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1. INTRODUCTION

An inner ideal of an associative ring R is an additive subgroup V of R such
that [V[VR]] C V. This paper examines the inner ideal structure of semi-
prime associative rings and of the skew elements of prime rings with involu-
tion. The results are analogous to those obtained by Herstein, Baxter, and
Erickson for the Lie ideals of these rings. In the special case when R is a
simple Artinian ring with center Z of characteristic not 2 or 3, and of dimen-
sion greater than 16 over Z, then [RR]/Z N [RR] is a simple Lie algebra over
Z satisfying both the ascending and descending chain conditions on inner
ideals. Every inner ideal has the form eRf for e, f idempotents of R such that
fe = 0. Moreover, if * is an involution on R and if K denotes the skew
elements relative to *, then [KK]/Z N [KK] also satisfies both chain condi-
tions on inner ideals. Every inner ideal of this algebra can be written as eKe*
for some idempotent e of R such that e¥e = 0.

The motivation to study inner ideals in Lie algebras can be found in a
recent paper [3] by the author. The inner ideals of a Lie algebra are closely
related to the ad-nilpotent elements, and certain restrictions on the ad-
nilpotent elements yield an elementary criterion for distinguishing the non-
classical from classical simple Lie algebras over algebraically closed fields of
characteristic p > 5.

In what follows R is a noncommutative, associative ring. Say R is n-forsion
free where n is a positive integer if, in R, nx = 0 implies x = . Let Z denote
the center of R, and given elements «, b in R, let [@b] = ab — ba. Then
Z —{acR|[ab] == 0 for all b in R}. Alternatively, given any 4 in R if
D (r) = [ar], then Z = {ae R| D, = 0}. For subsets 4, B of R use [4B]

* Most of the results of this paper are contained in the author’s doctoral dissertation
written under the guidance of Professor Nathan Jacobson. The author wishes to
express her appreciation to Professor Jacobson for his advice and encouragement.
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to denote the additive subgroup of R generated by all the elements [ad]
where a € 4, b€ B. Then an additive subgroup U of R is a Lie ideal of R if
[UR] C U, and an additive subgroup V of R is an inner ideal of R provided
[VIVR]] C V. An element ¢ in R is an absolute zero divisor of Rif [¢[tR]] = 0,
or equivalently if D2 = 0. It is apparent that the additive subgroup generated
by an absolute zero divisor is an inner ideal of R. As we will see in the next
section the only absolute zero divisors in most well-behaved rings are elements
of the center.

2. ABSOLUTE ZERO DIvISORs

A ring R is said to be semiprime if its only nilpotent ideal is (0). A well-
known result of Herstein states: Let R be a semiprime 2-torsion free ring.
If [¢[tr]] = O for every r in R, then £ belongs to Z, [7, p. 5]. As we will see
below this result extends easily to [RR]. The proof uses the following identity
derived in [3].

Whenever R is a 3-torsion free ring and there is an element ¢ in R so that
D3 = 0, then for any r in R:

(Dppe)* = D2D,2D2. (2.1)

LemMA 2.2. Let R be a semiprime, 2- and 3-torsion free ring and let t be an
element of R. If [t[tr]] = O for everyr € [RR], thent € Z.

Proof. Let r e R. Since D3(r) € DX[RR]) = 0, and since R is 3-torsion

free, then for every s in R,
(Dp 2y)*(s) = D2D2D(s) € D([RR]) = 0.

Hence for each r in R, D(r) is an absolute zero divisor, and by Herstein’s
result DX(r) € Z. From 0 = DX[rs]) = [D&r), s1 + 2[D,r), Dys)] +
[r, D&(s)] obtain [Dy(r), Dgs)] = O for r and s arbitrary elements in R. Now
letr = tD(s) in this equation. Then 0 = [D(1D,(s)), D(s)] = [tD(s), Dy(s)] =
DE(s)[t, Dys)] == (D3(s))2.. Because R is semiprime the only nilpotent
element in Z is 0. Thus D2(s) = 0 for all s € R, and Herstein’s result says
teZ.

Remark. Herstein [9] has proved a more general version of the last lemma:

THEOREM 2.3. Let R be a semiprime, 2-torsion free ring and let U be a Lie
ideal of R. If [t[t, u]] = O for all ue U, then [tu] = 0.
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He obtains Lemma 2.2 as an easy consequence. The alternative proof is
given here because of its elementary nature and because it will be imitated
in the study of absolute zero divisors in skew elements of rings with involution.

A ring R is said to be prime if aRb = (0), a, b € Rimpliesa = 0or b = 0.
The following are equivalent formulations of primeness (see [8, p. 44]).

LemMa 2.4.  Ris a prime ring if and only if:

(1)  the right annihilator of every nonzero right ideal of R is (0).
(2) the left annihilator of every nonzero left ideal of R is (0).
(3) if A, Bareideals of R and AB = (0), then either A = (0) or B = (0).

LEMMA 2.5.  Let R be a prime, 2-torsion free ving and let U be an ideal of R.
If[tftu)) =0 forallue U, thente Z.

Proof. Invoke Theorem 2.3 to obtain [tu] = 0 for all uc U. For re R,
0 = [¢, wr] = uftr]. Thus, {tr]is in the right annihilator of U, and so [tr] =0
for all r € R, implying that te Z.

This lemma also has a more elementary, direct proof. Suppose [#{tu]] = 0
for all ue U, and let D(r) = Dy(r) for re R. Then D*u) = 0 for all u e U.
Replacing u with ur for r € R gives

0 = D*ur) = 2D(u)D(r) + uD*r).

If D(u) is substituted for u, then this equation becomes 0 = D(u)D(r).
Finally, replacing u with D(r)u we get D*r)uD?(r) = 0 for every ue U.
Since D*r) is in the left annihilator of UD¥r), and since the right annihilator
of Uis (0), D¥r) = 0 for all r € R. Consequently, ¢ & Z.

Assume now that R is a prime ring. Let S = {p: I -—> R} where I is any
nonzero two-sided ideal of R and ¢ is any R-homomorphism of [ into R
regarded as right R-modules. Let Q be the set of equivalence classes deter-
mined by the following equivalence relation on S. If ¢ is defined on I, , 3 on
I,, then @ ~ i if @ = ¢ on some nonzero two-sided ideal I, CI; N I,. In
addition Q is a prime ring with addition defined on the intersection of ideals
and composition defined on the product of ideals. The ring R is imbedded in
O as left multiplications and the center C of O is a field called the extended
centroid of R. For more details see Martindale’s paper [11].

If R has an involution, *, the involution can be extended to CR, the
central closure of R, by defining a map ¢ — ¢ on the extended centroid:
ox == (cx*)* for xel, a *-ideal of R such that ¢/ C R, and extending by
linearity to CR. An involution is of the first kind if the induced involution on
the extended centroid is the identity map. Otherwise it is said to be of the
second kind.
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Let R be a 2-torsion free ring with involution * and let K be the skew-
symmetric elements relative to *. Our goal will be to study absolute zero
divisors of K when R is prime. For this purpose three results will be particu-
larly helpful.

Levitzer's Lemma 2.6. (see [7, p. 1]) Let R be a ring and (0) # I be a
right ideal of R. Suppose that given any a1, a® = 0 for some fixed integer n.
Then R has a nonzero nilpotent ideal.

Lemma 2.7. ([7, p. 43])) Let R be a semiprime ring with involution * such
that 2R = R. Let K denote the skew-symmetric elements in R. If aKa = 0 for
some ac K, then a = 0.

The proof follows from Levitzki’s lemma since every element in ¢R has
cube 0.

THEOREM 3.8.([4]) If R is a prime, 2-torsion free ring with involution * of
the first kind, then K, the subring of R generated by the skew elements K,
contains a nonzero *~ideal of R unless R is an order in a simple ring which is at
most 9-dimensional over its center.

Let us assume then that R is a prime ring with involution * of the first kind,
2R = R, and R is 2-torsion free. Moreover suppose that R is not an order in
a simple ring of dimension less than 9 over its center. Let K be the skew-
symmetric elements and .S be the symmetric elements relative to *.

Levma 2.9. If t€ K and [tK] = 0, then t = 0.

Proof. Because [tK] == 0, [tK] = 0 for K as in Theorem 2.8. Therefore,
by Erickson’s Theorem 3.8, # commutes with an ideal of R. In view of
Lemma2.5te Zn K = (0).

THeoreM 2.10. If [t[tK]] = O for t € K, then t = 0.

Proof. For every se.S, st tse K. Therefore, 0 = [, ts + st]] =
[¢, s — st?]. Furthermore, for every k€ K, [¢t, t*k — kt?] = [¢, t(th — kt) +
(tk — kt)t] = 0. Thus, for everyr € R, [t, > — r#?] = 0, and £ is an absolute
zero divisor of R. By Herstein’s result, 2 € Z. If 2 = 0, then 0 = [#[tk]] =
—2tkt implies tht = Oforall k2 € K. From Lemma 2.7, # = 0. We may assume
then 2 5 0. However, [¢[tk]] = O gives O = (k¢ - tk)t, and thus, (k2 - tk)i? = 0.
For each re R, 0 = (kt — th)t?r = (kt — tk)rt®, which says kt — th = 0
for all £ € K. We conclude from Lemma 2.9 that ¢ = 0.

This theorem can be extended to give a result about the derived algebra of
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K, but this will be a direct consequence of the next lemma which will be
proved in its most abstract setting.

LemmMa 2.11. Let L be a Lie algebra over a commutative ring k such that L
is 3-torsion free. Suppose D,HL) =0 implies x = 0. If D X[LL]) =0, then
v =0.

Proof. Take y €L such that D [LL]) = 0 and observe that D 3L) C
DA([LL]) == 0. Identity (2.1) implies that for every velL, (Dp sy)¥v) =
D 2D 2D 2v) C D[LL]) = 0. By hypothesis then D2(u) = 0 for every
u € L. One more application of this assumption gives y = 0.

CoroLLARY 2.12. If [t[{{KK]]] = O for te K, then t = 0.

With the same notation as before, assume now that the involution * is of
the second kind, so the involution extended to the centroid is not the identity.
Let Cy ={ceC|¢ = —c} and let C5 = {ceC ¢ = ¢}. Since Cx 5 (0),
we may take a € C, o % 0 with Cx = aCg . Let I be the nonzero *-ideal
of Rsuch that I C R. Define 8’ = SNl and K' = KNI

Tueorem 2.13. Let t € K, the skew elements of a prime, 2-torsion
free ring R with involution * of the second kind. If [t[tK]] = O then
te Z.

Proof. The fact that [t[tK]] = 0 implies [{[tCS]] = [{taCS'] =
Csltlt, oSN C Colt[tK]] = 05 [t[tCeK]] = Cx[t[tK]] = 0; [f[tCsK]] =
Cs[t[tK]] = 0; and [#[tCS"]] = a1C[t[t, «S']] C o 2C[¢[tK]] = 0. From
these calculations we see that D}(CK -+ CS’) = 0, and in particular that
DXCK' 4 CS8") = 0. Since CK' + €S’ is an ideal in the prime ring CR,
Lemma2.5sayste CNR = Z.

THEOREM 2.14. With notation as in Theorem 2.13 suppose there is a t € K
such that DA([KK]) = 0. Then te Z.

Proof. Let D(x) = D,(x) for all xeR. Since DX[KK]) =0, then
D¥K) = 0. This implies that for &, &' € K, (Dp)¥ k') = D2D,2D¥k') C
D¥[KK]) = 0. By the previous theorem, D*(k) € Z for all ke K. It follows
that D¥(CK + CS’) C C and that every u, v € CK 4 CS', [D(u), D(v)] = 0.
Letu = tD(v) forve CK' + CS'. ThentD(v) e CK' + CS’since CK'+ CS’
is an ideal of CR. Therefore, 0 = [D(tD(v)), D(v)] = [tD*v), D(v)] =
{D*(v))2. Because D*(v) € C and is nilpotent, D¥(v) = 0forallv e CK' -+ CS'.
By Lemma 2.5t € C, and hence, t € Z.
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3. INNER IDEALS IN SEMIPRIME RINGS

Assume for the moment that R is an arbitrary associative ring. For any
additive subgroup V of R define: T(V) = {te R|[V[tR]] C V}. It is easy
to show that T'(V) has the following properties: (1) T'(V) is an inner ideal of R.
(2) T(V) is a Lie subalgebra of R. (3) If " is an inner ideal of R, V C T(V).
Moreover, (4) T'(V) is a subring of R.

Property (4) can be verified in this way: Let ¢, , t,€ T(V), ve Vandre R.
Then [o[tyty, r]] = [olt, , tor]] + [9[t,, i)l € V.

In our investigations of the inner ideal structure of a semiprime ring the
inner ideals T(¥) will enable us to reduce our considerations to inner ideals
which are also subrings, a much easier case to handle.

The next two theorems due to Jacobson are included for future reference.
They will be quite useful in our work and are of independent interest.

THEOREM 3.1. Let R be a central simple associative algebra over Z. If
tc R, and D = D, is algebraic of degree n, then t is algebraic of degree < n.

Proof. Use the symbol ¢ to denote left multiplication by ¢in R, £, (r) = tr.
Likewise let g be right multiplication of R by ¢. Therefore D = — tg .
If f(A) = A" + A" ' + - + a, , o; € Z is the minimum polynomial of D,
then

(tr — tR)" + oty — tr)" 1 + - + o = 0.
This gives
B aylta) B+ anlte) = 0 (1)

where a,(}) is a polynomial of degree < i. It is well known that R ); R =«
R, Ry where R is the opposite ring of R, R, = {a; |a€ R} and Rg =
{ag la€ R}. If t, -- ¢, are linearly independent over Z, then #;; ,..., ¢, are
linearly independent over Rg. From (1) it follows that 1, ¢,..., #* are linearly
dependent over Z. So # is algebraic of degree < n.

TueOREM 3.2. Let R be as in Theorem 3.1 and assume Dy is nilpotent of
index n for some te R. Then t is algebraic and its minimum polynomial has
precisely one root in the algebraic closure of Z. Moreover, n is odd, and the degree
of tisr = (n + 1)/2. If the characteristic of Z is O or >r thent = o. 1 + 5
where « € Z and s is nilpotent of index r.

Proof. By Theorem 3.1, t is algebraic. Let Z denote the algebraic closure
of Z, and let f(A) be the minimum polynomial of ¢. Consider R = R ®, Z.
Now R = @® R, where o runs over the roots of f(A) in Z and R, =
{x,€ R| (tx — al)’x, = O for some integer ¢}. Also R = (D, R where a is a
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root of f(A) in Z and ,R = {,xe R | (t, — od)® ,x =0 for some integer e}.
Since ¢, and tg commute, R = @, R; where ,R; = R N Ry Suppose a 7 B
and x € ,R;. Then (#y — tg — (« — B))°x = 0 for some e. But since D =
t; — tg is nilpotent, this implies ¥ = 0. Hence, ,R; = 0 unless « = 8.
Thus, R = R, = R, . Now R, is aleft ideal of R and R is a right ideal of R.
As a result of this R, = ,R, = R is an ideal of R, and so R = ,R = R, for
some o € Z. Therefore f(A) == (A — a)" where r <{ n. Let Ty = t; — of and
T, — Ty — ol. Because I, Ty,..., 77" are linearly independent over Rg
we have (T} — To)*2 £ 0. But (T} — To)*t =0 since T, and T, are
nilpotent of index r. Therefore, the index of nilpotency of D = T; — T} is
2r—1. So n =2r— 1 and r = }n + 1). Moreover f(A) = (A — a)" =
A = pod™1 £ oo + —(1)7a € Z[A]. It 7 is not divisible by the characteristic
of Z, ra € Z implies a € Z.

Herstein [9] has studied the Lie ideal structure of semiprime associative
rings. His investigations show:

Tueorem 3.3. Let R be a semiprime, 2-torsion free ring, and let U be a Lie
ideal and a subring of R. Then either U C Z or U contains a nonzero ideal of R.

TueoreM 3.4. If Uis any Lie ideal of R, then U C Z or U 2 [IR] for some
nonzero ideal I of R.

TueoreM 3.5. If V is any additive subgroup of R such that [VU] C V for
some Lie ideal U of V', then either [VU] = O or there is an ideal I of R such that
0 £[IR]C V.

Our study of inner ideals will yield results resembling these theorems.

Lemma 3.6. Let R be a semiprime, 2- and 3-torsion free ring and let V
be a Lie subalgebra of R such that [V[V[RR]]) C V. If V* =0, then [VV] =
V2 = 0, where V'™ is defined inductively by V1 =V, V'™ = [V, ™.

Proof. If n = 2, there is nothing to prove. So assume n > 2. For each
xe V1 x[x[RR]]] C [xV"*] C V* =0. Hence, by Lemma 2.2 I'*-1 C Z.
If we knew that V-1 C Z implies V'*1 = 0, the proof could be completed by
an inductive argument. Thus, it suffices to show '™ C Z implies V'™ = 0
for m > 2. Assume x€ V™' and ye V, and let « = [xy]e€ Z. Let D(r) =
[xr]. For every r € R D¥r) e D[RR]) C [V [V VYRR)]]C V™ CZ
Letting r = sy for s arbitrary in R we have D4(sy) = D(s) y + 4D¥s)D(y) C Z.
This says By + 4D3(s)a € Z for B = D¥(s) € Z. Therefore [By -+ 4D%(s)a, y] =
0 and hence, ofD%(s), y] = 0 for every s € R. In particular, if s = xy3, then
Ds) — o(D(v)), and a[D¥s), v] — O implies 0 = ofs(D()’, 3] — odfx, ¥] =
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of. Since « is a nilpotent element of the center of R, « = 0. In this way
[x,¥] = O for each xe V™ and y € V, thatis, V™ = Q.

Treorem 3.7. Let R be a semiprime, 2- and 3-torsion free ring, and let T be
an inner ideal and a subring of R. Then T contains a nonzero ideal of R or
[TT]=0.

Proof. Suppose xe[TT),ye T,re R. Then x(yr) — (yr)x = (xy — yx)r +
y(¥r — rx). The term on the left is in T because [xR] C T, and the last term
on the right is in T since T is also a subring. Consequently, (xy — yx)R C T.
Therefore, [[ry, (xy — yx)rJ(xy — yx)ry) € T for r,, r;, r, € R. Expanding
this product one sees that every term is in T with the possible exception of
ro(xy — yx)ry(®y — yx)ry, so it must be in T too. Thus, for every r € R,
R(xy — yx)r(xy — yx)R C T. Either there is an re R, xe{TT], ye T for
which (xy — yx)r(xy — yx) 54 0 (in which case T contains an ideal of R) or
for every xe[TT], ye R, re R, (xy — yx)r(xy — yx) = 0. This implies
xy — yx = 0, and hence, [[TT]T] = 0. By Lemma 3.6, [TT] = 0.

THEOREM 3.8. Let R be as in Theorem 3.7 and suppose V is an inner ideal
of R. Then either

(1) [VV]=0;o0r
(2) there is a nonzero ideal | of R such that V D [ JR]; or
(3) V centralizes a nonzero ideal of R.

Proof. Define T(V) as above and apply Theorem 3.7 to T(V). Then
either [VV]C [T(V)T(V)] = 0 or T(V') 2 I for some nonzero ideal I of R.
From the definition of T'(}') we see that the second possibility gives [V[IR]] C
V. Observe that [IR)] is a Lie ideal of R. Hence, by Theorem 3.5, either there

is a nonzero ideal J of R such that ¥V 2 [JR] or [V[IR]] = 0. If [V[IR]] =0,
then [V[{V]] = 0 and, by Theorem 2.3, [V, I] = 0.

CoroOLLARY 3.9. Let R be a simple ring of characteristic not 2 or 3. If V'
is an inner ideal of R, then V' O [RR] or [VV] = 0.

One can say more about the case [V'V] = 0 when R is simple.

Lemma 3.10. If V is an inner ideal in a simple ring of characteristic not 2
such that [VV] = 0, then for each v € V thereis an o € Z such that (v — o) =0.

Proof. For each veV, reR, D3r)C D(V)=0. By Jacobson’s
Theorem there is an « € Z with (v — «)? = 0.
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CoroLLARY 3.11. Let R be a division ring of characteristic not 2 or 3 and
suppose V is an inner ideal of R. Then V D [RR] or V C Z.

Proof. By the previous lemma the case [F'V] = 0 implies V C Z,

TueorEM 3.12. Let V be an inner ideal of [RR] where R is a semiprime,
2- and 3-torsion free ring. Then either:

(1) [VV]=0;o0r
(2) V 2 [JR] for some nonzero ideal | or R; or
(3) V centralizes a nonzero ideal of R.

Proof. Since V is an additive subgroup of R, we define T(V) ==
{teR|[V[tR)] C V}. T(V) is an inner ideal and a subring of R, so either
T (V') 2 I for some nonzero ideal I of R or [T(V)T(V)] = 0. If the first case
occurs, then [V[IR]JC V, and one can argue as before that this implies
V 2 [JR] for J a nonzero ideal of R or that V centralizes a nonzero ideal of R.
If [T(V)T(V)] = 0, we have more work to do. Let U(V) = {ue [RR] |
[VI«[RRN]C V}. Then U(V)is an inner ideal and Lie subalgebra of [RR],
and one verifies readily that [U(V), U(V)] C T(V). To simplify matters let
T=TW) and U = U(V). Recall we are assuming [TT] = 0. Hence
[[UUL[UU CITT] = 0. Now for xe U3, re[RR] [x[xr]]e[U3, U%] C
[U20%] = 0. So, by Lemma 2.2, U3C Z. However, because U* = 0,
Lemma 3.6 implies U? = 0. Thus, [V'V] C [UU] == 0, and this concludes
the proof.

CoroLLARY 3.13. Let R be a simple ring of characteristic not 2 or 3. For any
ideal V of [RR], [VV] = 0or V == [RR)].

The case [VV] = 0, V € Z for an inner ideal can actually occur even when
R is simple. For example, let R = M, (D), the ring of n X n matrices with
entries in a division ring D. If ¢;; denotes the canonical matrix unit then for
i # j De,; is an inner ideal of R and also of [RR].

LemMA 3.14. Let R be a simple ring of characteristic not 2 or 3 and let V
be aninner ideal of [RR] such that [VV] = 0. Then for eachve V, (v — a)2 =0
for some x e Z.

Proof. For each veV, DXr)e D23[RR]) C [VV] =0. By Jacobson’s
Theorem the index of nilpotency of D, must be odd. Hence D,¥R) = 0,
which implies (v — «)? = 0 for some a € Z.

CoroLLARY 3.15. Let R be a division ring of characteristic not 2 or 3 and
suppose V is an inner ideal of [RR]. Then V = [RR] or V C [RR] N Z, and
thus, [RR]/Z N [RR) has no nontrivial inner ideals.
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4. TuE INNER IDEAL STRUCTURE OF A PRIME RING wiTH INVOLUTION

Herstein [6] has investigated the Lie ideal structure of the skew elements
of a simple ring of characteristic not 2. His main result states:

THEOREM 4.1. If R is a simple ring of characteristic not 2 with involution
and if U is a Lie ideal of K, the skew elements, then either UC Z N K or
U D [KK] provided the dimension of R over Z is greater than 16.

Baxter [2] has shown that a similar result is valid for Lie ideals of [KK].

TreoreM 4.2. If R is a simple ring of characteristic not 2 with involution
such that the dimension of R over Z is greater than 16, then any proper Lie ideal
of [KK] is contained in Z N [KK].

In a recent paper [4] Erickson has extended both these results to prime rings
with involution.

THEOREM 4.3. Let R be a prime, 2-torsion free ring with involution * such
that R is not an order in a simple ring of dimension less than 16 over its center.
If U is a Lie ideal of the skew-elements K, then U C Z N Kor U2 [IN K, K]
Jor some nonzero *-ideal I of R. Similarly, if U is a Lie ideal of [KK] then
UCZnN[KK]or U2[IN K, K] for some nonzero *~ideal I of R.

In this section we study inner ideals of prime rings with involution. The
lemmas and theorems follow the general outline used by Herstein and
Baxter. A beautiful treatment of their results can be found in [7]. We adopt
the same notation that was used in Section 2. Thus, we always assume R is a
noncommutative prime, 2-torsion free ring such that 2R = R and such that R
is not an order in a simple ring of dimension less than 16 over its center. Let *
be an involution of the first kind on R and let K be the skew-symmetric
elements of R relative to * and § the symmetric elements. Under these
hypotheses we have shown that the only absolute zero divisor of K is 0. The
next lemma concerns arbitrary Lie algebras with this property.

Lemma 4.4. Let L be a Lie algebra such that the only absolute zero divisor
of L is 0. If V is an inner ideal and a Lie subalgebra of L with V™ = (0), then
V2 = (0).

Proof. If n = 2, there is nothing to prove, so assume z > 2. Because
[V V=1L]] C V* = (0), every element of V"1 is an absolute zero
divisor. Therefore V*~1 = (0), and an inductive argument concludes the
proof.

Let us return now to prime rings with involution.
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LevMa 4.5. Let T be an inner ideal of K and assume ue T° = [[TT]T].
Then w?s — su? € T* for every s€ S.

Proof. Since us + su e K, u?s — su? = [u, us 4 su] e T=
Now let V be a fixed additive subgroup of K, and let T = T(V) = {t e K|
[V[tK]] C V3. Then T is an inner ideal and a Lie subalgebra of K.

Lemma 4.6. For t,u,ve T, tut € T and hence, tuv + vut € T.

Proof. Suppose weV, and ke K. Then [w[tut, k]] = [wlu, tkt]] +-
[w][t, utk + ktu]] and both these terms are in V. From the definition of T(V'),
tut € T'. Replacing ¢ with ¢ + © we obtain tuv 4 vute T.

THEOREM 4.7. Let uc T3 and v € T2 Then for every r € R (u*o — vut)r —
r¥utv — v?) e T.
Proof. Consider two different cases: r =seSandr = ke K
(1) (u20 — vu)s — s(uPo — vu®) = (uBs — sub)o — v(u®s — sul)
+ w¥(vs — sv) — (vs — sv)ul.
The first line on the right is in 73 by Lemma 4.5 and the second is in T2, so
the sumisin 72C T.In case (2), r = ke K,
(u*v — vut)k + k(1Pv — vu?)
= 1w¥(vk + kv) — (vk + koy? + v(ku? — w2R) + (ku® — kv
o(ku? — u?k) + (ku? — w?k)v mod T2
o{(ku — ukyu + w(ku — uk)} + {(ku — uk)u + u(ku — uk)}v mod T
= [o[[ku]u]] + 2{vu[ku] + [ku]uv} mod T?
== 2{vulku] + [ku]uv} mod T2

i

Il

However, by Lemma 4.6, 2u[ku] 4 [ku]uw € T so the proof is finished.

Throughout the course of this proof we have been extremely careful to
note that certain elements are contained in 72 This information will be used
in the proof of the next lemma. We will show that if #?v — vu? 5 0 for some
ueT? veT? then T 2 IN K for some nonzero *-ideal I of R. Let a =
w*v — vu? for u e T3, ve T? By the preceding theorem ar — r*a e T for all
reR.

LimMa 4.8. For every ke K, re R, kar + r*ake T.

Proof. By the proof of Theorem 4.7 forse Sas — sae T?,s0 [k, as — sa] e T
for each ke K. This says kas — ksa — ask + sak e T. But the element
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a(sk) — (sk)*a is already in T, so kas + sak € T. Now let &' € K. As we saw
in the proof of Theorem 4.7, ek’ + k'a = 2{vu[k'u] +- [k'uluv} mod T?; thus,
[k, ak’ + R'a] = 2[k, vu[k'u] + [k'u]uv] mod T. However, if y, x € T%, then
[k, xyx] = [kxy + yxk, x] + [xkx, y] € T. By linearization, if x, y, ze T%,
then [k, xyz + zyx]e T. This implies [k, ak’ - k'a] = kak' + kk'a —
ak'k — K ak belongs to T. But kk'a — ak'k is in T by the previous theorem.
Consequently, kak’ — k'ak € T for every &, k' € K.

TueoreM 4.9. If there exist elements u € T3, v e T? with w?v — vu? £ 0,
then T 2 I N K for I a nonzero *-ideal of R unless R 1s an order tn a simple ring
which is at most 9-dimensional over ils center.

Proof. Suppose there are elements u € T3, v e T?witha = w?0 — vu® #£ 0.
We have shown I" D {ar — r*a|re R} and T D {kar + r*ak |re R, ke K}.
The product [ar — r*a, aqg — q*a] = —r*a?q + q*a’r mod T for every 7,
g€ R. Because T is a subalgebra this implies r*a?q — g*a®r € T for every 7,
g€ R. Now either a* = 0 or T 2 I N K where I = Ra*R which is a *-ideal
of Rsince a€ S. So assume a? = 0. For every te T, ke K, r€ R, [t, kar 4-
r*ak] = tkar 4 (tr*)ak — ka(rt) — r*aktisin T, and thus, thkar — r*akt e T.
As a result of letting t == faq 4 q*af, q*alkar — r*akfaqe T. Either
a(tk + kf)a = 0 for every &, /€ K or for some &, /€ K I = Ra(tk + kf)a
R is a *-ideal such that I N K C T. Similarly, either a(¢k — kf)a = 0 for
every k, € K or T 2 I N K for some nonzero *-ideal I of R. Thus, we may
suppose a(kf -+ fk)a = 0 and a(kf — fk)a = O for all &, £€ K. This implies
aklfa = 0 for all k, £ € K. Now Herstein [7, p. 28] has shown that the additive
subgroup KK generated by all the products &£ for &, /€ K is a Lie ideal
of R. So by Theorem 3.4 K-K is contained in Z or it contains [ JR] for some
nonzero ideal [ of R. In the first case Erickson [4] has shown R must be an
order in a simple ring which is at most 9-dimensional over its center; in the
second case af JR]a = (0). Forany ye J,re R0 = 4[y, arla = ayara since
a® = 0. Hence, aJaRa = (0). Because the left (right) annihilator of any left
(right) ideal is (0), this gives @ = 0, contrary to assumption. Therefore a 7 0
implies 7' 2 I N K for some nonzero *-ideal I of R.

CoroLLARY 4.10. Let V be any additive subgroup of K and let T = T(V').
Then either T 2 I N K for some nonzero *~ideal I of R or u®v = vu? for each
uc T3 ve T2

We would like to say more about the second possibility. Thus, let us assume
T is an arbitrary inner ideal and Lie subalgebra of K such that u*v = vu® for
everyu &€ T3 v € T2 We will show that for such an inner ideal 72 = Qunless R
is an order in a simple ring which is at most 16-dimensional over its center.
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LemMa 4.11. Whenever uv = vu® for all ue T3, ve T2, u* e Z for each
ue T3

Proof. Since w?v = wu? for all v e T?, u* commutes with T2 the subring
of R generated by T2 Fors € S, u® — su? = [u, us + su] € T2, so [u[u*s]] = 0.
If ke K, then [u?k] = u(uk — ku) + (uk — ku)u e T2. Thus, for all re R
[#2[4*r]] = 0. As a consequence, #* is an absolute zero divisor of R; and in light
of Herstein’s result #% € Z.

LemMma 4.12. If w* =0 for all ue T4, then T? = 0.

Proof. By linearizing the expression u® = 0 we obtain uv + vu = 0 for

every u, v T4 Therefore, uvu = —wvu? = 0. However, for every we T,
2wkw = [wlkw]] € T* since w* = 0, and this implies uwkwu = O for all
u,we T4 ke K. But (uw)* = w*u™* = wu = —uw so uw e K. By Lemma

2.7, uw == 0. In particular, [T*T*] =0 and for xe T [[kx]x] € [T*T®] e
[T47T4] = 0. Since every x € T% is an absolute zero divisor of K, it must be
that 7% = (. From Lemma 4.4, we deduce 72 = 0.

Lemma 4.13. If ueT* and w*> # 0O then there is a ke K for which
(uk — ku)® +~ 0.

Proof. Suppose ueT* with 4?3540, and let D(k) = [uk]. Assume
(D(k))2 = 0 for each ke K. By linearizing we obtain 0 = D(kR)D(¢) +
D(£)D(k) and hence, 0 = D(k)D(£)D(k). Thus, the product ({D(k)D(£)])? = 0
for all 4, ke K. Now D(k) € T® for every k€ K, and thus, & = [D(k)D(£)]
is also in 73. Because every clement in 7' squared is in the center we have
hu 4 uh € Z. But u commutes with % since # anticommutes with each D(%).
Hence, uh — hu = 0 and uhc Z. Now £ is not invertible since A2 = (;
therefore, uh is not invertible in C the extended centroid of R. So ukh = 0, and
since # is invertible in CR it must be that # = 0. This gives [D(k)D(£)] =0
for every k&, £ € K. We have already observed that D(R)D(¢) 4- D(£)D(k) = 0.
So the product D(R)D(f) =0 for every k&, £e K. If ¢t = [D(k)k], then
ut + tu = —2(D(k))* = 0. Moreover, w — D(f) anticommutes with u.
Thus 4utuw = (ut — tu)(uw — wu) = D(t)D(2) = 0. This leads us to
conclude 4u*tzv = 0. Since 42 € Z, it follows that fzv = 0, and by the definition
of ¢t and = this implies D(R)&D(f) = 0. Because D(k)D([k{]) = O, we have
D(RY{D(k)! — ¢D(k) + ED{¢) — D(£)k} = 0. Therefore, D(E)/D(k) = O for
every/, k € K. Lemma 2.7 shows D(k) = 0 for all £under these circumstances;
and then by Lemma 2.9 # = 0. This contradicts #? % 0. So there must be a
k € K such that (uk — ku)? = 0. Q.E.D.

What we have shown in these last two lemmas is that unless T2 = 0, there
isau e T4with 22 € Z and 42 + 0. Furthermore. for such an element u there

481/43/2-15
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is a ke K with (uk — ku)*> = 0. Suppose then ue T and 0 # o = u? e Z.
Let v — uk — kube such that ©? = 0. Since v € T3, 8 = ¢* € Z. The product
(w0 — vu)? = —4afB # 0 and wv + vu = u(uk — ku) + (uk — kuyu. We
claim that u, v, wv — vu are linearly independent over the extended centroid
of R. For, let 0 = x = ygu -+ yyv + yy{uv — vu). Then 0 = ux - xu =2
yoott implies y, = 0. Likewise 0 = ox - xv == 2 y8v gives v, = 0; and
finally then y, = 0.

Suppose x € T3 is linearly independent of #, v, w = uv — vu. By a suitable
choice of A, p € C there is a y independent of #, v, w with y = x + Au + pv
such that yu + uy = 0 and yv + vy = 0 because yu + uy = xu + ux +
2M2 e Cand yo + vy = xv + 2x -+ 2pv* € C. But then yw = y(uv — vu) =
(wv — vu)y = wy. However, since w, y € CT® wy - yw € C, which together
with yw = wy forces yw == § € C. Multiplying both sides by % we see
y =9yw for y€C, a contradiction. Therefore, CT? is a 3-dimensional
C-vector space. Moreover, a calculation using the basis {, v, @} shows that
[CT3, CT®] = CT%. Since CT3 is an inner ideal of CK, the set of skew
elements relative to the extended involution on CR, it must be that CT3 s a
Lie ideal of CK. Under these circumstances Erickson has proved the following
related result:

THEOREM 4.14. [4] Let R be a prime, 2-torsion free ring with involution of
the first kind. If U is a Lie ideal of K, the set of skew elements of R, such that
weZ for all ue U, then R is an order in a simple ring which is at most 16-
dimensional over its center.

As a consequence of Erickson’s theorem applied to CT3, if CT? # 0, CR
is an order in a simple ring which is at most 16-dimensional over its center.
Therefore, the standard polynomial identity #; is an identity of CR, and also
of R. Thus, the ring of central quotients of R is simple and also satisfies S
(see [12, p. 89]). By a well-known result of Kaplansky [8, p. 157] the ring of
central quotients of R is at most 16-dimensional over its center. Hence, R
is an order in a simple ring which is at most 16-dimensional over its center.

To summarize: let T be an inner ideal and a Lie subalgebra of K in which
wv = vu? for allu e T3, v € T2 If for some u € T4, u? 5 0, then R is an order
in a simple ring which is at most 16-dimensional over its center. If #* = 0
for all u € T4, then T2 == (. Consequently, we have:

LemMma 4.15. If T is an inner ideal and a Lie subalgebra of K such that
wo — vu? for all ue T3, ve T?, then T? = 0, unless R is an order in a simple
ring which is at most 16-dimensional over its center.

In light of Corollary 4.10, we apply these results to T'(}") and obtain the next
two theorems.
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THEOREM 4.16. Assume R is a prime, 2- and 3- torsion free ring with
involution * of the first kind. Suppose 2R — R and R is not an order in a simple
ring which is at most 16-dimensional over its center. Let V be any additive sub-
group of K. Then either there is a nonzero *-ideal I of R such that T(V)2 1IN K
or [T(V), T(V)] = 0.

THEOREM 4.17. With hypotheses as in Theorem 4.16, assume V' is an inner
ideal of K. Then either [V[IN K, K] C V for I a nonzero *-ideal of K or
[FV]=0.

THEOREM 4.18. Let V be an inner ideal of [KK . Then either [V]I N K, K]] C
V for a nonzero *-ideal I of R or [V1'] = 0.

Proof. Since V is an additive subgroup, from Theorem 4.16, we obtain
T(V)Y2In K for I a nonzero *-ideal of R or [T(V), T(V)] = 0. If T(V) 2
INK, then [V[IN K, K]]C V. On the other hand, if [T(}"), T(V)] = 0,
then we define U(V) = {u e [KK]| [V[4[KK]] C V}. Now U(V)is a Lie
subalgebra and an inner ideal of [KK] such that [U(V)U(V)] C T'(V).
Therefore, [[U(V), UW)[UV)U(V)]] = 0 which implies that every element
of U(V)?is an absolute zero divisor of [KK]. Therefore U(})® = 0, and by
Lemma 4.4, [U(V), U(V)] == 0. But then [VV]C [U(V), U(V)] = 0.

We would like to interpret these results when R'is simple but this will
require the following theorem due to Baxter [7, p. 40].

TueoreM 4.19. Let R be a simple ring with involution of the first kind. Then
the subring of R generated by [KK] equals R provided the dimension of R over Z
is greater than 4 and R 1s not of characteristic 2.

Lemma 4.20. If V == (0) is an additive subgroup of K such that [V[KK]]C
V, then [KK]C V.

Proof. Observe that [V[KK]] is a nonzero Lie ideal of [KK]. For other-
wise V centralizes [KK], hence, the subring generated by it, which is all of R,
and 1"C Z N K = (0). Since [V[KK]] is a nonzero Lie ideal of [KK] by
Theorem 4.2, it must equal [KK]. Thus, V' 2 [V[KK]] = [KK].

THEOREM 4.21. Let R be a simple ring of characteristic not 2 or 3 with
involution of the first kind. Assume the dimension of R over Z is greater than 16.
If V is an inner ideal of K or of [KK] then V 2 [KK]or [VV] = 0.

Proof. This is just a consequence of Theorems 4.17 and 4.18 and the
previous lemma.
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Lemma 4.22.  With assumptions as in the previous theorem, let V be an inner
ideal of K such that [VV] = 0. Then for everyve V, v3 = Q.

Proof. LetveV, and ke K. Then D3(k)e D (V) C [VV] = 0. Now by
[7, p. 29]), the symmetric elements S are contained in K - K, that is, the
additive subgroup of R generated by all the elements k&, for %, , &, € K.
Hence, D,5(s) =0 for all s€.S, and thus, D,5R) = 0. By Jacobson’s
theorem there is an a € Z such that (v — «)® = 0. Equating the skew and the
symmetric parts of this equation gives 0 = 2® - 3a?v € K. Now if a 5 0,
then v is invertible, so v = —3a? € Z. Therefore 0 = D 3k) = v3%k —
3v*kv + 3vko? — kv® = 4v%(vk — ko) which forces vk — kv to be 0. But
thenv = 0. Soitmustbe ¢ == Qand 2® = Qforalloe V.

Lemma 4.23. If V is an inner ideal of [KK] and [VV] = 0, then for each
velV,® =0.

Proof. Let v # 0 be an element of V and write D(r) = D(r) for all
reR. From [VV] =0 comes the fact that D}[KK]) = 0 and hence,
DHK) = 0. Because S C K * K, we have D(S) = 0, and thus, D'(R) = 0.
By Jacobson’s theorem (v — a)* = 0 for some « € Z, and we may argue just
as we did above to show « = 0. Hence, v2 = Qforalloe V.

Now let ke[KK]. Since 0 = D3¥k) = 3k — 3v2kv + 3vkv® — ked, it
follows that ¢3KK] C Ro. Therefore 3 KK]o* C Rv* = (. Because 2% € K|
[£]72°]] € [KK] for every £e K. This implies 2*[/[fv?]]v® = v3/v3/® = O for
each 7€ K. Letting / = sv% we see that v3(sv%)v¥(sv%)0® = 0 for all s S.
Thus, ©*R is a nilpotent right ideal in which every element raised to the fifth
power is zero. By Levitzki’s lemma, v® = 0.

Now let R be the ring of # X n matrices with entries in a division ring 4 of
characteristic not 2 or 3 such that the dimension of R over Z is greater than
16. The ring R is the ring of endomorphisms on the z-dimensional vector space
which we will call £2. Suppose * is an involution on R given by r* = u~1 tFu
where « is a unit of R, — is an involution on 4, ¥ is the “‘conjugate transpose”
of 7, and i = -u. Let (, ) be the form associated with the matrix #. Then K
is the set of all transformations & such that (k(x), y) = —(x, k(v)) for all
x,ye8.

CoroLLARY 4.24. If () is anisotropic, then [KK] has no nontrivial inner
ideals.

Proof. Let V be a proper inner ideal of [KK]. Since R is simple [['V] =0
and v® = 0 for all v € V. But it is easily seen that K cannot contain nonzero
nilpotent elements. For, if k* = 0 and &%~ =4 0, then there is an x € £2 such
that &#1(x) = 0. But then, 0 = (k*(x), k" *(x)) = —(k"}(x), &"~!(x)) and
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by the anisotropy of the form £"~(x) = 0, contrary to assumption. Because
the only nilpotent element of Kis 0, V' == (0).

CoroLLARY 4.25. Let R be a division ring of characteristic not 2 or 3 such
that the dimension of R over Z is bigger than 16. Suppose R has an involution of
the first kind. If V == (0) is an inner ideal of K, then V O [KK], and if V + (0)
is an inner ideal of [KK] then V = [KK].

Proof. This follows immediately from Lemma 4.23 since the case [F'V] =
(0) cannot happen.

Having studied involutions of the first kind we now turn to the study of
involutions of the second kind. Let us suppose R is a simple ring with
involution of the second kind. Let Z; = Z N S; then it follows readily that
the dimension of Z over Zgis 2 and Z = Zg(a) for « € K N Z. We may write
R = K + oK and [RR] = [KK] + o|KK]. In general, for arbitrary simple
rings of characteristic not 2, [[RR][RR]] = [RR] provided the dimension of R
over Z is greater than 4 (see, for example, [7, p.12]). Therefore, [[KK|[KK]]=
[KK] also.

TreOREM 4.26. If R is a simple ring of characteristic not 2 or 3 with
tnvolution of the second kind such that the dimension of R over Z is greater than 16,
then for any inner ideal V of K, V 2 [KK] or [VV] = 0. If V is an inner ideal
of [KK] then V = [KK] or [VV] = 0. For any v in an inner ideal V of K or
[KK] such that [VV] = 0, there is an o € Z such that (v — ) = 0.

Proof. Let IV be an inner ideal of K and observe that ZV/ is an inner ideal
of R. Thus, ZV O [RR] or [ZV, ZV] = 0. The first possibility implies that
ZsV O [KK], and therefore, [V,Z V] = [Z,V, Z;V]2 [[KK]|[KK]] =
[KK].Hence, VO [VI[V, ZV]I D [VIKK]) =[Z,V, [KK]} 2 [[KK],[KK]] =
[KK] and V 2 [KK]. Clearly the second case gives [VV] = 0. If V is an
inner ideal of {KK], then ZV is an inner ideal of [RR] so ZV = [RR] or
[ZV,ZV] = 0. The first case gives Zg} = [KK], and this implies ¥ 2 [KK].
But then V' = [KK]. The second possibility says [F'V'] = 0. For any inner
ideal of K ([KK]) such that [F'V] =0, ZV is an inner ideal of R ([RR])
such that [ZV,ZV] = 0. In view of Lemma 3.14, for every veZV
there is an aecZ such that (v — «)? = 0. Since V C ZV, we are
finished.

CoroLLARY 4.27. Let R be a division ring of characteristic not 2 or 3 with
tnvolution of the second kind such that the dimension of R over Z is greater than 16.
If V is an inner ideal of K, then V O [KK] or V C Z, and if V is an inner ideal
of [KK], V = [KK] or V C Z N [KK].
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5. THE LIE STRUCTURE OF A SIMPLE ARTINIAN RING

Let R be an associative ring such that 1 € R, and a o b = {(ab + ba) for
a,be R. Then R together with the circle composition is a Jordan algebra
which is commonly denoted by R+. An additive subgroup B of R is a Jordan
inner ideal of

Upp,(r) = byo(byor) + byo(byor) —ro (b oby) = §(byrdy + byrby) e B

for all b, , b, B, r € R. It is equivalent to say B is a Jordan inner ideal if
Uy (r) == brb e B for all b€ B, r€ R. If R has an involution, then the set of
symmetric elements of R is a Jordan algebra with respect to the circle com-
position. McCrimmon [12] has shown that if R is a simple Artinian ring
then every Jordan inner ideal of R* which is also a Z-subspace is of the form
eRf = eR N Rf for idempotents ¢, feR. If R =4, for n >2 and 4 a
division ring, and if * is a hermitian involution on R, then every Jordan inner
ideal of the set of symmetric elements S is equal to eSe* for some idempotent
e e 4, . In this section we consider the analogous problem of determining the
Lie inner ideals of [RR}/Z N [RR] for R a simple Artinian ring and of
[KK]/Z N [KK] where K is the set of skew elements of a simple Artinian
ring with involution.

For simple rings Herstein’s theorems (3.3-3.5) can be interpreted to say:
if R is a simple ring of characteristic not 2, then every Lie ideal of R contains
[RR] or is contained in Z. Moreover, any Lie ideal of [RR] equals [RR] or is
contained in Z. Thus, L = [RR]/Z N [RR] is a simple Lie algebra whenever
R is simple and of characteristic not 2. If in addition we assume R is a simple
Artinian ring, then we can regard R as the ring 4,, of #n by n matrices with
entries in a division ring 4. Here we obtain a proof of the fact that for such
an R the Lie algebra L satisfies both the ascending and descending chain
conditions on inner ideals, as well as an explicit form for the inner ideals.

THEOREM 5.1. Let R be a simple Artinian ring of characteristic not 2 or 3.
Every inner ideal of [RR]/Z N [RRY] is of the form eRf where f-e = 0 and ¢,
f are idempotents in R.

Proof. First suppose e, f are idempotents in R such that f - ¢ = 0. Then
eRf = [eR,f] C [RR]. Furthermore, if x = erfeeRfN Z, then 0=
[e, erf] = erf. Thus, under the canonical homomorphism [RR] 2 [RR)/Z N
[RR] eRf is mapped isomorphically into [RR]/Z N [RR] = L, and so we may
think of it as being contained in L. For every reR, [[r, eryfler,f] =
—erofrer f — er freryf € eRf. So eRf is an inner ideal of R, hence of [RR],
and of L.
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We may assume R = 4,, for 4 a division ring, and thus, we may regard R
as the ring of endomorphisms of a 4-vector space £2. Let I/ be a proper inner
ideal of L, and let IV’ be the inverse image of J under p. Then I’ is an inner
ideal of [RR] which is unequal to [RR] and which is not contained in Z.
By Corollary 3.13, [F'V'] == 0, and for every a' € /' there is an a € Z such
that (@’ — &) == 0. Let @ = a" — a. The set of all such a consists of com-
muting nilpotent transformations on £2. Hence, there is a basis of £ in which
all these transformations are strictly upper triangular. Thus, a € [RR], and
this implies a € ZN[RR]. Since ZN[RR]C V' and 4’ = a + «, then
ae V'. Consider the set IV of nilpotent elements of }7'. It is nonzero because
V' is not contained in Z. The elements of N commute since [V'V'] = 0.
Therefore, whenever 4, b € N, a + b is in N also. Consequently, by Lemma
3.14, (a + b)* = 0. This implies ab +- ba == 0. But since ab — ba = 0, it
must be that the product of any two elements in N is 0. For any " € [RR],
ae N, [a[}r'a]] = ar'ae V', and indeed ar’a € N. Letting v’ = [ra, ;] we see
that arar,a = afra, rJae N for r, r, € R. Either RaR = 0 in which case
a =0, or RaR = R. Thus, for every a # 0 in N aRaC N, and N is a
Jordan inner ideal of R+. Since R is von Neumann regular, IV is a Z-subspace,
so by McCrimmon’s result, N = eRf == eR N Rf for idempotents e, fe R.
Since the product of any two elements in N is O, erf - er;f = 0 for all 7,
7, € R. Therefore f - e = 0, because otherwise Rf - eR = R and eRf = (0).
Finally, to conclude the proof we need only observe that N is mapped isomor-
phically onto I under ¢.

CoroLLARY 5.2. If R is a simple Artinian ring of characteristic not 2 or 3,
then [RR]/Z N [RR] satisfies both the descending and ascending chain conditions
on inner ideals.

Suppose now that R is a simple ring of characteristic not 2. Let * be an
involution on R, and let K be the skew symmetric elements with respect to *,
and S the symmetric elements. By Baxter’s result (Theorem 4.2), [KK]/Z N
[KK] is a simple Lie algebra provided the dimension of R over Z is greater
than 16. In the course of proving this theorem Baxter obtained a very useful
result:

Lemma 5.3 [2]. If R is a simple ring with Z = O or of dimension greater
than 16 over Z with an involution defined on it, then [KK] = [SS] and [RR] =
[KS] + [KK].

Assume that R is a simple Artinian ring. In our investigations of inner ideals
of [RR]/Z N [RR] nilpotent elements played a central role. They will con-
stitute a vital part of our study of inner ideals of [KK]/Z N [KK] also. We
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recall a result of Seligman concerning nilpotent skew transformations (for the
symmetric case see [5, pp. 768-772; 10, pp. 378-381)).

TueoreMm 5.4 [14]. Let A be a division ring with involution o — &. Let £
be a finite dimensional left vector space over 4, carrying a nondegenerate
Hermitian or skew-Hermitian form (x,y), and let T be a nilpotent linear
transformation of £, skew with respect to this form. Then 82 is the direct sum of
pairwise orthogonal subspaces Q; . For those £; of odd dimension, say 2r + 1,
a basis can be chosen relative to which the matrix of the form is

0 | I, 0
e, | 0| 0 2
0 0 Y
where I is the r by r identity matrix; ¢ = 1 if the form is hermitian and ¢ = —1

if it is shew-hermitian; and O £ y € 4, 7 = ey. Relative to this basis the matrix
of T has the form

r ' 0
N | O
l
0
O ['N(=D|:
0
L0010 —eyi0J
where (3)
0d 0
N,(d) = - ) 57 X7
- d
0 0

For those Q; of even dimension 2r, if either o — & is not the identity or if
(—1)F ¢, a basis can be chosen relative to which the matrix of the form is

0| I,
( ) @
e, | 0




LIE INNER IDEAL STRUCTURE OF RINGS 581

and relative to which T has the matrix

s 0
o |
N0 (%)
S
| o |~
where O 5= y € 4 satisfies 7 = —ey. If & = o for all o there may also be certain

8, of even dimension 2r, where (—1) = ¢ and in which the maitrices of the
Jorm and of T relative to a suitably chosen basis are as above, except that y = 0.

Let us assume now that R is a simple Artinian ring with involution *.
In addition suppose R = 4,,, n by » matrices with entries in a division ring 4.
Then there is an involution « — & on 4 and a unit % in R with *z = +u,
where % is the “conjugate transpose” of u, such that r* = w'7u! (see [I,
Chap. X]). The ring R is the complete ring of linear transformations on a
A-vector space which we will call . Let &, ,..., ¥, be a 4-basis for £, and
define a sesquilinear form (x, y) on £2 to have matrix u relative to this basis.
Thus if %% = u = (uy), then (x;, x,) = u;; = uy; = (%;, x;), and the form
is hermitian, and if & = —u, the form is skew-hermitian. The set of skew-
elements K consists of all transformations % such that ((x)k, ¥) = —(x, ()k))
forallx, ye 2.

Let IV’ be an inner ideal of [KK] such that [I7'V'] = 0, and assume a is a
nilpotent element of V. As a result of Lemma 4.23, ¢® = 0. Moreover, since
[V'V] =0, D]KK]) =0 and D,4K) = 0. This implies a*ka® = 0 for
all ke K. By Theorem 5.4, £ is the direct sum of pairwise orthogonal
subspaces £2; and there is a basis of £2 such that on each £, the matrix of a is
as in (3) or (5). Relative to this basis the matrix of @2 on £, is either 0 or has
the form

r 010
0 o i
ENT—I(I) 01
0 - -000—e|0
0 - - -0l0
O |'Nea() ¢
00

L 0 - ey 010
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if £2; has dimension 2r + 1, or the following form if £, has dimension 2r.

0 0)
N |

O tN’r—l( 1)
L 0

If a® 5= 0 on some £2,; , say £2, , then the dimension of £, over Z, dim 2, > 2.
If dim £, > 5 there is an ¢;; — ¢;,, ;,, € K so that a®(e;; — ¢;,, ,,,) a* # 0, a
contradiction. If dimQ, = 4,5, ¢;, — e, € K and a%(egy — eeyy) a® # 0.
If dim £, = 3 and there is another £2,, say £,, with dim £, > 1, then
since e, — ee;; € K we again contradict a2Ka? = 0. So we can suppose
dim&; =3 and dim 2, = 1fori> 1. Ife = —1 ore =1 and — is not
the identity, Aey € K for some 0 £ Aed and a2Ka? 52 0. Thus we can
assume € = 1, 4 = Z. Then there exist nonzero y,,..., ¥, € Z so that
[KK] has as basis e;; — €5, €5 — ¥j—s€in s €3 — Vis€in » €i; — €, J, 1 = 3.
Now a = ;3 — y4€5, and a €V implies ¢;; — y; 456 V for j > 3. The
Z-span of e;; — e, j = 3, is an inner ideal which is maximal since it is
self-centralizing. So we have shown that if V is an inner ideal with 4% =% 0
for some ae V, then R = Z,, and there is a basis so that 7 is the Z-span
ofe;; —ej,7 23

THEOREM 5.5. Let R be a simple Artinian ring of characteristic #2, 3
with involution * such that dim R > 16. Let K be the skew elements relative to *,
and V be an inner ideal of [KK]/Z N [KK]. Then V = eKe*, where e is an
idempotent such that e¥e = 0, or R = Z,, and there is a basis so that V is the

Z-span of e;; — e;5,7 = 3.

Proof. Suppose e is an idempotent of R such that e*e = 0. Then eRe* =
[eR, e¥] C [RR]. Since [RR] =[KS]+ [KK] by Baxter’s lemma, eKe* C
[KK]. Furthermore, if 2 € eKe* N Z, then 2 = 0. Thus, under the canonical
homomorphism [KK] et [KK]/Z N [KK] =L, eKe* is mapped isomor-
phically into L. For every ke K, [[k, eke*] ekie*] = —ekpe*keke* —
ek,e*kekye* € eKe*. Therefore, eKe* is an inner ideal of K and of [KK].
We may also regard it as an inner ideal of L.

Assume now that * is an involution of the first kind and let ¥ be any
proper ideal of L = [KK]. By Theorem 4.21, [FV] =0, and for every
ae V, a® =0. By the above we can assume a? =0 for each a € V. This fact
together with the commutativity of ¥ implies that the product of any two



LIE INNER IDEAL STRUCTURE OF RINGS 583

elements of 7 must be 0. Consider the space B = IV + V[RR]V. It is an
inner ideal of [RR] in which every element is nilpotent of index 2. Thus,
B is mapped isomorphically into [RR])/Z N [RR] by the canonical homo-
morphism. Therefore, by the last theorem, B = eRf where f - ¢ = 0. Since
B =V + V[KS|V + V[KK]V, B is *-stable. This implies f = ¢* and
B = eRe* = eKe* - eSe*. Hence, V -+ V[KK]V = eKe*. But VKKV =
[VIVIKK]]] C V. So V = eKe*, the desired conclusion.

Now let * be an involution of the second kind and let " be a proper inner
ideal of [KK]/Z N [KK]. The inverse image of I under ¢, call it "', is an
inner ideal of [KK] which is unequal to [KK] and is not contained in Z.
Therefore, [V'V'] = 0 and ZV"' is an inner ideal of [RR] with the property
that [ZV", ZV'] = 0. For every w' e ZV’ (4’ — {)* = 0 for some { € Z. Let
u = u' — {. By the same argument as was used in the proof of Theorem 5.1
ue[RR] and {€[RR]N Z. But since ZN[KK]C V', ZN[RR]C ZV".
Thus, u € ZI”'. Consider the set N’ of nilpotent elements of ZT”". It is nonzero,
and it is an inner ideal of [RR] since the product of any two elements is Q.
(Compare the proof of Theorem 5.1.) Moreover, N’ may be regarded as an
inner ideal of [RR]/Z N [RR]. This implies N' = ¢'Rf’ for idempotents ¢,
f e Rsuch that f' - ¢ = 0. Since ZV"' is *-stable, the same is true for N, so
N’ = ¢'R(¢')*. Hence, ZV' = Z N [RR] @ ¢'R(¢')* which gives 1" C Z N
[KK] @ ¢ K(e')*. Thus, for each a’ € V"’ there 1s an « € Z N [KK] such that
(@ —ap =0and ' —a =aeeK(e')* C [KK]. Because Z N [KK]C V",
it follows that a € IV’. Let N be the set of all nilpotent elements of 7. The
product of any two elements in N is 0, so N + N[RR]N is a *-stable inner
ideal of [RR] such that (N + N[RR]JN) n Z = 0. Consequently,
N 4 N[RR]N = eRe*, and N = eKe* for some idempotent ee R with
e*e = 0. Thus, V" = ZN[KK] @ eKe* and eKe* is isomorphic to
under .

COROLLARY 5.6. Let R be a simple Artinian ring of characteristic not 2 or 3
with involution * such that the dimension of R over Z is greater than 16. Then
[KK]}/Z N [KK] satisfies both the ascending and descending chain conditions on
inner ideals.
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