded Lie algebra ¥=1Y" 2, # =

Li[Z. . Z], and an inner ideal B = " B,. We will say that the inner ideal 8 is umdu[cu“
with _modulus (a_,.a,), a_, €%  a, €%, il (i) B(a_, a,)C B, and (i) B, a
modular ideal of the Jordan pair (% s L) with modulus (a_,, a,).

If b, € B,, then the pairs (a_,, a, + b,) and (a_,, a, ad([

n?

moduli for B.

T I o
s . a_,, a,DN"). mz=1, are also

LEMMA 6.2. Suppose B is a modular inner ideal of &z wrth modulus (a
Then B = %,

a,)anda, € B.

-y

PROOF. As noted above, it was shown in [29] that B, = .% . Also, B 2 B{
Yoo H x€e, 0<i<n, then xT(a
a, € B. Thus, x € B. The lemma is proved.

Let #(a_,, a,) denote the set of maximal proper inner ideals of .2 with modulus
(a_,.a,)andletZ=U{#(a_, a)a, , L, },IIBEP then (B)=Y" J(B),isa
maximal ideal of % contained in B.

a_,, ([”) =

e @)= x —|x,a_, a,]€ B and [x. a_,).

LEMMA 6.3.N{I(B)|B € P} is contained in the Jacobson radical of (£ ,. &£.)

==y e

ProoFr. Assume the element a, € N{I(B)|B € £} is not properly quasi-invertible, i.e.,
there exists an element a_, €% , such that (a_,, a,) is not quasi-invertible. Then
B(a_,,a,) is a proper (a_,, a,)-modular inner ideal of .. There exists an inner ideal
B € P containing B(a_,, a,). By hypothesis, a, € B. In view of Lemma 6.2, B = .Z. ThlS
contradicts the assumption that B is proper. The lemma is proved.

We will call a graded algebra

L= T & | %= Z

i=-n

—i7

primitive if it contains a maximal proper modular inner ideal B such that /(B) = 0. In this

case, the subalgebra B is called a primitivizer. It is easy to see thal for any inner ideal
B € Zthe quotient algebra %/J(B) is primitive.

LEMMA 6.4. Suppose £ is a primitive Lie algebra with primitivizer B = ¥" B.. Then the
Jollowing assertions are true:

a) I + B =% for any nonzero graded ideal I 1% .

b) Any nonzero graded ideal of £ has nonzero intersection with £,.

c) B, is a primitivizer of the Jordan pair (¥£._,, Z,).

PROOF. a) Suppose 7 1s a nonzero graded ideal of & and (a_,, @, ) is a modulus of the
mner ideal B. Then B + [ is a modular inner ideal of % with modulus (a_,, a,) that
strictly contains B. Since B is maximal, we have B + I =.%. Part b) follows at once from

a). Let us prove c}. Suppose J = (J_,, J,) is a nonzero ideal of the Jordan pair (.%_,, Z,).
Our goal is to prove thatJ + B, = &

n"
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_ar <£,)/J contains no n/onzero locally nilpotent
ideals. Then, by Lemma 1.4,J, = %, N Id(J,) and it suffices to use a).

Let us now drop the assumption that (&, .%,)/J/ contains no nonzero locally
nilpotent ideals. Let J’/.J be the locally nilpotent radical of (£, £)/1.J < J". By what
was proved above, J + B, = %,. Choose elements x, € J/ and b, € B, such that x, + b,
= a,. Since the pair J’// is locally nilpotent, there exists a natural number m > 1 such
that x; = x,ad([a_,. x,])" € J,. The pair of elements (a_,, x;)is a modulus of the inner
ideal (B_, + J_,, B, + J,) of the pair (&_,, %,), and B, + J, 2 x,. Thus, B, + J, =&,
The lemma is proved.

Assume first that the quotient pair (&

§7. S-Ideatities in primitive algebras

1°. Free graded algebras. Consider the free Lie algebra Lie{ X) on the set of generators
X ={xyl-n<i<n,j>1). The Lie algebra Lie(X) possesses a natural Z-grading in
which the weight j is attached to the generator x;; Lie(X) =X, ., Lie( X),. Let I denote
the ideal of Lie(.X) generated by the set Zygs 0 Li€( X ). It is obvious that Lie( X, n) =
Lie( X)/Iis a free graded Lie algebra.

We will say that an element f(x i;) € Lie( X, n) is an identity on the graded Lie algebra
L= 1" % if it is mapped into zero under every homomorphism x, L 0 < il < n,
J = 1. In this case we write /(%) = 0.

Consider the free special graded Lie algebra SLie{ X, n) (see §2) and the natural
homomorphism y: Lie(X, n) — SLie(X, 1), under which X,; 18 mapped inio x,. We
denote the kernel of this homomorphism by § and call the elements of this kernel
S-identities. It is obvious that a graded Lie algebra is a homomorphic image of a special
graded Lie algebra if and only if S(.%) = 0. The ideal S is homogeneous with respect to
the generators in X. We also consider the ideals

S(X)= Iy v (S N Lie( X, n),) c S(X)

and

"

P(X) = IdLic(A’, n)({ [H”, b’ Ty d]‘-‘ [an’ ¢, a d]lﬂ.” = LIB(X, i’?)”',
b,c,d € Lie( X, n)}).

2°. In the rest, of this section we consider a primitive graded Lie algebra =YY" 2.
£y = Li[Z;, £, over an algebraically closed field ® such that card @ > dimg .#. Our
goal is'to show that either(S N P} %) =0 or % is an exceptional finite-dimensional
algebra of one of the types G,, F,, E, E, or E,.

Suppose B = Y B, is a primitivizer of & with modulus (¢ _,, a,).
LEMMA 7.1. B3, = 0.

PROOF. Assume B, # 0. The nonzero ideal J = Id ([ By, £]) is locally nilpotent
modulo B. By Lemma 6.4a), there exist elements x,€In%, and b, € B, such that
x, + b, = a, Forsomem > 1 we have x;, = x, ad([a_,, x, )" € B,.

The pair (a_,, x;) is, as before, a modulus for B. Thus, B = %. Contradiction. The
lemma 1s proved.

Consider the ideal §* = [[S, S], Lie( X, n)] of the free graded algebra Lie( X, n).

COROLLARY. S'(B) = 0.
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PROOF. By Lemma 5.1, the quotient algebra B/B, is special. Thus, S{(B)C B,,,.
Moreover, [Ba), Byy £ C [B2), €] = 0, from which it follows that

S'(B) € [B,,. By, L] =0,

By the heart H = H(.% ) of an algebra . we mean the intersection of all its nonzero
graded ideals.

LEMMA 7.2. S (#)C H.

PROOF. Suppose 7 is a nonzero graded ideal of . Then, by Lemma 64, B + | = .
Therefore, #/7 = B + I/I=B/B NI Thus, S(%/1)=0 and S(Z)yc I. The lemma
is proved.

Assume S(.¥) # 0. Then S(#)+0and H = XL H # Q.

LEMMA 7.3, For any elements a., €L, and h, € H,  either Bla., h )= or
S(B(a_,, h)) =0.

PROOF. Assume tBla_,. h,) 0y, Bla_,. h )] # 0. The nonzero graded ideal
[ = Id.?f’([B(a-—m }1'”)(2), B(a»na hn)])

is locally nilpotent modulo B(a_,, h,). Moreover, h, € H, C I Thus, there exists m = 1

such that A; =, ad([a_,,, h, )™ B(a_,, h,). The pair (a_,, 1},) is a modulus for the
inner ideal B(a_,, k). By Lemma 6.2, B(a_,, ) = 2. The lemma is proved.

LEMMA 7.4 (see (13, [29]). Suppose f is a homaogeneous element of the free graded Lie
algebra Lie( X, n) of degree m with respect 10 X (i.e., each monomial contains exactly m
letters of X) that is not an identity on . If { By }r is a family of inner ideals of &L such that

D f(B) = 0 for all linearizations T off, and

N F= L; iCi;, where Coy=M{Bylk+i k=),
then the number of inner ideals B i IS at most 2m.

PROOF. If the number of inner ideals B r €xceeds 2, then any m subspaces C}L e G g

lic in one of the innmer ideals B,, k& (i, | R Jas--sjm ). Consequently,
HC . G ;)= 0. Also,

(2,2 =f(ZC;j,---:'ZCf,~) = Zf’(C,.U-],...,C,-”Jm) =0

This contradicts our assumption that f(.%) # 0. The lemma is proved.

Choose a homogeneous element J of degree m in the ideal S’ that Is not an identity
on.?,

LEMMA 7.5. For any elements h_,€H_ ,andh, e H,

lSpBC(]I_n, ho} < 2m.

PROOF. Suppose q, . . . @21 € Spec(h_,, &), where o, F o i #7,1<i,j<2m+
1. We will show that the element f and the inner ideals B; = B(e,h_,, h,) satisfy the
conditions of Lemma 7.4. By the corollary of Lemma 71, f(BH)cC § ‘(B;) = 0. Also,
Ei<0‘£’o{ < n}?nl+lBi-

The polynomials g,(x) = (1 + a;x) T2 (1 + ax), 1 <7< 2m+ 1, are relatively
prime. Consequently, there exist polynomials p,(x),..., Prms1(X) € O[x] such that
Ellerle(x)gf(x) =L
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If0 < k < n, then

%, = 2, p,(ad(h_,)ad(h,)) g, (ad(h_,)ad(k,))

2m+1
C D2 (ad(n_Jad(h,)) € X (Nsj=xc,
i=1 J#i iy

When & = n the assertion being proved pertains to Jordan pairs and was analyzed in
detail in [13] and {29].
It now suffices to apply Lemma 7.4. The lemma is proved.

LeMMA 7.6. (&, H,) is an algebraic Jordan pair.
PROOF. Supposea_, € % ,and ki, € H,. By Lemma 7.6, .
cardRes(a_,, /1) = card @ > dim,.%.

Therefore, by Lemma 6.1, the pair of elements (a_,, &,) is algebraic. The lemma is
proved.

LEMMA 7.7, The pair (&_,, H, ) can contain ai most 2m pairwise orthogonal idempotents.
ProOF. If (e@) e}, .  (e@m¥D o@m+1)y are pairwise orthogonal idempotents and
Qyyooo g, € DN\ {O} are distinct elements of @, then the elements 1 /¢,..... 1/ a-,, .,

lie in the spectrum of the pair (77" la,e) TIm# 1) which contradicts Lemma 7.5. The
lemma is proved.

Suppose e; = (eD) e, ... e, = (e¥), el e (H_", H,) is a maximal family of pair-
wise orthogonal idempotents of the pair (%#_,, H,), s < 2m. Then the pair of elements
e={(e_, e,).wheree_, = Yiel)and e = Lie!? is also an idempotent.

If Py(e,(Z_,, H))# 0, then Py(e, (.E’ W A, )) is not a nil pair (see [12]); hence it
contains an 1dempotent. This contradicts the maximality of s. Thus,

PO(E ( -n» Hn))zo
and

T(E_", n) =£J(Id - ad( -1 n]) + B.d( —n)zad(err)l) = 0
Sincee, € H

. 1t follows that & = H,

The Peirce component Pi(e;, (&_,, %)) of the Jordan pair (& . .%) is obtained by
duplicating some unital Jordan algebra J (see [12]). The algebra J is algebraic on ® and
does not contain any nonzero nil ideals or (in view of the maximality of s) proper
idempotents. Consequently (see {13} and [29]), J is a Jordan division algebra. Since the
field @ is algebraically closed, we have J = @ - 1, 1.e,[.Z.,, el?, el)] = Bel),

Note that H = 1d ,(ef).

LI:MMA 7.8. Suppose = Y" & is an arbitrary graded Lie algebra over a field @ and

=L LY IfF D a, and [ L., a,, a,] C ®a,, then a, generates a locally finite-
dmzensmna! ideal of & .

PrROOF. Suppose the subalgebra 4 C Id .(a,) is generated by the elements
",

C(“) = a, I—[ ad(a(ﬂﬁ))=
A=1
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wherel S a < m, 1< B<n, anda*P e L 1 < kgl < niand let A = {a,, atfy
l<sasm1lgf<n,l).

Consider the free graded Lie algebra Lie( X, n) on the finite set ¥ = {x,, x"M|1 < «
< m, 1 < B < n,}, where the weight 1 is attached to the generator x,, and the weight &,
to the generator x‘*#), Let

Ny
2= x H ad(x‘*#"),
A=t
wherel < a g mandl < B8 < n,.

Let I be the ideal of Lie{( X, n) generated by the set [Lie( X, n), x,, x,,], and let
~: Lie( X, n) — Lie( X, n}/[I be the natural homomorphism.

We may assume without loss of generality that the field @ is infinite. Since the algebra
Lie( X, n) is generated by the Engel elements of degree at most 2n + 1, any subspace of
Lie( X, n) that is invariant under inner automorphisms is an ideal of Lie( X, n). In
particular, the subspace spanned by the crusts of thin sandwiches of Lie( X, ) is an ideal
and the elements 7(*. 1 € a < m, lie in this ideal.

By a result of [30], the subalgebra #(Z'*|1 < @ < m) generated by the elements
2, 1 < a < m, is nilpotent and finite-dimensional. Let B,,....5, be a basis of
L1 < a < m)over @, and let v,,...,u, be preimages of o,,..., 1,

For an arbitrary element v € Lie( X, n) we denote its degree with respect to X by deg v,
i.e., this is the maximal degree of a commutator appearing nontrivially in the expression of
v. Let d = max(deg vy,...,deg v,). We will show that the subalgebra

A=2(c"1 < a<m)
lies in the subspace spanned by the commutators in ¥ of weight at most 4. Indeed,
suppose v € L(z9l < a g m) and degv = d’ > d. We have

I?IJ—

v = ZA v; +E[uj,,1”, x,] TTad(w,),

i=1 =1

where k; € @ and the w; and w;, aTe commutators in X. Obviously,

Hi‘j

degw, + 2 + Y deg w,, = d.
p=1
Also,

g m,
s(A)= 3 ko (2[)+Z@a,,ﬂ ad(uyy(sl[)),
i=1 r=1
i.e., p(A)is a sum of commutators in A of weight less than 4. The lemma is proved.
By Lemma 7.8, the algebra i/ = Id ,(e!") is locally finite-dimensional over .

LEMMA 7.9. The algebra H is simple.

PrOOF. Note that H = Id ,(ef"). Indeed, for any operator [1{"ad(w,), w, € &, we have

edi m

el H ad(w_ ) = 2""el ad([eflj, eft) ]) H ad(w,) € Id (D).
Suppose [ is an 1deal of H that is not equal to H. Then 7 = e/, andso {1, eV, eV C 1
C ®elV = 0. The algebra H is strongly nondegenerate in the sense of Kostrikin. There-
fore, by the corollary of Lemma 1.9, [7, e{P] = 0. Now [I,1d 4(e!")] =0 and [/, J] = 0.

Since H is strongly nondegenerate, [ is equal to zero. The lemma is proved.
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Thus, H is a simple locally finite-dimensional graded algebra. By Lemma 4.2, either H is
isomorphic to one of the algebras G,, F,, E,, E, or Eg, or H is special, or commutation ol
the subspaces H_, and H,, is defined by a bilinear form /: (H_,, H,) = ®

If H is a finite-dimensional exceptional algebra and % i1s infinite-dimensional, then
Z,(H) is a nonzero graded ideal of .#°; hence Z,(H) 2> H and [H, H]} = 0. Contradic-
tion. The second and third cases are analogous.

§8. Proof of Theorem 1 (conclusion)

Let T denote the graded ideal of the [ree graded algebra Lie( X, n) consisting of those
elements such that they and all of their linearizations are identities of all exceptional
graded Lie algebras. For example, any element that is skew- symmetric in 249 variables
(248 is the dimension of Eg) liesin 7. Let T=Y" T,§=%" S and P=L" P

n i nt=i

Lemma 8.1.S, N T, n P, C K(Lie( X, n)).

n =

ProoF. We shall assume without loss of generality that the ground field @ is algebrai-
cally closed and uncountable.

Let 2 be the family of maximal modular inner ideals of Lie( X, ). For any inner ideal
B € 2 the quotient algebra Lie( X, n)/I(B) is primitive. By the resultsof §7. SN PN T
C I{B). We will show that {7 (B)|B € #} C K(Lie( X, n)). By Lemma 6.3, the Jordan
pair (&, N {I,(B}B € £))is quasi-invertible. It follows from this and Lemma 6.1 that

_”,ﬂ{I"(B)lB € #}) is a nil pair. Choose an element a, € (I (B} B & @} and a
generator X_, ; € A not occurring in the expression of a,, Suppose x_, ad{a,, x_, ;D"
= 0, m = 1. The multiplication ¢_,b__, =[c__, a,, b_,,] makes % into a Jordan alge-
bra. By what was said above, this algebra satisfies the identity x™ = 0. It was shown in
[31] that a Jordan nil algebra of bounded degree is radical in the sense of McCrimmon. It
follows easily that a, lies in the McCrimmeon radical of the Jordan pair (%, %)) and
therefore in the Kostnkm radical of .% (see §1). The lemma is proved.

If # is a simple graded Lie algebra, then % contains no nonzero locally nilpotent ideals.
Therefore, K(.¥) C ’L‘é_c—(.,.%") = 0, and either S(.&) = 0or T(.¥) = 0or P(&) = 0.

If T(.#) = 0, then R(#) is a prime Pl-algebra which, by the Markov-Rowen theorem
(see [24] or [25]), i1s finite-dimensional over the field T' = ['(.¥). Obviously, dimp.¥<
dimR(#) < oo.

If P(Z) = 0, then there is a bilinear form f: (%_,,

[aﬂ’ —"’Cﬂ'] =f(b—n’aﬂ)c?l+f(b—ﬂ'-‘ C”)a”

w317

#,) — I' such that

and

[a—fl’ bn? C—?l] = ( ~H’ J’J)L—'N +f( ‘-JI’ H)a°-"

for any elements e, , b,,, ¢, , €&, If 0+ a,€%, then [Z,a,,a,]C I'a,. By

Lemma 7.8, the algebra . is locally finite—dimensmnal over its center. These two cases
were considered in §4.

Assume, finally, that S(.%) = 0. Since S(#) N2, = S(FL)N.%, = 0, it follows that
S(#) = 0. Short gradings #=.#_  + %, + .2, were considered in [15]. We may therefore
assume that 3 ;. ,-&; #* 0. We may also assume that

2. [[Z.,. 2].[Z,. £]]]+

since otherwise P(.2) = 0.
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Suppose ¢: SLie(X, n) = &is a homomorphism and / = Kergp = £* /. Let T denote
the ideal of the free associative graded algebra Ass( X, 1) generated by the set Xy, ../
then 7 = X" 1, is a graded ideal. We will show that for 7 = O we have /, N SLie( X, n) = 1.
Suppose a € f,.ﬂ M SLie( X, 1), buta & I, , i, # 0. We represent the element a as a sum of
words a = X w (x; , a; ), where 0 < k|, [/| < n, a; , € [, the degree of each word w,
with respect to {a; ) is not zero, w (x, ,, a,,) € Ass( X, n), and w¥ = —w,.
Let T =(T_,, T,) be the ideal of the Jordan pair (SLie( X, n)_,, SLie( X, nn),) intro-
duced in §2. By Lemma 2.3, there exists a natural number m such that the quantity
w,(x; 4 a; pJad({T_,, T,1)" is a sum of commutators, each of which has degree at least 1
with respect to {a;,}. Thus, aad({7T_,, T,1)" € I. By hypothesis, (T, T7) is a nonzero

ideal of the Jordan pair (.%_,, .£,). By Lemma 1.5, the Jordan pair (%_,, &) is simple.
Thus, (77, TPy =(%_,, %) and a¥ad([.Z_,, % )" = (. Since .% 15 simple, it follows
that @¥ = 0, a € 1. Contradiction. We have shown that T, N SLie( X, n) = I.. Therefore,
the mapping % ® a,+ I/I = a,+ I/I is a specialization. The graded algebra . is
special, and [, [[Z_,, L. 1. [Z_,. £, 1] # 0. By the results of §2, & 15 an algebra of type
[ or II. The theorem is proved.

§9. M-Graded Lie algebras

i

Suppose A 1s a torsion-free Abelian group and M is a nonzero finite convex subset of A
containing 0 such that A = gr{ M). Assume that there is defined on a simple Lie algebra &
a nontrivial A-grading =% __, %, % =0fora& M, dM)<(p+1)/2, and M
consists of all lattice points of the convex hull of the set {a € A|L, # ().

We call an M-graded algebra % special if there exist an M-graded associative algebra
R=% -AR, where R, =0 for « € M, a subspace Z C Z(R) " R, and an embedding
¥ R /Z preserving the grading. _

Let r be the rank of A; A=Z ® --- @ Z (r summands). The convex hull of M is a
convex polyhedron in r-dimensional space with integral vertices, and each face of this
polyhedron has at least r vertices. In other words, there exists a finite family of
homomorphisms f;: A ~» Z such that

M=1{ae Alf(a) <m,,m €2},
{alfi(a) =m,;, &, + 0}|=r foreachi.

The case r = 1 1s covered by Theorem 1. Assume r > 2. I % is locally finite-dimensional
over its center, then by repeating the argument in the proof of Lemma 4.2 and using
Lemma 4.3 we can show that % is either special or isomorphic to the Tits-Kantor-Koecher
construction of the Jordan algebra of a symmetric bilinear form.

Assume that the simple M-graded algebra .2 is special, U = £, ,,/, 15 the universal
enveloping associative M-graded algebra for #; U is the quotient algebra of U with
respect to the Baer radical. We identify the elements of %, o # 0, with their images in U,.
On the algebras U and U there acts an involution * sending each homogeneous element
aef, a+0,into —a. For r > 2 it follows from the results of §2 that %, = K(U,, *),
a # 0, the involutory algebra (U, *) is simple, and &= K (U, *).

Our goal in this section is now to prove that a simple M-graded Lie algebra that is not
locally finite-dimensional over its centroid is special. This will complete the proof of
Theorem 2. We shall assume without loss of generality that the centroid T is an
algebraically closed field such that card I" > dim ..%.
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LeMMA 9.1. Suppose there exists a nonzero element a € R such that a* = +a and
a® = a{K, Kla = 0. Then the algebra R is locally finite-dimensional over T

Proor. Assume first that ¢ € K. Then the subspace [K, K. a] lies in the Kostrikin
radical of the algebra [ K, K']. The Kostrikin radical of [K, K] coincides with its center;
hence[K, K, a] C Z([K, K]} £ Z(R)C I'. Since a[K, K, a] = 0, it follows that [ K, K, a]
= 0 and [a, R] = 0. Since the center of R contains no nonzero nilpotent elements, ¢ = 0.

Let us now assume a* = a. By what was proved above, aKa = 0. Any element x € R
can be represented in the form x = x, + x,, where x¥ = x_and x§ = -x,. Obviously,

axaya = ax ay.a = a{x.ay, — y.ax,)a + ay.ax,a = ay.ax,a = ayaxda.

We define on the I'-space R a new multiplication x # y = xay and denote the resulting
algebra by R{®). We have shown that R?) is commutative.

The space Ann = {x € R|axa = 0} is an ideal of R, and the quotient algebra
R} /Ann is simple. In view of the restrictions on the field T we have R /Ann = [,
Thus, dimpaRa = 1. This easily implies that R is locally finite-dimensional. The lemm: is
proved.

Suppose f: A — Z 15 a nonzero homomorphism, %= Y" % %7 =3{.% |f(a)=1i}isa
nontrivial finite Z-grading, and dim .%,, > 2. It was shown in §2 that there exists a simple
involutory algebra (R = X" R, *), R¥ = R, such that

= Z K, + Z [K—r‘st]/ Z [K”,Kf]ﬂZ(R:)

O<|i|<m O<ism O<igm
= [K,K]/Z([K, K]),

where K = K(R, *). The algebra R is generated by the set L.y, % € [K, K.

For any elements o, € £, . @; # 0,1 < i < g, whena = Lje; + QO we have ay - - a, +
a,--- a €%, Indeed, when Zq_ ;. ,,&; # 0 this follows from the results of §2. Suppose
F=2  +F+ £, It follows from the results of {15] that either the Jordan pair
(Z_,.» &L, ) is reflexive or there is a nonzero element a,, € %, such that [#,a,,4a,]C
I'a,,. Since £ is not locally finite-dimensional, the pair (&_,,, £,,) is reflexive and again
ay - a,+a, a4 e, ifa + - +a,= +m

Therefore, when i #+ 0 we have %,.%,.%, C %%, +.Z.. Thus, the subalgebra 4, gener-
ated by the subspace Y cieml K_p K] lies in X7 [K, K}, and the subalgebra A,
generated by the space.# ., = T, o.&, ; lies in 37_,[K, K]’ Then

. 7
R=(A+A+A4,A)T-1+4,)+4,< Y [K, K]
i=1

The grading of the algebra [K, K]/Z([K, K1) can be lifted to a grading of the algebra
[K, K] =%, [K, K]

We will show that for any convex M-grading [K, K]=Y¥_.y[K, K], we have R, = 0
for @« & M. Since the set M is convex, it suffices to prove that for any grading
[K,K]=1X"[K, K],wehave R, = O for |i| > n.

Choose an element a; &€ [K, K},,i > 0, and consider the subalgebra I'(a;) generated by
it in R. For any element ¢ € I'(a;) and any homogeneous subspace [K, K], we have

alK, K], c [K.K];a+(I'(a,)+T - 1)K, K];+:(T(a;)+ T -1).
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Therefore, «*"* YK, K]; € R, and ¢*"*™/[K, K] € Ra. By what was proved above,

aa”“"”TR _ a(2”+n7 c Raln+1 C Ra.

2 k0

If @27+ = 0, then the fact that R has no *-invariant ideals implies that R = Ra@®"+ 1R
= Ra = aR and a 1s invertible. Thus, each element of the subalgebra I'(a;) 1s either

invertible in R or nilpotent. Assume that «, is not nilpotent, i.e., is invertible. Consider the
spectrum of a:

Spec{a;) = { A € T|1 - Aq, is not invertible in R}.

For any coefficient A € Spec(a,) we have

(1 . }\ai)(‘ln-ivl)? _ a;-(anrl]-"(a‘ . ?\02)(2”+l)7 -0

i i

Consequently, if [Spec(a,)| > (2n + 1)7, then a®"*Y' =0, a contradiction. Thus. the
cardinality of the resolvent of a, is equal to that of the field T" and exceeds dim-R. By a
theorem of Amitsur {28], a, is algebraic over I'; dim I'(a,) < oo. Moreover, the subalge-
bra I'(a;) contains no proper idempotents of R. Therefore, the quotient algebra modulo
the radical, I'(a,)/N, is a division algebra. Since I is algebraically closed, I'(a;) = I'- 1 +
N Assumea,=a-1+n wherea€llandn e N. Then —a,=af=a-1+ n* = ~a -
1 —n. Thus, 2a = -n* —n € N,a=0,a, € N Contradiction.
Suppose a, € ¥, We have (K, K]a2 € a,(R+ T - 1)and

[K,Klalc [K, K] {R+T 1).

If a?+0, a4+ =0, d > 3, then a?[K, K]a¥ C ad“’l(R + I' - 1) = 0, which contradicts

H -

Lemma 9.1. Thus, for any element a, € .%, we have a2 = 0. Since char T > 3, it follows
that

(K. K],[K.K1[K.K], = 0.

Suppose a; # 0. Then a.[K, Kla} € [K, K]2(R + IT - 1) = 0, which also contradicts
Lemma 9.1. Thus, [ X, K}n[fx, K], =01Ilfa,e K, K],and b, € [K, K|,, then

=0, ifi #= —n,
anb10n=%[ n?b a ]{egn’ ifi = —n.
Assume > 0, a, € [K, K];, and [K, K],a; # 0. Suppose (K, K)l,a¢ + 0 and
[K, K],a{"" = 0. Choose an element a, & [K, K], such that a,a{ # 0. For any element
b; & [K, K} ; we have

H
o

, ifj# —n,

i had)

d
a,df ba”a,{ ; ] 24
)~n= an a;

I 2

= i{a ifj = —n.

nr

We have shown that [K, K],[K, K1, = 0 for i > 0. It can be shown analogously that
[K,K]_,[K,K],=0for i <0. It follows that R, = 0 for |i| > n. Theorem 2 is proved.
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