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Let L be a finite dimensional simple Lie algebra of absolute toral rank 2 over an
algebraically closed field of characteristic p ) 3 and T a 2-dimensional torus in the
semisimple p-envelope of L. Suppose that L is not isomorphic to a Melikian

Ž .algebra. It is proved in this paper that, for every root a g G L, T , the subalgebra
XŽ . Ž � Žw x. 4.UK a generated by Ý K where K s x g L N a x, L s 0 actsig F ia ia ia y iap

triangulably on L. In particular, this implies that, in the terminology of R. E. Block
Ž . Ž .and R. L. Wilson 1988, J. Algebra 114, 115]259 , all roots of G L, T are

nonexceptional. Q 1999 Academic Press

1. INTRODUCTION AND PRELIMINARIES

Let L be a finite dimensional simple Lie algebra over an algebraically
closed field F of characteristic p ) 3, and let L denote the p-envelope ofp

Ž .L in Der L. Let T be a torus of maximal dimension in L and H [ C T .p L
Ž . w xRecall that in this case dim T s TR L is the absolute toral rank of L 25 .

˜ ˜Ž .Since H [ C T is a Cartan subalgebra of L , H s H l L is a nilpotentL pp

subalgebra of L.
In this note, we continue our investigation of the simple Lie algebras of

w xabsolute toral rank 2 started in 18 . Here we deal with the so-called
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exceptional roots of L relative to T. This notion was introduced by Block
w x w xand Wilson in 4 . In 4, Sect. 5 , Block and Wilson established that, for

certain 2-dimensional tori in L , there are no more that 4 exceptionalp
roots. Their arguments relied very heavily on the assumption that p ) 7
Ž w x.which was the general assumption on F imposed in 4 . The necessity to
take the exceptional roots into account worsens almost all dimension
estimates arising in the course of studying finite-dimensional simple Lie
algebras. It appears that these roots constitute the main technical obstacle
in constructing a sufficiently good maximal subalgebra of L. Certainly
large parts of the whole classification picture would look much nicer if the
exceptional roots did not occur at the absolute toral rank 2 level.

The main goal of this note is to show that, indeed, exceptional roots do
Ž .not occur in G L, T provided that L is not isomorphic to a Melikian

algebra. We also obtain some results towards a final attack on simple Lie
Ž .algebras of absolute toral rank 2 see, e.g., Sections 4 and 7 , classify the
Ž .Z-gradings in Hamiltonian algebras Section 3 , and prove a general result

Ž .on tori in graded Lie algebras Theorem 2.6 .
We say that a subalgebra A ; Der L acts triangulably on L or is a

triangulable subalgebra of L if AŽ1. acts nilpotently on L. Given a T-in-
variant subalgebra Q ; L we say that T is standard with respect to Q ifp

Ž . Ž .the subalgebra C T s C T l Q is triangulable.Q L p
Ž . � w x 4Given a subspace V of L set n V [ x g L N x, V ; V .L

w xThroughout this note we assume that dim T s 2. By 17, Theorem 1 ,
this ensures that either L is isomorphic to the restricted Melikian algebra

Žor any torus of maximal dimension in L is standard with respect to L thep
w x.case p ) 7 is handled in 37 . We always assume that T is standard with

˜respect to L. As H is a restricted nilpotent subalgebra of L , T is the onlyp
˜maximal torus of H and coincides with the set of semisimple elements

˜of H.
The action of T on L and L gives rise to the root space decomposi-p

tions:

L s H [ L ,Ý g
UggT

˜L s H [ L .Ýp g
UggT

U ˜� � 4 Ž .4Set G s g g T _ 0 N L / 0 . We treat G as a set of functions on H byg

Ž p r . Ž . p r Ž w x. Ž1.setting a h s a h cf. 25 . Since H acts nilpotently on L, each
g g G vanishes on H Ž1. and so may be viewed as a linear function on H. It

˜ Ž .is straightforward that, for any h g H, a h is the only eigenvalue of ad h
on L where a g G.a



PREMET AND STRADE192

Given F -independent a , b g G putp

� 4nil H [ h g H N ad h is nilpotent ,

H [ h g H N a h s 0 ,� 4Ž .a

w xK [ x g L N x , L ; H ,� 4a a ya a

w xRK [ x g K N x , K ; nil H ,� 4a a ya

b w xM [ x g L N x , L ; H ,� 4a a ya b

w xR [ x g L N x , L ; nil H .� 4a a ya

We also set

n [ dim K rRK , n a [ n .Ž . Ýa a a ia
UigFp

A root g g G is called exceptional if n / 0. The Block]Wilson inequalityg

Ž . Ž . w Ž .xn a F 2 holds if p s char F ) 7 4, 5.5 . It is much harder to establish
� 4this important inequality for p g 5, 7 . We shall prove in this note that

Ž .n a s 0 for all roots a g G unless L is isomorphic to the restricted
Ž . Ž Ž .Melikian algebra, in which case n a F 2 we suspect that n a s 0 in all

.cases . In other words, we refine the Block}Wilson inequality and gener-
alize it to a wider range of primes. This result will be crucial in our third
paper devoted to classifying the simple Lie algebras of absolute toral rank
Ž .2 for p ) 3 and proving the original Kostrikin]Shafarevich conjecture

Ž .in the generality stated, that is, for p ) 5 .
Set

K a [ H [ K ,Ž . Ýa ia
UigFp

M Ža . [ K a [ M a ,Ž . Ý g
gfF ap

K̃ a [ H q K a ,Ž . Ž .

˜ Ža . ˜ Ža .M [ K a q M ,Ž .
R [ nil H q RÝ g

ggG

X w xK a [ K q K , K .Ž . Ý Ýia ia yia
U UigF igFp p
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Sometimes we include L and T in the above notation and then write
Ž . Ž .R L, T , K L, T , a , etc. It is immediate from the Engel]Jacobson theo-

˜Ž . Ž .rem that K a is a nilpotent subalgebra of L. Moreover, K a is solvable
˜Ž . Ž . Ž w x.and K a is an ideal of codimension F 1 in K a see 4, p. 157 . Also,

˜ Ža . Ža .M is a subalgebra of L and M is an ideal of codimension F 1
˜ Ža . bin M . Obviously, all subspaces K , RK , M , R are T-invariant.a a a a

A subalgebra Q ; L is called a 1-section of L with respect to T if there is
a g G such that

Q s H [ L .Ý ia
UigFp

In this case we arrange

w xQ s L a , Qrrad Q s L a .Ž .

Given g g G one of the following occurs:

w x Ž .L g s 0 ;
w x Ž .L g ( sl 2 ;
w x Ž .L g ( W 1; 1 ;
Ž .Ž2. w x Ž .H 2; 1 ; L g ; H 2; 1

Ž w x. w x Žsee 4, 25, 17 . In all cases, L g is restrictable i.e., admits a unique
. w x Ž . w x Ž .p-structure . If L g s 0 we call g sol̈ able; if L g ( sl 2 we call g

w x Ž . Ž .Ž2. w x Ž .classical; if L g ( W 1; 1 we call g Witt; and if H 2; 1 ; L g ; H 2; 1
we call g Hamiltonian. Accordingly, we call the 1-section sol̈ able, classical,
Witt, or Hamiltonian.

w x Ž . Ž .By Kreknin 11 each L g contains a unique maximal subalgebra Q g
Ž . Ž . �Ž . Ž .4 w xof codimension F 2 such that Q g rrad Q g g 0 , sl 2 . In 4 , this

subalgebra is called the maximal compositionally classical subalgebra of
Ž .L g . We say that

g g G is proper , if Q g is T-invariant.Ž .

w xThis definition modifies slightly that given in 4 . Such a modification helps
us to deal with Hamiltonian roots in the case where p s 5. If g is proper

Ž .we call L g a proper 1-section. Solvable and classical roots are always
Ž . Ž .proper since for such roots we have Q g s L g . If g is Witt or

Ž .Hamiltonian, then Q g is the preimage of the standard maximal subalge-
w xbra of the Cartan type Lie algebra L g .

We now explain briefly that the new definition of a root being proper
Ž w x. w Ž .xagrees with the old one cf. 4 . The proof of 26, 1.8 works for p s 5, 7

Ž .as well, showing that, for every g g G, the radical of L g is T-invariant,
w Ž .x Ž .that is, T , rad L g ; rad L g . If g is nonsolvable, then H / H . In thisg
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case there is a Lie algebra homomorphism

w xp : T q L g ª T q L g r T l ker g q rad L g s L g .Ž . Ž . Ž .Ž . Ž .g

Ž . w x Ž .Therefore, p T is a maximal torus in L g recall that g is nonsolvable .
w x Ž w x.Any maximal torus of a Witt 1-section L g is Aut L g -conjugate either

Ž . w xto Fxdrdx or to F 1 q x drdx 7 . If g is Hamiltonian, then any maximal
w x Ž w x. Ž .torus of L g is Aut L g -conjugate either to F x  y x  or to1 1 2 2

ŽŽ . . w x w xF 1 q x  y x  8 . Now if g is proper in the sense of 4 , then, up to1 1 2 2
Ž . Ž . Ž .conjugacy, p T s Fxdrdx and p T s F x  y x  , in the respectiveg g 1 1 2 2

w x Ž .cases. If g is improper in the sense of 4 , then, up to conjugacy, p T sg

Ž . Ž . ŽŽ . .F 1 q x drdx and p T s F 1 q x  y x  , in the respective cases.g 1 1 2 2
w xSo it is immediate that a root g is proper in the sense of 4 if and only if

Ž .p T belongs to the unique maximal compositionally classical subalgebrag

w x Ž .of L g . The latter is true if and only if T normalizes Q g .

Ž .Remark 1.1. It is not hard to see that L l rad L g ; K for allig ig
U Ž . Ž .g g G and all i g F , and H l rad L g ; K g if g is nonsolvable. Thusp

Ž . w xto determine K g one has to deal with L g . The following is proved in
w Ž .x4, 5.2.1 .

Ž . Ž . Ž .a If g is classical, then K g s rad L g .
Ž . Ž . Ub If g is proper Witt, p T s Fxdrdx, and g g T is defined byg

Ž . Ž .g xdrdx s 1, then K s L l rad L g for i s "1 and K s L forig ig ig ig
i / 0, "1.

Ž . Ž . Ž .c If g is improper Witt, then K g s rad L g .
Ž . Ž . Ž . Ud If g is proper Hamiltonian, p T s F x  y x  , and g g Tg 1 1 2 2

Ž .is defined by g x  y x  s 1, then1 1 2 2

K s py1 H 2; 1 l L ,Ž .Ž .Ž .2"g g "g

K s py1 H 2; 1 l L ,Ž .Ž .Ž .1" 2g g " 2g

K s L for i / 0, "1, "2.ig ig

Ž . Ž . Ž . .e If g is improper Hamiltonian, p T s F 1 q x  y x  , andg 1 1 2 2
U ŽŽ . .g g T is defined by g 1 q x  y x  s 1, then1 1 2 2

py1
iq jy1 iqjy1 j jy1K sp F iq j 1qx x  y j 1qx x  lL ,Ž . Ž . Ž .Ž .Ýig g 1 2 2 1 2 1 igž /js3

for all i g FU.p
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w Ž . Ž .xLEMMA 1.1 4, 5.3.4 ; 18, 1.3 . Let g g G. One of the following occurs:

Ž . U1 g is sol̈ able and K s L for all i g F ;ig ig p

Ž . U U2 g is classical and there is j g F such that, for i g F ,p p
dim L rK s 1 if i s "j and dim L rK s 0 if i / "j;ig ig ig ig

Ž . U U3 g is proper Witt and there is j g F such that, for i g F ,p p
dim L rK s 1 if i s "j and dim L rK s 0 if i / "j;ig ig ig ig

Ž . U4 g is improper Witt and dim L rK s 1 for all i g F ;ig ig p

Ž . U5 g is proper Hamiltonian and there is j g F such thatp

2 if i s "j,¡~1 if i s "2 j,dim L rK sig ig ¢0 if i / "j, " 2 j;

Ž . U6 g is improper Hamiltonian and dim L rK s 3 for all i g F .ig ig p

w xFollowing 26 we put

2V s g , d g G H  H and L , L  H .Ž . Ýg d dqig yŽdqig . g½ 5
igFp

w Ž .xLEMMA 1.2 18, 1.5 . Let a , b g G be F -independent.p

Ž . Ž . a1 If a , b g V, then L / M for some i g F .bqia bqia p

Ž . a2 If n / 0, then L / M for some g f F a .a g g p

Ž . Ž . U3 If n / 0, then a , j b g V for some j g F .a p

Ž .4 If n / 0 then T is contained in the p-en¨elope of H in L . Ina p
particular, H, H , H are pairwise different.a b

The major result on the n valid in our setting is the followinga

w xPROPOSITION 1.3 18 . For any a g G one has n F 3. Moreo¨er, ifa

� 4 w xn s 3, then n F 2 for i f y1, 0, 1 , and K , K contains nonnilpotenta ia a a
˜Ž . Ž .elements of L . If n a ) 2, then each composition factor of the K a -mod-p

2 U ˜Ž . Ž .ule LrL a has dimension p , that is, for e¨ery j g F , the K a -modulep
a Ž . 2Ý L rM is either 0 , or irreducible of dimension p .ig F j bqia j bqiap

w Ž .xProof. The first two statements are proved in 18, 4.3 . Suppose
Ž . w Ž .xn a ) 2. Then 18, 1.5 shows that there is b g G_F a such thatp

a w Ž .xL / M . Now 18, 1.8 implies that any composition factor of theb b

˜ a 2Ž . w Ž .xK a -module Ý L rM has dimension p . Therefore 18, 5.1ig F j bqia j bqiap

Ž̃ .yields the same estimate for any composition factor of the K a -module
Ž .LrL a .
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LEMMA 1.4. If a , m g G are F -independent, thenp

dim L rM a F dim L rR F 2 dim L rK q n F 9.m m m m m m m

w Ž .xProof. It follows from the definitions, the proof of 4, 5.4.2 , and
Lemma 1.1 that R ; M a, dim L rR F dim L rK q dim K rRK qm m m m m m m m

dim RK rR F 2 dim L rK q n F 6 q n F 9.m m m m m m

Ž . Ž .LEMMA 1.5. 1 n g F 2 p for all g g G,

˜ Ža . 2 3Ž .2 dim LrM F 8 p y 3 p y 3 - 2 p .

Ž . Ž .Proof. By Proposition 1.3, n g F 6 q 2 p y 3 s 2 p for all g g G.
This establishes the first statement. By Lemma 1.4,

˜a adim LrM s dim L rM q dim L rKÝ Ý ÝiŽ bqja . iŽ bqja . ia ia
UigF jgF i/0p p

F 2 dim L rKÝ Ý iŽ bqja . iŽ bqja .
UjgF igFp p

q n b q ja q dim L rK .Ž .Ý Ý ia ia
jgF i/0p

According to Lemma 1.1, dim L rK F 3 for all g g G. Combining thisg g

observation with the first part of this lemma finishes the proof.

In what follows we shall frequently use dï ided power algebras and
Ž .truncated polynomial rings. Let A m denote the commutative algebra

with 1 over F defined by the generators x Ž r ., 1 F i F m, r G 0, and thei
relations

r q s !Ž .
Ž0. Ž r . Ž s. Ž rqs.x s 1, x x s x , 1 F i F m , r , s G 0.i i i ir !s!

Put
mŽ1. Ža. Ža . Ža .1 m � 4x [ x , x [ x ??? x , a g N j 0 ,Ž .i i 1 m

and
Ža. < <A m [ span x N a G j .� 4Ž . Ž .j

� Ža. Ž � 4.m4 Ž . Ž Ž . .Then x N a g N j 0 is a basis of A m , and A m is aŽ j. jG 0
Ž . Ž .descending chain of ideals of A m . For any m-tuple n [ n , . . . , n g1 m

Nm we set

A m; n [ span x Ža. N 0 F a - pni .Ž . � 4i
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Ž .Due to the defining relations above A m; n is a filtered subalgebra of
Ž . Ž . w x Ž p p .A m . The algebra A m; 1 ( F X , . . . , X r X , . . . , X is called the1 m 1 m

truncated polynomial ring in m generators. Considered just as an algebra
Ž .A m; n is a truncated polynomial ring in n q ??? qn variables. We also1 m

Ž Ž ..write with the ordinary product in A m; 1

x a [ x a1 ??? x am for a s a , . . . , a , 0 F a F p y 1.Ž .1 m 1 m i

Ž .For each i denote by D the derivation of A m defined byi

D x Ž r . s d x Ž ry1. .Ž .i j i j i

Ž . m Ž .Let W m; n s Ý A m; n D denote the Lie algebra of special derï a-is1 i
Ž . Ž .tions of A m; n . The filtration of A m gives rise to a filtration of

Ž .W m; n by setting

m

W m; n [ A m; n D .Ž . Ž .ÝŽ . Ž .j jq1 i
is1

Ž . Ž .A subalgebra Q of W m; n is called transitï e if Q q W m; n sŽ0.
Ž .W m; n .
The following theorem in the version involving truncated polynomial

w xalgebras is due to R. E. Block 3 .

w xTHEOREM 1.6 33, Sect. 5.3 . Let G be a finite dimensional Lie algebra
Ž1. Ž .and I a minimal ideal. Suppose I / 0 . Then there are a simple Lie algebra

Ž . Ž .S and a dï ided power algebra A m; n such that I ( S m A m; n . The
ad -representation gï es rise to inclusionsI

S m A m; n ; Grann IŽ . Ž .G

; Der S m A m; n [ F Id m W m; n .Ž . Ž . Ž .Ž . Ž .

Moreo¨er, the canonical projection

p : Der S m A m; n [ F Id m W m; n ª W m; nŽ . Ž . Ž . Ž .Ž . Ž .2

Ž .maps G onto a transitï e subalgebra of W m; n .
If G is restricted, then n s 1.

In the sequel we shall need a powerful result on representations of
semisimple restricted Lie algebras.

Ž w x.THEOREM 1.7 cf. 31, Sect. 2.3 . Let G b a finite dimensional semisimple
restricted Lie algebra and I a minimal ideal of G. Suppose that W is a finite
dimensional restricted irreducible G-module with representation r and assume
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Ž . Ž .that r I / 0 . Then there are a simple Lie algebra S, m g N, and a
Ž .S-module U with representation r : S ª gl U such that

Ž . Ž .1 I ( S m A m; 1 under an algebra isomorphism c ,1

Ž . Ž .2 W ( U m A m; 1 under a ¨ector space isomorphism c ,2
y1 y1Ž . ŽŽŽ .Ž ..Ž Ž ... Ž .Ž .3 c r (c y m f c u m g s r y u m fg for all y g S,2 1 2

Ž .u g U, f , g g A m; 1 .

Moreo¨er, c induces a restricted Lie algebra homomorphism1

c̃ : G ª Der S m A m; 1 [ F Id m W m; 1 ,Ž . Ž . Ž .Ž . Ž .1

˜ y1c D s c ( ad D (c .Ž . Ž .1 1 I 1

Ž . Ž .Let p : G ª W m; 1 denote the canonical projection. Then p G is a2 2
Ž .transitï e subalgebra of W m; 1 .

The action of G on W has the property

c ( r D (cy1 u m fŽ . Ž .Ž .2 2

s Id m f c ( r D (cy1 u m 1 q u m p D f 1Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .2 2 2

Ž .for all D g G, u g U, f g A m; 1 .

Remark 1.2. For future applications we need more information on U.

Ž . y1Ž .a Suppose that c S m F is a restricted subalgebra of G. Then S1
carries a p-mapping via

w xpw p x y1y m 1 [ c c y m 1 for all y g S,Ž .Ž .ž /1 1

and hence

p py1 y1 y1 w p xr (c y m 1 s r c y m 1 s r c y m 1 ,Ž . Ž . Ž .Ž . Ž . Ž .Ž .1 1 1

pp y1 y1r y u m 1 s c r (c y m 1 c u m 1Ž . Ž . Ž . Ž .Ž . Ž .Ž .ž /2 1 2

s c r (cy1 y w p x m 1 cy1 u m 1Ž .Ž .Ž . Ž .Ž .2 1 2

w p xs r y u m 1.Ž .Ž .

Thus U is a restricted S-module in this case.

ˆŽ . Ž .b Let G denote the universal p-envelope of G in U G . Given a
Ž .restricted Lie algebra LL , let u LL denote its restricted universal envelop-

w xing algebra. It has been proved in 33, Sect. 5.3 that for suitable restricted
ˆsubalgebras K ; K of G containing I, a maximal I-submodule V of V,1 0
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and some t ) 0, one has

U s Hom u K , [ VrV .Ž .Ž .uŽK . 0t times1

Ž . Ž .Note that the rank of u K over u K is a p-power. In particular, if1
dim U - p ? d, where d is the minimum of the dimensions of the com-
position factors of the I-module V, then K s K . In this case, U (1
[ VrV is a semisimple isogenic I-module.0t times

Ž . Ž . Ž .c Suppose G s I q C S m F . Then, in the notation of b , K sG
ˆ ˆŽ Ž ..I q K l C S m F . As S m F ; I ; K and I ; K , the S-module U isĜ 1 1
semisimple and isogenic, that is,

U ( [ VrV .dim K r K 1 0t p times

w Ž .xFor future references we need a generalization of 4, 3.1.2 .

LEMMA 1.8. Let G be a finite dimensional Lie algebra and I ( S m
Ž .A m; n a minimal ideal of G, where S is a simple Lie algebra and m / 0.

ŽŽ . Ž .. Ž Ž Ž ...Assume that G ; Der S m A m; n [ Id m Der A m; n . Let NS
Ž . Ž . w xdenote a nilpotent subalgebra of Der S m A m; n satisfying N, ad G ;I

ad G, and V the Fitting nilspace of N in ad G.I I
w Ž .xIf V, V l ad I consists of nilpotent transformations then so does V lI

Ž .ad I .I

Ž .Proof. Let J [ S m A m; n denote the unique maximal ideal of I,Ž1.
and

˜ jJ [ V J .Ž .Ý
jG0

Ž . Ž . ŽŽ . Ž .. ŽSince Der S m A m; n is an ideal of Der S m A m; n [ Id mS
Ž Ž ...Der A m; n containing N, there is a decomposition

ad G s ad G l Der S m A m; n q V .Ž . Ž . Ž .Ž .I I

˜Therefore J is an ideal of G, which is contained in I. The minimality of I
˜forces J s I.

Next we decompose

I s I , J s J l I[ [m m
m m

into weights spaces with respect to N. As N acts nilpotently on V, each
weight space I is invariant under V. In particular, we havem

I s V j J l I ; J l I q V I .Ž . Ž .Ý0 0 0 0
jG0
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Ž . Ž Ž .. Ž Ž ..Clearly V I ; I stabilizes J l I , so that ad J l I j ad V I is a0 0 0 I 0 I 0
weakly closed set. Since J is a nilpotent ideal of I, the first set consists of

Ž w xnilpotent transformations. The second set which coincides with V, ad II 0
w Ž .x.s V, V l ad I has this property by our initial assumption. So theI

Ž .Engel]Jacobson theorem shows that ad I s V l ad I consists of nilpo-I 0 I
tent transformations as well.

w Ž .xIn 18, Lemma 8.1 2 , we have overlooked a case. The rest of this
w x Ž .section provides necessary corrections to 18, Sect. 8 . Lemma 8.1 2 of

w x18 should read as follows:

Ž X.LEMMA 8.1 2 . Suppose a g G is a Witt root. Then either a is improper,
Ž . Ž . Ž . Ž .K a s rad L a is abelian and n a s 0, or a is proper, p s 5, rad L a

Ž Ž .. Ž .s C L a , and n a s 2.

Proof. We distinguish 3 cases:

Ž . Ž . Ž Ž ..a Suppose T q L a rC T q L a is simple, a is proper, and the
w xcentral extension splits. This case is treated as in 18, p. 473 .

Ž . Ž Ž .. Ž Ž ..b Suppose T q L a rC T q L a is simple, a is proper, and
w xthe central extension does not split. In 27, p. 79 , it has been mentioned

Ž .that every faithful module over a nonsplit central extension of W 1; 1 has
dimension G pŽ py3.r2. Since dim M - p2 this implies that p s 5. But

Ž .then our central extension has basis e , . . . , e , z such that z spans they1 3
Ž .center of T q L a and

¡ j y i e when y1 F i q j F 3,Ž . iq j

z when i , j s 2, 3 ,Ž . Ž .~e , e si j
yz when i , j s 3, 2 ,Ž . Ž .¢
0 otherwise

Ž w x. Ž .see 2 . From this it is immediate that n a s 2.
Ž . Ž Ž .. Ž Ž ..c Suppose T q L a rC T q L a is not simple. This case is

w xtreated as in 18, pp. 473]474 .

w xLemma 8.2, Theorem 8.3, and Corollary 8.4 of 18 are not at all affected
by this correction to Lemma 8.1. Recall that the notion of a torus being

w xrigid is introduced in 18, Sect. 8 .

Ž .Corrected Proof of Theorem 8.5. Part a . Suppose a is Witt. Applying
Ž .Winter’s conjugation process if necessary we can always find a torus in

L with respect to which L has a proper Witt root. So no generality is lostp
Ž X. Ž .by assuming that a is proper Witt. By Lemma 8.1 2 , p s 5 and L a has

Ž .basis e , . . . , e , z consisting of weight vectors relative to T with Liey1 3
multiplication given as above. There is l g F such that e q l z is p-3
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Ž . Ž .nilpotent in L . Put w s le . Then E e s e q l z for each j g Lp 2 w , j 3 3 F
Žhere E denotes the generalized Winter exponential corresponding tow , j

.w, see Section 2 for the notation related to toral switchings . Now inter-
Ž .change T by the torus T ; L . By construction, a g G L, T is properw p w , j w

w x wWitt. So 17, Sect. 2 implies that T is standard with respect to L. By 18,w
x Ž .Theorem 6.3 , L has nonzero homogenous sandwich elements with

Ž . Ž . Ž w Ž . Ž .x wrespect to T . Also, n a s n a s 2 as E e , E e s e , ew w , j w , j 2 w , j 3 2 3
x . Ž .q l z s z . So, in view of Lemma 8.1 1 , we may assume that all roots in

Ž .G L, T are solvable or classical. Moreover, dim L s 1 for any g g Gg

Ž Ž .. w xLemma 8.1 3 . Now proceed as in 18 to complete the proof.

Corrected Proof of Corollary 8.6. We may assume that T is a rigid torus.
Ž X . Ž .Suppose a is Witt. By Lemma 8.1 2 , a is proper, p s 5, and rad L a s

Ž Ž .. Ž Ž . .C L a for n a / 0 . As in the previous correction, there are a
X X Ž X . XWinter-conjugate standard torus T ; L and a g G L, T such that ap

Ž X. Ž .is proper Witt, n a s 2, and L has nonzero homogeneous sandwich
elements with respect to T X. Thus we may assume that a is either solvable

w xor classical and dim L s 1 for each g g G. Now proceed as in 18 tog

complete the proof.
XŽ .Corrected Proof of Corollary 8.7. Suppose a is Witt. As K a acts

Ž X. Ž .nontriangulably on L, Lemma 8.1 2 shows that n a s 2. So Corollary
8.6 yields the result.

Thus we may assume that a is not Witt. Now proceed as in the original
proof.

2. NORMALIZING AND SWITCHING TORI

Let M be a finite dimensional graded Lie algebra. Setting

End M s l g End M N l M ; M ; j g Z� 4Ž .i j iqj

gives End M a canonical structure of a graded associative algebra. With
Ž .this grading, gl M is a graded Lie algebra and Der M is a graded Lie
Ž .subalgebra of gl M . The canonical p-structure of Der M is compatible

Ž . pwith the grading, i.e., Der M ; Der M. Since every Lie algebra Mi i p
carries the trivial grading M s M , our discussion in this section also0

Ž .covers the case of an arbitrary nongraded Lie algebra.
Ž .We give M m A m; n the grading

M m A m; n [ M m A m; n ; i g Z.Ž . Ž .Ž . ii
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Suppose that g is a Lie algebra, and d g Der g satisfies d p s 0. In
Ž . py1Ž . iorder to conclude that exp d [ Ý 1ri! d is an automorphism of g itis0

suffices to know that

i jd u , d ¨ s 0 ;u , ¨ g g ,Ž . Ž .

whenever i q j G p.
Ž . Ža.Now set g [ M m A m; n . If d s d m x with d g Der M anda a

i i Ž Ža.. i w iŽ . jŽ .xa / 0, then d s d m x , and hence d u m f , d ¨ m g sa
w i Ž . jŽ .x Ž Ža.. iq j Ž Ža.. p Ž Ža..d u , d ¨ m fg x . As x s 0 for a / 0, exp d m x is ana a a

Ž .automorphism of M m A m; n whenever a / 0. It is easy to see that
Ž Ž Ža...y1 Ž Ža..exp d m x s exp yd m x .a a

If g is a graded Lie algebra, then we set

Aut g [ Aut g l End gŽ . Ž .0 0

and call this the group of homogeneous automorphisms of g.
Let M be a graded Lie algebra and D a subalgebra of Der M. Let0

exp D m A m; nŽ .Ž .0

Ž Ž .. � Ždenote the subgroup of Aut M m A m; n generated by the set exp d m0
Ža.. 4x N d g D , a / 0 .

Ž � 4.mIn what follows we order N j 0 lexicographically:

a ) b:m ' i such that a s b ; i - i , a ) b .0 i i 0 i i0 0

It is clear that the following implication holds:

a ) b , c ) d « a q c ) b q d.

LEMMA 2.1. Let M be a graded Lie algebra.

Ž . Ž Ž ..1 An automorphism s g Aut M m A m; n satisfies the condition0

s u m f s Id m f s u m 1 ;u g M , f g A m; nŽ . Ž . Ž . Ž .Ž .M

Ž . ŽŽ .if and only if there are s g Aut M m Id and s g exp Der M m0 0 1 0 0
Ž ..A m; n such that

s s s (s .0 1

Ž . Ž Ž ..2 A derï ation D g Der M m A m; n satisfies the condition

D u m f s Id m f D u m 1 ;u g M , f g A m; nŽ . Ž . Ž . Ž .Ž .M

Ž . Ž .if and only if D g Der M m A m; n .
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Ž . Ž . ŽŽ .Proof. 1 Clearly, every element of Aut M m Id and exp Der M0 0 0
Ž ..m A m; n satisfies the required equations. To prove the converse write

s u m 1 s l u m x Ža. , u g M .Ž . Ž .Ý a
aG0

Žw x. w Ž . Ž .xThen l u, ¨ s l u , l ¨ for all u, ¨ g M. Hence l is an automor-0 0 0 0
phism of M. Moreover, as s is homogeneous, all l are homogeneous ofa
degree 0. Thus l g Aut M. Set s [ l m Id.0 0 0 0

y1 Ž .Interchanging s by s (s we may assume that l u s u for all0 0
u g M. We now assume inductively, that there is b ) 0 such that

l u s 0 for 0 - a - b , and all u g M .Ž .a

Then

w x w x w x Ža.s u , ¨ m 1 s u , ¨ m 1 q l u , ¨ m x ,Ž . Ž .Ý a
aGb

Žb.w xs u m 1 , s ¨ m 1 s u m 1, ¨ m 1 q u m 1, l ¨ m xŽ . Ž . Ž .b

XŽb. Ža.q l u m x , ¨ m 1 q l u , ¨ m x .Ž . Ž .Ýb a
a)b

Ž Žb..Comparing powers of x yields l g Der M. Therefore, exp yl m xb 0 b
ŽŽ . Ž ..g exp Der M m A m; n and0 0

exp yl m x Žb. (s u m fŽ .Ž .Ž .0

s id m f (exp yl m x Žb. (s u m 1 ,Ž . Ž .Ž .Ž .M b

exp yl m x Žb. (s u m 1Ž .Ž .Ž .b

s exp yl m x Žb. u m 1 q l u m x Žb. q l u m x Ža.Ž . Ž .Ž . Ýb b až /
a)b

s u m 1 q lX u m x Ža.Ž .Ý a
a)b

Ž . Ž Žb..for all u g M, f g A m; n . By the induction hypothesis, exp yl mx (b
ŽŽ . Ž .. ŽŽ . Ž ..s g exp Der M m A m; n , whence s g exp Der M m A m; n .0 0 0 0

Ž . Ž . Ž .2 Clearly, each element of Der M m A m; n satisfies the re-
quired equation. To prove the converse, write

D u m 1 s m u m x Ža. , u g M .Ž . Ž .Ý a
aG0
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Then

w x Ža. w x w xm u , ¨ m x s D u , ¨ m 1 s D u m 1, ¨ m 1Ž . Ž . Ž .Ý a
aG0

s D u m 1 , ¨ m 1 q u m 1, D ¨ m 1Ž . Ž .
Ža. Ža.s m u , ¨ m x q u , m ¨ m x ,Ž . Ž .Ý Ýa a

aG0 aG0

Ža. Ž .whence m g Der M for all a. Therefore D s Ý m m x g Der Ma aG 0 a
Ž .m A m; n as claimed.

ŽŽ . Ž .. ŽWe now consider the Lie subalgebra Der M m A m; n [ F Id m
Ž .. Ž Ž ..W m; n of Der M m A m; n . Let

p : Der M m A m; n [ F Id m W m; n ª W m; nŽ . Ž . Ž . Ž .Ž .Ž .2

denote the canonical projection.

LEMMA 2.2. Let M be a graded Lie algebra and D s Ý m m x b qbG 0 b
Ž . ŽŽ . Ž .. Ž Ž ..Id m p D g Der M m A m; n [ F Id m W m; n .2 0

Ž . X Ž .1 Suppose n s 1. For s g Aut A m;1 one has

y1X XId m s ( D( Id m s g Der M m A m; nŽ . Ž . Ž . Ž .Ž .0

[ F Id m W m; n ,Ž .Ž .
y1X X X Xy1p Id m s ( D( Id m s s s (p D (s .Ž . Ž . Ž .Ž .2 2

Ž . ŽŽ . Ž ..2 For s g exp Der M m A m; n one has0 0

s ( D(sy1 g Der M m A m; n [ F Id m W m; n ,Ž . Ž . Ž .Ž . Ž .0

p s ( D(sy1 s p D .Ž . Ž .2 2

Ž . Ž .Proof. 1 Let u g M, f g A m; 1 . Then

y1X XId m s ( D( Id m s u m fŽ . Ž . Ž .Ž .

s Id m s X m u m x Žb.s Xy1 f q u m p D s Xy1 fŽ . Ž . Ž . Ž . Ž .Ý b 2ž /
bG0

s m u m s X x Žb. f q u m s X (p D (s Xy1 f .Ž . Ž . Ž . Ž .Ž .Ý b 2
bG0
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Thus

y1X X X Žb.Id m s ( D( Id m s s m m s xŽ . Ž . Ž .Ý b
bG0

q Id m s X (p D (s Xy1 .Ž .Ž .2

X Ž . Xy1 Ž . Ž .Since n s 1 one has s (p D (s g Der A m; 1 s W m; 1 . This2
Ž .proves 1 .

Ž . w x2 Since s commutes with the operators Id m f and D, Id m fM M
Ž .Ž .s Id m p D f , we getM 2

y1 y1s ( D(s , Id m f s s ( Id m p D f (sŽ . Ž .Ž .M M 2

s Id m p D f s Id m p D , Id m f .Ž . Ž . Ž .M 2 M 2 M

X y1 Ž . Ž .Then D [ s ( D(s y Id m p D is A m; n -linear. ApplyingM 2
Ž .Lemma 2.1 2 this proves the lemma.

w x pLet F x , . . . , x , x s 0, denote the truncated polynomial ring in m1 m i
w x w xindeterminates, m s F x , . . . , x the ideal of F x , . . . , x spanned by1 m Ž1. 1 m

the monomials of degree G 1. Note that m is the unique maximal ideal of
w x w xF x , . . . , x . The automorphism group of F x , . . . , x is given as fol-1 m 1 m

lows. Each automorphism s induces an invertible linear endomorphism of
2 Ž . Ž . Ž 2 .mrm , i.e., s x , . . . , s x are linearly independent mod m . Con-1 m

Ž 2 .versely, if y , . . . , y g m are linearly independent mod m then the1 m
linear mapping given by

m m
a ai ix ¬ yŁ Łi i

is1 is1

w xis an automorphism of F x , . . . , x .1 m
When we need to stress the dependence of our construction on a set of

w x Ž .generators x , . . . , x , we write F x , . . . , x rather than A m; 1 , and1 m 1 m
w x Ž .similarly Der F x , . . . , x rather than W m; 1 .1 m

Ž . Ž .THEOREM 2.3. Let T ; W m; 1 be a torus, and T [ T l W m; 1 .0 Ž0.
Ž .Let t , . . . , t be toral elements of T linearly independent mod T . Then there1 r 0

Ž .is s g Aut A m; 1 such that

m
y1s (T (s ; Fx  ,Ý0 j j

jsrq1

s ( t (sy1 s 1 q x  , i s 1, . . . , r .Ž .i i i
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Proof. We shall prove inductively that for all s s 0, . . . , r there are
Ž . � 4y , . . . , y g A m; 1 and d , . . . , d g 0, 1 satisfying the following prop-1 m 1 m

erties:

Ž .a y , . . . , y g m ,1 m

Ž . Ž 2 .b y , . . . , y are linearly independent mod m ,1 m

Ž .c d q y , . . . , d q y are weight vectors with respect to T ,1 1 m m

Ž . Ž . Ž .d t d q y s d d q y for j s 1, . . . , m and i s 1, . . . , s.s i j j i j j j

w xAs T is a torus, it acts on F x , . . . , x by semisimple endomorphisms.1 m
Consequently, the latter is the direct sum of the eigenspaces with respect

w x w x Ž 2 . 2to T. Let p : F x , . . . , x ª F x , . . . , x r m q F1 ( mrm denote1 m 1 m
the canonical epimorphism. Choose T-weight vectors u , . . . , u in1 m

w x Ž . Ž . 2F x , . . . , x such that p u , . . . , p u span mrm . Set y [ u y d ,1 m 1 m i i i
where d g F is chosen so that y g m. Adjusting u by a nonzeroi i i

Ž . � 4scalar if necessary we may assume that d g 0, 1 for all i. Theni
Ž . Ž . Ž .y , . . . , y , d , . . . , d satisfy a ] c and d .1 m 1 m 0

We now proceed by induction on s. Suppose y , . . . , y , d , . . . , d1 m 1 m
Ž . Ž . Ž . Usatisfy a ] c and d for some s F r. Define a g T by setting forsy1 i

t g T ,

a t d q y [ t d q y , i s 1, . . . , m.Ž . Ž . Ž .i i i i i

Ž .If t g T is toral, then a t g F . As t , . . . , t are linearly independenti p 1 s
Ž . Ž sy1 Ž . .Ž .mod T there is l F m such that t y Ý a t t d q y f m. Since,0 s is1 i s i l l

Ž .by assumption d ,sy1

sy1

t y a t t d q y s 0Ž . Ž .Ýs i s i j jž /
is1

for j s 1, . . . , s y 1, this implies l G s. Interchanging y and y doesl s
Ž . Ž .not affect d . Hence we may assume l s s. Then t d q y ssy1 s s s

Ž .Ž .a t d q y f m , that is,s s s s

d s 1, a t g FU .Ž .s s s p

Set

y1 Ua [ a t g F ,Ž .s s p

aXy [ 1 q y y 1,Ž .s s

Ž .yaa tX i sy [ 1 q y d q y y d for i / s.Ž . Ž .i s i i i
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Then yX , . . . , yX g m and1 m

yX ' ay / 0, yX ' y y d aa t y for i / s mod m 2 .Ž . Ž .s s i i i i s s

w x X XMoreover, as T acts by derivations on F x , . . . , x , d q y , . . . , d q y1 m 1 1 m m
are weight vectors with respect to T. Thus yX , . . . , yX , d , . . . , d satisfy1 m 1 m
Ž . Ž .a ] c . An easy computation yields

ay1Xt 1 q y s a 1 q y t 1 q yŽ . Ž . Ž .s s s s s

a Xs aa t 1 q y s 1 q y ,Ž . Ž .s s s s

Ž .yaa t y1X j st d q y s yaa t 1 q y d q y ? t 1 q yŽ . Ž . Ž .Ž . Ž .s j j j s s j j s s

Ž .yaa tj sq 1 q y t d q y s 0 for j / s,Ž . Ž .s s j j

ay1Xt 1 q y s a 1 q y t 1 q y s 0 for i - s,Ž . Ž . Ž .i s s i s

Ž .yaa t y1X j st d q y s yaa t 1 q y d q y ? t 1 q yŽ . Ž . Ž .Ž . Ž .i j j j s s j j i s

Ž .yaa tj sq 1 q y t d q yŽ . Ž .s i j j

s d d q yX for i - s, j / s.Ž .i j j j

Ž .Thus d holds. Inductively, we construct y , . . . , y , d , . . . , d satisfying˜ ˜s 1 m 1 m
Ž . Ž . Ž . Ž .a ] c , d . Since t , . . . , t are linearly independent mod T one hasr 1 r 0

Ž .d s ??? s d s 1. As T ; W m; 1 one concludes that1 r 0 Ž0.

T 1 q y ; F 1 q y l m s 0 for j s 1, . . . , r .Ž .˜ ˜Ž . Ž .0 j j

Ž .Now let s denote the automorphism of A m; 1 given by

s y s x , j s 1, . . . , m.˜Ž .j j

Then

s ( t (sy1 x s s t y s d s 1 q y s d 1 q xŽ . ˜ ˜ Ž .Ž . Ž . Ž .Ž .i j i j i j j i j j

for i s 1, . . . , r, j s 1, . . . , m, and

s ( t(sy1 x s s t y s 0Ž . Ž . ˜Ž .Ž .j j

Ž .for t g T , j F r. In addition, for t g T and j ) r one has t d q y g˜0 0 j j
Ž . Ž . Ž .F d q y l m , whence either t y s 0 or d s 0. In both cases t y g˜ ˜ ˜j j j j j

Fy , whencej̃

s ( t(sy1 x g Fx for t g T , j ) r .Ž . Ž .j j 0
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Thus

s ( t (sy1 s 1 q x  , i s 1, . . . , r ,Ž .i i i

m
y1s (T (s ; Fx  .Ý0 j j

jsrq1

w xThis theorem generalizes Lemma 6 of 7 , where the result is proved for
Ž . w Ž .xT s 0 and r s 1, and 28, IX.1 . It also provides a non-computational0

w xproof for all results of 7, Sect. 3 .
Ž Ž .. ŽŽ .We shall consider tori T of Der M m A m; 1 contained in Der M m

Ž .. Ž Ž ..A m; 1 [ F Id m W m; 1 . Note that the latter algebra is a restricted
Ž Ž ..subalgebra of Der M m A m; 1 . If M is simple and the ground field is

w xalgebraically closed, then a result of R. E. Block 3 shows that these
algebras coincide. Let

p : Der M m A m; 1 m F Id m W m; 1 ª W m; 1Ž . Ž . Ž . Ž .Ž . Ž .2

denote the canonical projection.
w x w xWe shall often identify M m F x , . . . , x and M m F x , . . . , x m1 m rq1 m

w x Ž .F x , . . . , x for 0 F r F m .1 r

LEMMA 2.4. Let M be a finite dimensional graded Lie algebra and
ŽŽ . Ž .. Ž Ž ..T ; Der M m A m; 1 [ F Id m W m; 1 a torus. Set0

T [ T l Der M m A m; 1 [ F Id m W m; 1 .Ž . Ž . Ž .Ž . Ž .Ž .Ž .00 0 M

Let t , . . . , t be toral elements of T , and assume that1 r

m

p T ; Fx  ,Ž . Ý2 0 j j
jsrq1

p t s 1 q x  , i s 1, . . . , r .Ž . Ž .2 i i i

ŽŽ . Ž ..Then there is s g exp Der M m A m; 1 such that0 0

m
y1 w xs (T (s ; Der M m F x , . . . , x q F Id m x  ,Ž . Ý0 0 rq1 m M j j

jsrq1

s ( t (sy1 s Id m 1 q x  , i s 1, . . . , r .Ž .i M i i
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Ž .Proof. a We set

r
˜ w xT [ Ft , M [ M m F x , . . . , x ,Ý1 j 1 m

js1

X w xM [ M m F x , . . . , x ,rq1 m

˜ X w x Žand identify M with M m F x , . . . , x . We may also assume by shrink-1 r
.ing T that T s T [ T .0 1

Define « , . . . , « g TU by setting1 m

« T s 0, « t s d .Ž . Ž .i 0 i j i j

Ž � 4.m Ž � 4. rGiven a g N j 0 , b g N j 0 we set

m r
a a b bi ix s x , z s 1 q x 1 F i F r , z s z .Ž . Ž .Ł Łi i i i

is1 is1

˜ aDecompose M into weight spaces with respect to T. If u s Ý u m xaG 0 a
˜ a bŽ .g M , u g M, is a weight vector of weight m, then Ý u m x z is am a aG 0 a

weight vector of weight m q Ýr b « . As z p s 1 the mapping Id mjs1 j j j M
b ˜ ˜ pyb Uz : M ª M is bijective with inverse Id m z . For m g T letm mqÝb « Mj jUm g T be such that

< <m T s m T , m T s 0.Ž .0 0 1

˜ r mŽ t j. ˜ ˜ ˜Ž .Ž .Then M s Id m Ł z M . Consequently, dim M s dim M form M jq1 j m m m
U rall m g T , and in addition, m is a weight if and only if m q Ý F «js1 p j

consists of weights with respect to T.
˜ ˜Ž . UNow C T s Ý M is a subalgebra of M. The above yieldsM̃ 1 m g T m

˜ ˜ r ˜ rdim M s dim M s p dim M s p dim C T .Ž .˜Ý Ým m M 1ž /U UmgT Ž .mgT , m T s01

Therefore,

dim C T s dim M X .Ž .M̃ 1

Consider the mapping

˜ a aw xw : C T m F x , . . . , x ª M , u m x m f ¬ u m x f .Ž . Ž .˜ Ý ÝM 1 1 r a až /
a a

Clearly, w is a Lie algebra homomorphism. We have proved earlier that w
is surjective. The dimension formula above shows that w is bijective.



PREMET AND STRADE210

Ž . Ž . w x X w xb Set N [ C T m F x , . . . , x , N [ M m F x , . . . , x .˜1 M 1 1 r Ž1. 2 1 r Ž1.
Ž .Since w N : N , and w is an isomorphism, a dimension argument yields1 2

Ž .w N s N . Thus the sequence of Lie algebra homomorphisms1 2

w; X w xC T ª C T m F ¨ M m F x , . . . , xŽ . Ž .˜ ˜M 1 M 1 1 r

;X Xw xª M m F x , . . . , x rN ª M1 r 2

; XŽ .gives rise to a Lie algebra isomorphism c : C T ª M . Now c trans-M̃ 1
a Ž .forms an element Ý u m x g C T , u g M, as˜aG 0 a M 1 a

m r
a a a ai iu m x ¬ u m x m 1 ¬ u m x m xÝ Ý Ý Ł Ła a a i iž / ž /isrq1 is1aG0 aG0 aG0

¬ u m x a .Ý a
a s ??? sa s01 r

a Ž . w xNext let Ý u m x g C T and g g F x , . . . , x . Then Ý u˜aG 0 a M 1 rq1 m aG 0 a
a Ž .m x g g C T andM̃ 1

c u m x ag s u m x ag s Id m g c u m x a .Ž .Ý Ý Ýa a M až / ž /ž /
aG0 a s ??? sa s0 aG01 r

Thus cy1 transforms an element u m g g M X, u g M as follows. Given
Ž .u g M, there is a uniquely determined family u with u g M sucha aG 0 a

a Ž . Ž a.that u s u, Ý u m x g C T , and c Ý u m x s u m 1. Then˜0 aG 0 a M 1 aG 0 a

y1 a w xc u m g s u m x g ;g g F x , . . . , x .Ž . Ý a rq1 m
aG0

Ž .c Set
y1 ˜s [ c m Id (w g Aut M ,Ž .

so that the following diagram commutes:
w 6 ˜Ž . w xC T m F x , . . . , x MM̃ 1 1 r

6cmId s6

canonicalX 6 ˜w xM m F x , . . . , x M .1 r

X Ž .Note that M and C T are invariant under the multiplication withM̃ 1
w xelements of F x , . . . , x . Therefore the identificationrq1 m

w x w x w xF x , . . . , x s F x , . . . , x m F x , . . . , x ,1 m rq1 m 1 r

m r
b b bi ix s x m xŁ Łi iž / ž /isrq1 is1
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w x X w ximposes a F x , . . . , x -module structure on M m F x , . . . , x andrq1 m 1 r
Ž . w xC T m F x , . . . , x . It is immediate from the definitions and the lastM̃ 1 1 r

Ž .equation in b that w, c m Id and the canonical identification are
w x Ž .F x , . . . , x -linear. Since T is homogeneous of degree 0, C T is a˜1 m 1 M 1

˜graded subalgebra of M. As w, c m Id and the canonical identification are
˜homogeneous mappings, then s is a homogeneous automorphism of M.

Ž .Now Lemma 2.1 shows that s s s (s , where s g Aut M m Id,0 1 0 0
ŽŽ . Ž .. Ž .s g exp Der M m A m; 1 . Note, that by definition s u m 1 '1 0 0 1

Ž Ž . .u m 1 mod M m A m; 1 . It is also clear from the above constructionsŽ1.
Ž . Ž Ž . .that s u m 1 ' u m 1 mod M m A m; 1 . Therefore, s s Id, andŽ1. 0
ŽŽ . Ž ..s g exp Der M m A m; 1 .0 0

Ž . y1d We now compute s (T (s . For i s 1, . . . , r, one has

s ( t (sy1 u m f s s ( t u m x afŽ . Ž .Ž . Ýi 0 i až /
aG0

s s t u m x a fÝi až /ž /
aG0

q s u m x ap t fŽ . Ž .Ý a 2 iž /
aG0

s s 0 q u m x a 1 q x  fŽ . Ž .Ý a i iž /
aG0

s u m 1 q x  f .Ž . Ž .0 i i

Thus

s ( t (sy1 s Id m 1 q x  , i s 1, . . . , r .Ž .i M i i

Ž .Next let t g T . According to Lemma 2.2 2 one has0

s ( t(sy1 g Der M m A m; 1 [ F Id m W m; 1 ,Ž . Ž . Ž .Ž . Ž .0

m
y1p s ( t(s s p t g Fx  .Ž . Ž . Ý2 2 j j

jsrq1

Write

s ( t(sy1 s m m x b q Id m p t , m g Der M .Ž .Ý b M 2 b 0
bG0

w x � 4 w y1 y1 xAs t , t s 0 for i g 1, . . . , r one has 0 s s ( t (s , s ( t(s si i
Ž . Ž b . b Ž .Ý m m 1 q x  x , whence Ý m m x g Der M mb G 0 b i i b G 0 b 0

w xF x , . . . , x . This proves the lemma.rq1 m
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Ž . Ž .LEMMA 2.5. Let M be a graded Lie algebra and T ; Der M m A m; 10
m ŽŽ . Ž ..q Ý F Id m x  a torus. Then there is s g exp Der M m A m; 1js1 M j j 0 0

such that
m

y1s (T (s ; Der M m F q F Id m x  .Ž . Ý0 M j j
js1

Proof. We proceed by induction on dim T. So assume that
m

X X pT s T [ Fd , T ; Der M m F q F Id m x  , d s d.Ž . Ý0 M j j
js1

Set

d s d m 1 s d m x a q Id m dX ,Ý0 a M
aGa )00

where d , d g Der M, dX g Ým Fx  , and0 a 0 js1 j j

˜ Xd [ d m 1 y Id m d .0 M

For t s t m 1 q Ým Id m a x  g T X one has0 js1 M j j j

w x w x0 s t , d s t , d m 10 0

m
a aw xq t , d m x q d m a a x .Ý Ý Ý0 a a j jž /

aGa )0 aGa )0 js10 0

Comparing powers of x gives

a aw xt , d m x s t , d m xa 0 a

m
ma � 4qd m a a x s0 ;a g N j 0 ,Ž .Ýa j jž /

js1

where t g T X. Applying Jacobson’s formula on pth powers yields

p
a p a˜ ˜d q d m x s d s d s d q d m xÝ Ýa až /

aGa )0 aGa )00 0

pm
p p as d m1q Id ma x  q d mxÝ Ý0 M j j j až /ž /

js1 aGa )00

py1
a˜q s d , d m x ,Ý Ýj až /

js1 aGa )00
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˜ aŽ .where s d,Ý d m x is a linear combination of p-fold Lie prod-j aG a ) 0 a0

˜ a Ž .ucts in which d occurs j times and Ý d m x occurs p y j timesaG a ) 0 a0
Ž w x.for more details see 34, Sect. 2.1 . The only property of the s ’s wej
require is that

py1a a˜ ˜s d , d m x s ad d d m x .Ž .Ý Ýpy1 a až /ž /
aGa )0 aGa )00 0

˜ a aw x Ž .Observe that d, d m x g Der M m x . Moreover, as a ) 0, the ele-a 0 0
a p py2 ˜ aŽ . Ž .ments Ý d m x , Ý s d,Ý d m x are contained inaG a ) 0 a js1 j aG a ) 0 a0 0

Ž . bÝ Der M m x . Thusb) a 00

py1a p a0 0˜d m 1 q d m x y d m 1 q ad d d m xŽ .Ž . Ž .0 a 0 až /0 0

m m
a ps y d m x y Id m a x  q Id m a x Ý Ý Ýa M j j j M j j j

a)a js1 js10

p py2
a a˜q d m x q s d , d m xÝ Ý Ýa j až / ž /

aGa )0 js1 aGa )00 0

g Der M m F1 q Fx a0Ž . Ž .Ž .

l Der M m x b q Id m W m; 1Ž . Ž .Ýž /
b)a0

s 0 .Ž .
p a0 ˜ py1 a0Ž . Ž .Consequently, d s d , d m x s ad d d m x . Set0 0 a a0 0

py1 a a0 0˜ad d d m x \ D m x , D g Der M .Ž . Ž .a0

Ž Ž � 4.m.Since all d a g N j 0 are homogeneous of degree 0, so is D. Thusa

s X [ exp D m x a0 g exp Der M m A m; 1 .Ž . Ž . Ž .Ž .0 0

w X ax Ž � 4.mWe have mentioned above that T , d m x s 0 for all a g N j 0 .a
X ˜ X X a0 Xw x w x Ž . w x w xThen T , d s T , d s 0 . Therefore T , D m x s 0 whence s , t s

0 for all t g T X.
X Xy1 Xy1 Ž a0.We now compute s ( d(s . Recall that s s exp yD m x and

observe that

s X u m x b , d u m x b , s Xy1 u m x b g M m x cŽ . Ž . Ž . Ý
cGb



PREMET AND STRADE214

Ž � 4.m Žfor all u g M, b g N j 0 . Therefore a computation modÝ M mc) a0c.x yields

s X ( d(s Xy1 u m 1 ' s X ( d u m 1 y D u m x a0Ž . Ž . Ž .Ž . Ž .
X ˜ ˜ a0 a0' s d u m 1 yd D u m x qd u m xŽ . Ž . Ž .Ž .ž /a0

˜ ˜ a0 a0' d u m 1 y d D u m x q d u m xŽ . Ž . Ž .Ž . a0

a0 ˜q D m x d u m 1Ž . Ž .Ž .
˜ ˜ a0 a0w xs d y d, D m x q d m x u m 1Ž .ž /a0

˜s d u m 1 .Ž .
Ž .Since by Lemma 2.2 2 ,

X Xy1 ˜ X Xy1 X Xy1s ( d(s y d s s ( d(s y d m 1 q Id m p s ( d(sŽ .Ž .0 M 2

g Der M m A m; 1 ,Ž . Ž .0

the above computation shows that

X Xy1 ˜ cs ( d( d y d s m m xÝ c
c)a0

with m g Der M. Induction on a gives the existence of s gc 0 0 1
ŽŽ . Ž ..exp Der M m A m; 1 such that0 0

s ( t(sy1 s t for t g T X ,1 1

m
y1 ˜s ( d(s s d s d m 1 q Id m a x  .Ý1 1 0 M j j j

js1

This completes the induction on dim T.

w Ž .xThe proof of Lemma 2.5 is modelled after 17, 2.5 . We combine the
preceding results.

THEOREM 2.6. Let M be a finite dimensional graded Lie algebra, and T a
ŽŽ . Ž .. Ž Ž ..torus in Der M m A m; 1 [ F Id m W m; 1 . Set0 M

T [ T l Der M m A m; 1 [ F Id m W m; 1 ,Ž . Ž . Ž .Ž . Ž .Ž .Ž .00 0 M

r [ dim TrT ,0

and let t , . . . , t be nonzero total elements such that1 r

r

T s T [ Ft .[0 i
is1



LIE ALGEBRAS OF SMALL CHARACTERISTIC 215

Ž Ž .. ŽŽ . Ž ..Then there are s g Id m Aut A m; 1 , s g exp Der M m A m; 11 M 2 0 0
and linear mappings

l : T ª Der M ,1 0 0

m

l : T ª Fx  ,Ý2 0 j j
jsrq1

such that, setting s [ s (s ,2 1

s ( t (sy1 s Id m 1 q x  , i s 1, . . . , r ,Ž .i M i i

s ( t(sy1 s l t m 1 q Id m l t , t g T .Ž . Ž .1 M 2 0

Ž . Ž . Ž . Ž .Proof. Note that p T is a torus in W m; 1 , p T l W m; 1 s2 2 Ž0.
Ž . Ž . Ž .p T , and p t , . . . , p t are toral elements linearly independent2 0 2 1 2 r

Ž Ž .. X Ž .mod p T . According to Theorem 2.3, there is s g Aut A m; 1 such2 0
that

m
X Xy1s (p T (s ; Fx  ,Ž . Ý2 0 j j

jsrq1

s X (p t (s Xy1 s 1 q x  , i s 1, . . . , r .Ž . Ž .2 i i i
X y1 ŽŽ . Ž .. ŽSet s [ Id m s . As s (T (s ; Der M m A m; 1 [ F Id m1 M 1 1 0 M

Ž .. X Ž . Xy1 Ž y1 . ŽW m; 1 and s (p t (s s p s ( t(s for all t g T Lemma2 2 1 1
Ž ..2.2 1 , one has

m
y1p s (T (s ; Fx  ,Ž . Ý2 1 0 1 j j

jsrq1

p s ( t (sy1 s 1 q x  , i s 1, . . . , r .Ž .Ž .2 1 i 1 i i

y1 y1 Ž y1 .So Lemma 2.4 applies to s (T (s , s (T (s s s (T (s l1 1 1 0 1 1 1
ŽŽŽ . Ž .. Ž Ž . .. y1Der M m A m; 1 [ F Id m W m; 1 and s ( t (s , . . . ,0 M Ž0. 1 1 1

y1 ŽŽ . Ž ..s ( t (s . Thus there is t g exp Der M m A m; 1 such that1 r 1 0 0

y1 y1 w xt (s (T ( s (t ; Der M m F x , . . . , xŽ . Ž .Ž .1 0 1 0 rq1 m

m

q F Id m x  ,Ý M j j
jsrq1

t (s ( t ( sy1 (ty1 s Id m 1 q x  , i s 1, . . . , r .Ž . Ž .Ž .1 i 1 M i i
X Ž . Ž y1 y1. ŽNow consider T [ t (s (T ( s (t as a torus in Der M m0 1 0 1

w x. X ŽŽ .F x , . . . , x . Lemma 2.5 yields the existence of t g exp Der M mrq1 m 0 0
w x.F x , . . . , x such thatrq1 m

m
X X Xy1t (T (t ; Der M m F q F Id m x  .Ž . Ý0 0 M j j

jsrq1
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Ž X .Set s [ t m Id (t (s , and define linear mappings l , l byF w x , . . . , x x 1 1 21 r

the equation

s ( t(sy1 s l t m 1 q Id m l t ; t g T .Ž . Ž .1 M 2 0

Remark 2.1. Several normalization theorems for tori are used in the
ŽŽ . Ž ..Classification Theory. Setting M s F yields Der M m A m; 1 [

Ž Ž .. Ž . Ž .F Id m W m; 1 s A m; 1 [ W m; 1 . The latter algebra is denoted byM
Ž . w x w xW m; 1 in 18 . Reference 18, Theorem 3.3 is now a direct consequence

w Ž .xof Theorem 2.6. Also 17, 2.5 follows from Theorem 2.6.
w Ž .x Ž wA version of 28, IV.2 is crucial for the Classification Theory see 28,

Ž . Ž . Ž . Ž .x. w Ž .xIV.3 ; 29, 3.9 , 3.10 ; 30, 1.8 . Unfortunately, 28, IV.2 is stated
improperly. The present Theorem 2.6 yields a correction sufficient for the
applications in the Classification Theory. Namely, if M is simple and the

Ž Ž .. ŽŽ .ground field is algebraically closed, then Der M m A m; 1 s Der M m
Ž .. Ž Ž .. Ž .A m; 1 [ F Id m W m; 1 . Now if M m A m; 1 is T-simple thenM

we have r s m in Theorem 2.6. In this case s (T (sy1 s Ým F Id mis1 M
Ž .1 q x  .i i

Ž .Remark 2.2. Given a Lie algebra g and a representation r : g ª gl V ,
the direct sum g [ g [ V carries a graded Lie algebra structure given by˜

w X X x w X x X Xg [ g , g [ V , x q ¨ , x q ¨ [ x , x qr x ¨ y r x ¨Ž . Ž . Ž . Ž .˜ ˜0 y1

for all x, xX g g , ¨ , ¨ X g V. If g is restricted, and V is a restricted
g-module, then g carries a p-structure which extends the p-structure of g˜

w p x Ž w Ž .x.and satisfies the relation V s 0 cf. 34, 2.2.5 . We apply this observa-
tion to give another interpretation of Theorem 1.7. With the assumptions

Ž . Ž .and notation of that theorem, I [ W and S [ U m A m; 1 are graded
Ž .Lie algebras via the construction just described. Theorem 1.7 3 now says

that the mapping

c [ c : I [ W ª S [ U m A m; 1 , x q w ¬ c x q c w ,Ž . Ž . Ž .Ž .1 2 1 2

Ž .is a Lie algebra isomorphism. Note that I and S m A m; 1 are the
Ž . Ž .0-terms, and W and U m A m; 1 are the y1 -terms of the respective

graded Lie algebras. Also, c [ c is a graded isomorphism.1 2
It is straightforward that the mapping

G ª gl I [ W , D ¬ ad D [ r D ,Ž . Ž . Ž .I
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Ž .is a restricted Lie algebra homomorphism from G into Der I [ W . It0
induces a restricted Lie algebra homomorphism

C : G ª Der S [ U m A m; 1 ,Ž . Ž .Ž .0

where

C D s c ( ad D (cy1 [ c ( r D (cy1 , D g G.Ž . Ž . Ž .Ž . Ž .1 I 1 2 2

Ž .Equation 1 in Theorem 1.7 says that

c ( ad D (cy1 s D q Id m p D ,Ž . Ž .1 I 1 0 S 2

c ( r D (cy1 s D q Id m p D ,Ž . Ž .2 2 y1 U 2

Ž . Ž . Ž . Ž .Ž Ž ..where D g Der S m A m; 1 , and D u m f s Id m f D u m 10 y1 U y1
Ž . Ž . Ž .for all u g U, f g A m; 1 . Since C D and Id m p D are homogene-2

Ž . Ž .ous derivations of S [ U m A m; 1 of degree 0, the same is true for
Ž .D [ D . Moreover, one has for y g S, u g U, f , g g A m; 1 ,0 y1

D [ D y m f q u m g s D y m f q D u m gŽ . Ž . Ž . Ž .0 y1 0 y1

s Id m f D y m 1Ž . Ž .Ž .S 0

q Id m g D u m 1 ,Ž . Ž .Ž .U y1

i.e.,

D [ D w m h s Id m h D [ D w m 1Ž . Ž . Ž . Ž . Ž .0 y1 S[U 0 y1

Ž . Ž .for all w g S [ U, h g A m; 1 . Lemma 2.1 2 yields that D [ D g0 y1
Ž Ž .. Ž .Der S [ U m A m; 1 and0

C D s D [ D q Id m p DŽ . Ž . Ž .0 y1 S[U 2

g Der S [ U m A m; 1 [ F Id m W m; 1Ž . Ž . Ž .Ž . Ž .Ž .0 S[U

for all D g G. The following corollary is now a consequence of Theorems
1.7 and 2.6.

COROLLARY 2.7. Let G, I, S, U, W, and m be as in Theorem 1.7, and let
T be a torus of G. Then there is a graded Lie algebra isomorphism

c : I [ W ª S [ U m A m; 1 ,Ž . Ž .

and an induced restricted Lie algebra homomorphism

C : G ª Der S [ U m A m; 1 [ F Id m W m; 1 ,Ž . Ž . Ž .Ž . Ž .Ž .0 SqU
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such that, for some r G 0,

r

C T s F Id m 1 q x Ž . Ž .Ý S[U j jž /
js1

m

[ C T l Der S [ U m F q F Id m x  .Ž . Ž .Ž . Ý0 S[U j jž /
jsrq1

Ž . y1 ŽŽ . Ž ..Proof. For C T s c (T (c choose s g Aut S [ U m A m; 10
according to Theorem 2.6. Being homogeneous of degree 0, s induces a

Ž .Lie algebra automorphism of S m A m; 1 and a module isomorphism of
Ž Ž .. Ž .the S m A m; 1 -module U m A m; 1 . Now substitute c , c by s (c ,1 2 1

y1s (c , and C by s (C(s .2

We now describe in detail the process of toral switchings based on the
w xideas of 40, 39, 15 . Let g be an arbitrary finite dimensional restricted Lie

algebra over F. A Cartan subalgebra h in g is called regular if h is the
centralizer of a torus of maximal dimension in g.

� Ž . p 4Let L s j g Hom F, F N j y j s Id . As F is algebraicallyF F Fp
Ž .closed, L / B. Let T be a torus of maximal dimension in g , G g , T s GF

the set of roots of g with respect to T , and let

g s h [ gÝ d
dgG

be the corresponding root space decomposition of g. Given g g G and
Ž . w p xm

w g g let m s m w denote the minimal integer for which w g T.g

Set
my1¡ iw p xw if m ) 1,Ý~q w sŽ . is1¢
0 if m s 1.

Fix j g L and define the generalized Winter exponential E g End g byF w , j

setting

py1 py1
m iw p xE N g s y j ( b w y ad q w q j ad w ,Ž . Ž . Ž . Ž .Ý Ł ž /w , j b g b

jsiq1is0

� 4 Ž .where b g G j 0 we arrange g s h .0
w xThe following has been proved in 15, Proposition 1 :

Ž . Ž .i E h is a regular Cartan subalgebra of g , andw , j

g s E h [ E gŽ . Ž .Ýw , j w , j d
dgG
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Ž .is the root space decomposition of g with respect to E h . In particu-w , j

Ž .lar, this means that E g GL g . The unique maximal torus T con-w , j w
Ž .tained in E h has the formw , j

� 4T s t N t g T , where t [ t y g t w q q w .Ž . Ž .Ž .w w w

Ž .ii For every x g g ,d

mw p xt , E x s d t y j (d w g t E x .Ž . Ž . Ž . Ž . Ž . Ž .Ž .w w , j w , j

Ž .Therefore, the root system G g , T of g with respect to T isw w

G g , T s d N d g G ; TU ,� 4Ž .w w , j w

d t s d t y j (d ww p xm
g t .Ž . Ž . Ž . Ž . Ž .w , j w

w xThe formulas above generalize those found in 39 for restricted Lie
algebras containing a toral Cartan subalgebra. Namely, if h s T then
Ž . Ž .m w s 1, so q w s 0.

w xFollowing 16 define D g End g by settingw , j

w p xm � 4D N g s j (d w Id y ad q w , d g G j 0 .Ž . Ž . Ž .w , j d g gd d

Ž w x.One can prove see 16 that D belongs to the p-envelope of ad w inw , j
p Ž . padg. As D y D s ad w , D in fact belongs to the p-envelope ofw , j w , j w , j

Ž . p Ž . w xad w , i.e., there is a polynomial P X g F X without constant term,
ŽŽ . p.such that D s P ad w . Letw , j

py1 1 ie [ ad w .Ž .Ýw i!is0

Ž . w x pThen there exists a polynomial Q X g F X divisible by X , such thatw , j

E s e q Q ad w .Ž .w , j w w , j

X X Ž .Let h be another regular Cartan subalgebra of g. If h s E h forx, m

some x g D g and m g L , we say that hX is obtained from h by and g G d F
w xelementary switching. By 16 , every two regular Cartan subalgebras of g

can be obtained from each other by a finite chain of elementary switch-
Žings. In particular, they have the same dimension equal to the minimal

.dimension of the nilspaces of endomorphisms ad x, x g g .
˜ Ža .We now show that toral switchings ‘‘respect’’ some subalgebras M .

PROPOSITION 2.8. Let L be a centerless Lie algebra of absolute toral rank
Ž .2, T a 2-dimensional torus in the p-en¨elope L of L ( ad L in Der L, andp
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Ž .a g G [ G L, T . Suppose that T is standard with respect to L. Choose an
element u in the set

K D M aD Dia gž / ž /
i/0 ggG _F ap

such that T is standard with respect to L. If u g L , where m g G_F a ,w m p
suppose in addition that D M a consists of p-nilpotent elements of L . Leti/ 0 im p
j g L . ThenF

˜ Ža . ˜ Ža u , j .E M ; M .Ž .u , j

Ž w p xm.Proof. Identify L with a subalgebra of L . By our assumption, a up
Ž . w xs 0, where m s m u . We mentioned that there is f g F X such that

Ž .E s f ad u . Let x denote the characteristic polynomial of E .u, j u, j

Ž .As E is invertible, then x has constant term x 0 s "det E / 0.u, j u, j

w x Ž . Ž . Ž . y1Choose g g F X such that x X s Xg X q x 0 . Then E su, j

Ž .y1 Ž . w x y1 Ž .yx 0 g E . Therefore, there is w g F X such that E s w ad u .u, j u, j

Now, let a g M a, b g L . Considering root spaces with respect to Tg yg u
gives

E a , E b s E hŽ . Ž . Ž .u , j u , j u , j

Ž .for some h g H [ C T . HenceL

y1h s E E a , E b s w ad u f ad u a , f ad u bŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .u , j u , j u , j

i jg H l span ad u a , ad u b N i , j G 0Ž . Ž . Ž . Ž .½ 5
i js span ad u a , ad u b N i q j ' 0 mod p .Ž . Ž . Ž . Ž . Ž .½ 5

Ža . w Ža . x Ž .Since u, a g M , then h g M , L l H ; H . Let MM a ; m denotea

Ž . a Ž .Uthe p-envelope of M a ; m [ H [ Ý M in L . As M a ; m is aa ig F im pp

subalgebra of L, Jacobson’s formula gives

j w x jpw xp aMM a ; m s H q M .Ž . Ž . Ž .Ý Ý Ýa im
UjG0 igF jG0p

Therefore the set

j w x jpw xp aH j MŽ . Ž .D D Da imž / ž /UjG0 igF j)0p
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Ž . Ž .spans MM a ; m l C T . If m g G_F a then, by our assumption, everyL pp
a U Ž a .w p x j

Uelement of D M is p-nilpotent. If m g F a , then M actsig F im p imp

nilpotently on L whenever i g FU and j ) 0. Therefore each element ofa p
the above set acts nilpotently on L . The set is weakly closed. Thus thea

Engel]Jacobson theorem applies and gives

T l MM a ; m ; T l ker a .Ž . Ž .

Ž .w p x r
Choose r g N such that E h g T and write for a suitable t g T ,u, j u

w x rpE h s t s t y m t u q q u .Ž . Ž . Ž .Ž .u , j u

Ž . Ž . Ž .Observe that u, h g MM a ; m . Then E h g MM a ; m . Therefore,u, j

Ž .m u y1
r iw xp w p xt s E h q m t u g T l MM a ; m ; T l ker a .Ž . Ž . Ž . Ž .Ýu , j ž /

is0

Ž .Consequently, a t s 0. But then

a t s a t y j ( a uw p xmŽu.
m t s yj a uw p xmŽu.

m t s 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .u , j u

by our assumption on u. This, in turn, means that

a E a , E b s a E h s 0,Ž . Ž . Ž .Ž .Ž .u , j u , j u , j u , j u , j

Žw Ž a . x.yielding a E M , L s 0. Thusu, j u, j g yg u, j

E M a ; M au , j for all g g G ,Ž .u , j g g u , j

as claimed.

COROLLARY 2.9. Under the assumptions of Proposition 2.8, if u g K ,ia

˜ Ža u, j . ˜ Ža . ˜ ˜Ž . Ž . Ž .i / 0, then M s E M and K a s K a .u, j u, j

Ž .Proof. As u s E u g K by the preceding proposition, andu, j ia u, j

˜ Ža . ˜ Ža u, j .Ž . Ž .T s T , then E M ; M . Applying the proposition with T ,u yu u, j u
˜ Ža u, j . ˜ Ža .Ž .yu, j instead of T , u, j gives E M ; M . So the first resultyu , j

Ž .follows from the fact that det E ( E / 0. As a further conse-yu , j u, j

˜ ˜ ˜Ž . Ž Ž .. Ž .quence, K a s E K a . Since u g K a the latter coincides withu, j u, j

Ž̃ .K a .

COROLLARY 2.10. Let T , T be two tori of maximal dimension in a finite1 2
dimensional restricted Lie algebra g , V a finite dimensional restricted g-mod-

Ž . Ž .ule, D resp., D the set of weights of V with respect to T resp., T . Let1 2 1 2
Ž . UQ D denote the F -span of D in T , i s 1, 2. There exists an isomorphismi p i



PREMET AND STRADE222

Ž . Ž .of F -spaces p : Q D ª Q D such thatp 1 2

p D s D and dim V s dim VŽ .1 2 F m F p Ž m .

for e¨ery m g D .1

w x Ž . Ž .Proof. By 16 , C T can be obtained from C T by a finite chain ofg 2 g 1
elementary switchings. Thus in order to prove the corollary it suffices to

Ž .assume that there is a root vector x g g for some a g G g , T such thata 1
� 4T s t N t g T . Fix j g L and let E be the generalized Winter2 x 1 F x, j

exponential associated with x and j . Give g [ g [ V a restricted Lie˜
w x w p x Ž . Žalgebra structure by letting V, V s V s 0 . It is well known and easy

.to see that T is a torus of maximal dimension in g. Obviously, the ideal˜1
V ; g is E -stable.˜ x, j

U U Ž . UDefine p : T ª T by the rule p w s w for all w g T , where1 2 x, j 1
Ž . Ž . Ž .Ž w p xmŽ x .. Ž .w t s w t y j (w x a t . As j if F -linear, so is p . If f s 0x, j x p x, j

U Ž Ž w p xmŽ x ... Ž w p xmŽ x ..for some f g T , then f s la where l s j f x . But a x s1
Ž Ž . Ž .0, yielding f s 0. As D , D are finite sets and hence Q D , Q D are1 2 1 2

.finite dimensional over F , p is a F -linear bijection. As E is invertible,p p x, j

Ž . Ž .dim V s dim E V for every m g D . Also, E V ; V . The re-m x, j m 1 x, j m p Ž m .
sult follows.

The following is a trivial but useful consequence.

Ž .COROLLARY 2.11. 1 0 g D m 0 g D .1 2

Ž .2 If dim V s t for all m g D , then dim V s t for all l g D .m 1 l 2

3. HAMILTONIAN LIE ALGEBRAS

In what follows we shall rely on detailed information on the representa-
Ž .Ž2.tions and gradings of H 2; 1 and its derivation algebra. As usual define

Ž . Ž . Ž a b. ay1 b a by1D : A 2; 1 ª W 2; 1 by setting D x x s ax x  y bx x  .H H 1 2 1 2 2 1 2 1
Then

Ž .Ž . 12H 2; 1 s D A 2; 1 ,Ž . Ž .Ž .H

Ž .2 py1 py1Der H 2; 1 s D A 2; 1 q Fx  q Fx  q F x  q x Ž .Ž . Ž .Ž .H 1 2 2 1 1 1 2 2

w x34 . Set
Ž . Ž .2 2H 2; 1 [ H 2; 1 l W 2; 1 .Ž . Ž . Ž . Ž .jŽ j.

Ž .Ž2.THEOREM 3.1. Let M be a restricted Lie algebra satisfying H 2; 1 ; M
Ž .Ž2.; Der H 2; 1 , and let W denote an irreducible restricted M-module. Then

Ž . Ž .Ž2.W ( u M m W , where G > H 2; 1 is a restricted subalgebra of M,uŽG. 0



LIE ALGEBRAS OF SMALL CHARACTERISTIC 223

Ž .Ž2.and W is an irreducible G-module. As a H 2; 1 -module, W s [ V0 0 t times
Ž .Ž2.is a direct sum of irreducible H 2; 1 -modules isomorphic to V. The irre-

Ž .Ž2.ducible H 2; 1 -module V is isomorphic to one of the following:

Ž .1 1-dimensional,
Ž . Ž .Ž2.2 H 2; 1 with the ad-representation,
Ž . Ž Ž .Ž2.. Ž2.3 u H 2; 1 m V , where V is an irreducible restricteduŽH Ž2; 1. . 0 0Ž0.

Ž .Ž2.H 2; 1 -module.Ž0.

Let T be a torus of M. One of the following occurs.

Ž . Ž .Ž2. Ž .A H 2; 1 ? W s 0 ,
Ž . Ž . Ž .B ann T / 0 ,W

Ž .C dim T s 2, and W is the natural M-module

span x i x j N i , j - p y 1, p y 1 rFŽ . Ž .� 41 2

or its dual.

w x Ž .Ž2.Proof. Setting in 33, Corollary 5.5 L s M, I s H 2; 1 one obtains

ˆW ( u M m W , W s [ V ,Ž . uŽK . 0 0 t times

ˆ Ž .where M is the universal p-envelope of M in U M , t is a suitable natural
Ž .Ž2.number, V is an irreducible H 2; 1 -module, and K is the stabilizer of

ˆ ˆ ˆŽ .W in M. Since M is restricted, M s M q C M . Since W is an irre-0
ˆŽ .ducible M-module, C M acts on W by scalar multiplications. Hence

ˆ ˆŽ . Ž . Ž .C M ; K, and therefore u M m W ( u M m W . Set G [uŽK . 0 uŽK l M . 0
Ž .Ž2.K l M. By construction, H 2; 1 ; G.

Ž .Ž2. Ž . wThe irreducible H 2; 1 -module V is restricted as so is W . Now 10,
xp. 34 of the English translation establishes the claim on V.

It remains to prove the statement on T.

Ž . Ž .Ž2.a Suppose dim V s 1. Since H 2; 1 is an ideal of M it follows
� Ž .Ž2. 4that w g W N H 2; 1 ? w s 0 is a M-submodule of W. It contains

Ž .Ž2. Ž .F m W . Then H 2; 1 ? W s 0 .0

Ž .b We now assume that dim V ) 1. Note that every torus in
Ž .Ž2. w xDer H 2; 1 has dimension at most 2 5 . At first we prove the theorem

under the assumption that

T ; G, dim T s 2.

w Ž .x Ž .Ž2.According to 5, 1.18.4 there is an automorphism s of H 2; 1 such
Ž .Ž2. Ž . y1that the induced automorphism s of Der H 2; 1 , s D s s ( D(s ,˜ ˜

maps T onto Fz  [ Fz  , where z stands for x or 1 q x . We identify1 1 2 2 i i i
Ž .Ž2. Ž .Ž2. Ž .Ž2. Ž .Ž2.H 2; 1 and ad H 2; 1 . Then s preserves H 2; 1 and H 2; 1 .˜ Ž0.
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Ž . Ž Ž .Ž2.. Ž2.c Suppose V ( u H 2; 1 m V . By the above there is auŽH Ž2, 1. . 0Ž0.

Ž . Ž .Ž2. Ž . Ž .basis t , t of T and g , g g H 2; 1 , such that s t s z  , s g s  .˜ ˜1 2 1 2 i i i i i
Ž . py1 py1Pick u g V _ 0 . The description of V shows that g g m u / 0. Let0 1 2

1 m u s Ýu , where all u are weight vectors with respect to T. Clearly,g g

there is a weight vector u such that g py1g py1 ? u / 0, which implies thatg 1 2 g

g i g j ? u / 0 for 0 F i , j F p y 1.1 2 g

Since g , g are root vectors for T corresponding to linearly independent1 2
roots, the above shows that V has p2 distinct weights. Since the represen-
tation is restricted, all T-weights are contained in a 2-dimensional F -sub-p
space of TU. So 0 is a T-weight of V.

Ž . Ž .Ž2. Ž .d Suppose V ( H 2; 1 . Note that W is a s M -module if one˜
Ž .defines the action of s m via˜

s m w s m ? w for all m g M , w g W .Ž . Ž .˜

Ž .Ž2. XSince  ,  g H 2; 1 , T [ Fx  [ Fx  is a 2-dimensional torus in1 2 1 1 2 2
Ž . Ž . X Ž .Ž2.s M . As s T , T are tori of maximal dimension in Der H 2; 1 ,˜ ˜

Corollary 2.11 shows that

ann T / 0 m ann s T / 0 m ann T X / 0 .Ž . Ž . Ž . Ž . Ž . Ž .Ž .˜W W W

X Ž . X Ž . Ž X. Ž .Next we set M [ s M , G [ s G , assume that ann T s 0 , and˜ ˜ W
prove the theorem in this setting.

Put t [ x  y x  , t [ x  q x  , and let0 1 1 2 2 1 1 1 2 2

Ž .2XM s H 2; 1 [ N ,Ž .
where

N ; Fx py1 [ Fx py1 [ F x py2 x py1 y x py1 x py2 [ FtŽ .1 2 2 1 1 2 2 1 2 1 1

Ž py1 . p Ž py1 . pis a subalgebra containing Ft . Since x  s x  s1 1 2 2 1
Ž py2 py1 py1 py2 . p p w xx x  y x x  s 0, one has N ; Ft [ t , N ; N.1 2 2 1 2 1 1 1

Ž .Ž2.Therefore N is a restricted subalgebra of Der H 2; 1 . Since
x py1 , x py1 , x py2 x py1 y x py1 x py2 are eigenvectors of t belonging1 2 2 1 1 2 2 1 2 1 1

w xto eigenvalues y2, y2, y4, respectively, N s Ft [ t , N , and1 1

w x Ž1. py1 py1 py2 py1 py1 py2t , N s N ; Fx  [ Fx  [ F x x  y x x  .Ž .1 1 2 2 1 1 2 2 1 2 1

Ž . X X X Xe Suppose that G / M. Then M s G [ N where N is a nonzero
X Ž .Ž2.T -invariant subspace of N. Recall that V ( H 2; 1 ; let ¨ g V be the

vector which is mapped onto t under this isomorphism. Then t ? ¨ s 00 0
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X � 4 Xwhence W [ w g W N t ? w s 0 is nonzero. Obviously, W is t -in-0 0 0 0 1
X Ž . Uvariant. So there is w g W _ 0 such that t ? w s aw for some a g F .0 0 1 0 0 p

X X Ž . w xAs t acts invertibly on N , there is n g N _ 0 such that t , n s bn for1 1
U � 4 ssome b g F . Therefore there is s g 1, . . . , p y 1 such that n m w isp 0

annihilated by T s Ft q Ft . Since this contradicts our assumption on0 1
Ž X.ann T we derive that G s M. It follows that W is a semisimple isogenicW

Ž .Ž2.H 2; 1 -module.
Ž .f Set A s End W, and let B be the associative subalgebra of A

� Ž . Ž .Ž2.4 X Ž .generated by r f N f g H 2; 1 , where r : M ª gl W denotesW W
Ž .Ž2.the representation. Since W is a semisimple isogenic H 2; 1 -module,

B ( End V is a central simple associative algebra. A classical theorem now
� w x Ž .4shows that setting C [ a g A N a, B s 0 , A ( B m C and C is cen-F

tral simple. In particular, this implies

A s BC , B l C s F Id .W

Ž .Ž2. XSince H 2; 1 is an ideal in M , the mappings

B ª B , b ¬ r f , b f g NŽ . Ž .W

are well-defined derivations of B. All derivations of a central simple
associative algebra are inner. Therefore there is a linear mapping

l : N ª B

w Ž . Ž . x Ž .such that r f y l f , B s 0 for all f g N.W

Suppose lX : N ª B is another linear mapping with this property. Then

l f y lX f g B l C s F IdŽ . Ž . W

for all f g N.

Ž .g We now adjust l by adding suitable scalar multiples of Id .W
Ž .Ž2. Ž .Ž2.Recall that V ( H 2; 1 as a H 2; 1 -module. Set

V [ span D x i x j N i q j y 2 s k .� 4Ž .k H 1 2

Ž .Ž2.Then V s [ V is a graded H 2; 1 -module, andkk

Ž .2V s ann H 2; 1 .Ž .ž /2 py5 V Ž1.

Observe, that for f g N

Ž .2
r f y l f , r H 2; 1 ; r f y l f , B s 0 .Ž . Ž . Ž . Ž . Ž .Ž .ž /W W W
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In particular,

Ž . Ž .2 2
l f , r H 2; 1 s r f , r H 2; 1Ž . Ž .Ž . Ž .ž / ž /W Ž0. W W Ž0.

Ž .2; r H 2; 1 .Ž .ž /W Ž1.

But then

l f V ; V ; f g N.Ž . Ž .2 py5 2 py5

Ž .Ž2.Moreover, as V is an irreducible H 2; 1 -module, one obtains2 py5 Ž0.

l f N V s c f Id ; f g N ,Ž . Ž .2 py5 V2 py5

Ž .for some c f g F. Set

lX t s l t y 5 q c t Id ,Ž . Ž . Ž .Ž .1 1 1 W

lX f s l f y c f Id ; f g N Ž1. .Ž . Ž . Ž . W

XŽ .It is now easy to see that for each f g N the endomorphism l f g End V
Ž .Ž2. Ž Ž .Ž2..coincides with the derivation f g Der H 2; 1 recall that V ( H 2; 1 .

As a consequence, lX is a restricted Lie algebra homomorphism from N
Ž .into gl V . Define

w : N ª C , w f s r f y lX f .Ž . Ž . Ž .W

w Ž . XŽ .xAs w f , l g s 0 for all f , g g N, one can check that w is a restricted
Lie algebra homomorphism, where we view C as a restricted subalgebra of

Ž . Ž Ž1.. Žgl V . In particular, w N consists of nilpotent endomorphisms see
Ž ..also d .
Ž .h Recall that C is a central simple associative algebra, whence has

a unique irreducible module U. It is well known that the M X-modules W
and V m U are isomorphic. Since w is a restricted homomorphism, eachF

Ž .irreducible w N -submodule of U is 1-dimensional and affords a represen-
tation F given byL

F w N Ž1. s 0, F w t s L Id,Ž . Ž .Ž .Ž .L L 1

where L g F . Let U s Fu be a 1-dimensional module which affords thep 0 0
representation F .L
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Ž i i .Let ¨ g V denote the image of D x x under a fixed isomorphismi H 1 2
;Ž2.Ž . Ž .m : H 2; 1 ª V i s 1, . . . , p y 2 . Then

i it ? ¨ m u s m t , D x x m u s 0,Ž . Ž .Ž .0 i 0 0 H 1 2 0

i it ? ¨ m u s m t , D x x m u q ¨ m t ? uŽ . Ž .Ž .Ž .1 i 0 1 H 1 2 0 i 1 0

s 2 i y 2 q L ¨ m u .Ž . i 0

� 4If L / 2, 4, there is i g 1, . . . , p y 2 such that 2 i y 2 q L s 0. In this
Ž X.case ann T / 0.W

Ž .i As a consequence of our previous discussion, there are at most 2
Ž .Ž2. Ž . Ž . Ž .irreducible M-modules W satisfying H 2; 1 ? W / 0 , ann T s 0 .W

Ž . Ž .Indeed, our discussion in c ] h shows that W ( V m U , where V (0
Ž .Ž2. X XH 2; 1 is a natural M -module and U is a 1-dimensional M -module0

Ž .Ž2.with the trivial action of the ideal H 2; 1 and the action of N given by
� 4the representation F where L g 2, 4 . Now pairwise non-equivalentL

representations r , r , r of M would give rise to the pairwise non-equiv-1 2 3
y1 y1 y1 X Ž .alent representations r (s , r (s , r (s of M s s M .˜ ˜ ˜ ˜1 2 3

Ž .It is easily seen that the modules from case C of the theorem have the
� i j Ž . Ž .4properties in question. Now W s span x x N i, j - p y 1, p y 1 rF1 2

Ž .Ž2. py1 py2has a unique minimal H 2; 1 -submodule W ( Fx x [Ž0. 1 1 2
py2 py1 Ž .Ž2.Fx x and a unique maximal H 2; 1 -submodule W (1 2 Ž0. 2
� i j Ž . Ž . 4 Xspan x x N i, j - p y 1, p y 1 , i q j ) 2 . Then the dual module W1 2

Ž .Ž2. Ž .Uhas a unique minimal H 2; 1 -submodule isomorphic to WrW .Ž0. 2
Observe that t has the unique eigenvalue y3 on W and the unique1 1

Ž .Ueigenvalue y1 on WrW . Therefore these two M-modules are noniso-2
morphic. This proves the theorem under the additional assumption that
T ; G, dim T s 2.

Ž .j Next we assume that T ; G, dim T s 1.

Ž .Ž2.Suppose that T is a maximal torus of G. Then H 2; 1 is F -graded byp
w Ž .xthe action of T. According to 26, 1.5 the zero component of this grading
Ž .Ž2. Ž Ž .Ž2.cannot act nilpotently on H 2; 1 since otherwise H 2; 1 would be

. Ž .Ž2.solvable . Therefore it contains a toral element t , yielding T ; H 2; 1 .0
Ž .Ž2.If V ( H 2; 1 , let F¨ be the image of T under this isomorphism. Then

Ž .1 m ¨ g ann T .W
Ž Ž .Ž2.. w xŽ2.Suppose V ( u H 2; 1 m V . Due to 8 , T is conjugate touŽH Ž2; 1. . 0Ž0.

Ž . ŽŽ . .either F x b y x  or F 1 q x  y x  under an automorphism1 1 2 2 1 1 2 2
Ž .Ž2. w x Ž .Ž2. Ž .Ž2.of H 2; 1 . By 11 any automorphism of H 2; 1 preserves H 2; 1 .Ž0.

Ž .Ž2. Ž .Ž2. U Ž .Thus there are g g H 2; 1 _ H 2; 1 and a g T _ 0 such thatŽ0.
w x Ž . Ž .t, g s a t g for all t g T. Pick u g V _ 0 . The description of V shows0
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py1 Ž . py1that g ? 1 m u s g m u / 0. Write 1 m u s Ýu as a sum of weightg

vectors with respect to T. Clearly, there is a weight vector u such thatg

g py1 ? u / 0, which implies thatg

g j ? u / 0 for 0 F j F p y 1.g

Then V carries p distinct weights with respect to T , and, as T acts
restrictedly on V, 0 is a T-weight.

Suppose that T is not a maximal torus of G. Choose a maximal torus
X Ž .T > T of G recall that it is 2-dimensional . By our preceding result,

Ž X. Ž . Ž . Ž X.either ann T / 0 or W is as in case C . In the first case ann T ;W W
Ž .ann T . In the second case, the present assumption entails that W is theW

� i j Ž . Ž .4natural G-module equal to span x x N i, j - p y 1, p y 1 rF or its1 2
Ž .dual. We now regard G as a subalgebra of W 2; 1 which acts naturally on

Ž . Ž .A 2; 1 . Then W is a G-submodule of A 2; 1 rF or its dual. As dim T s 1,
Ž . Žall weight spaces of A 2; 1 relative to T are p-dimensional see Theorem

.2.3 . Hence the zero weight of W has multiplicity at least p y 2. Then
Ž . Ž .ann T / 0 .W

In the general case set T s T [ Ft [ Ft , where T [ T l G and0 1 2 0
Ž py1 .Ž py1 . Ž .t , t are 0 or toral elements of T. Then t y 1 t y 1 m ann T1 2 1 2 W 00

Ž .; ann T . If T s T then T ; G, and we are done. If T / T thenW 0 0
Ž . Ž . Ž . Ž .dim T F 1. By our previous result, ann T / 0 . Then ann T / 0 .0 W 0 W0

This proves the theorem.

The following theorem will be extensively used in the sequel.

Ž .THEOREM 3.2. Let G be a semisimple restricted Lie algebra with TR G
s 2 and with a unique minimal ideal I, and T ; G a 2-dimensional torus

Ž .of G. Suppose TR I s 1. Let W be an irreducible restricted G-module such
Ž .that I ? W / 0 . Regard I [ W as a restricted Lie algebra according to

Remark 2.2. Then the following are true.

Ž . � Ž . Ž . Ž .Ž2.41 There exist S g sl 2 , W 1; 1 , H 2; 1 , m G 0, a S-module U,
a homogeneous Lie algebra isomorphism of degree 0

c : I [ W ª S [ U m A m; 1 ,Ž . Ž .

and an induced restricted Lie algebra homomorphism

C : G ª Der S [ U m A m; 1 [ F Id m W m; 1 ,Ž . Ž . Ž .Ž . Ž .Ž .0 S[U

such that

C T s F h m 1 [ F d m 1 q Id m t ,Ž . Ž . Ž .0 S[U 0
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Ž . Ž .where h g S, d g Der S [ U , t g W m; 1 . I is a restricted ideal of G,0 0 0
Ž .and U is a restricted S-module. If t f W m; 1 then C may be chosen so0 Ž0.

Ž .that d s 0, t s 1 q x  .0 1 1

Ž .2 One of the following occurs:
Ž .a 0 is a T-weight of W;
Ž . Ž . Ž .Ž2.b i S ( H 2; 1 ,

Ž .ii m s 0 or t s 0,0

Ž . Ž . Ž .iii the S q Fd -module U is as in case C of Theorem 3.1;
Ž . Ž . � Ž . Ž .4c i S g sl 2 , W 1; 1 ,

Ž .ii m ) 0, t / 0,0

Ž .iii e¨ery x g I is either p-nilpotent or acts in¨ertibly on W,
Ž .iv if g is a T-weight of W then so is yg .

Ž .Proof. 1 Let II denote the p-envelope of I in G. Suppose T ; II.
Ž . Ž .Then G s I q C T and TR I s dim T s 2, a contradiction. Thus T oG

Ž .II. Suppose T l II s 0 . As II is a restricted ideal of G, GrII carries
a natural p-mapping. By assumption, the image of T in GrII is a 2-di-
mensional torus. Let T denote a 1-dimensional torus of II. As II is an1

Ž . Ž .ideal of G, G s II q C T . Let T denote a maximal torus in C T ,G 1 2 G 1
which is mapped onto T q IIrII under the homomorphism p :

Ž . Ž . Ž . w Ž .x Ž .C T ª C T rC T l II ( GrII 34, 2.4.5 . Clearly, dim p T sG 1 G 1 G 1 2
Ž . w x Ž .dim T q II rII s 2. As T , T s 0 , then T ; T l ker p . But then1 2 1 2
Ž . Ž .TR G ) 2, a contradiction. Thus T l II / 0 .

We now normalize T according to Corollary 2.7. There is a graded Lie
algebra isomorphism

c : I [ W ª S [ U m A m; 1 ,Ž . Ž .

and an induced restricted Lie algebra homomorphism

C : G ª Der S [ U m A m; 1 [ F Id m W m; 1 ,Ž . Ž . Ž .Ž . Ž .Ž .0 S[U

such that, for some r G 0,

r

C T s F Id m 1 q x Ž . Ž .Ý S[U j jž /
js1

m

[ C T l Der S [ U m F q F Id m x  .Ž . Ž .Ž . Ý0 S[U j jž /
jsrq1

Ž . � Ž . Ž . Ž .Ž2.4 w xSince TR S s 1, we have S g sl 2 , W 1; 1 , H 2; 1 38, 25, 17 . Then
w x Ž .w p x9S is restricted. Let p 9 denote the p-mapping on S. As the rule u m f
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w p x9 p Ž . Ž .[ u m f for u g S, f g A m; 1 defines a p-mapping on c I and
Ž . Ž . y1Ž .C I s 0 , it is easy to see that M [ c S m F is a restricted subalge-G

Ž .bra of G. Therefore the S-module U is restricted cf. Remark 2.2 .
Similarly, I is a restricted subalgebra of G whence II s I.

Ž .Recall that T l I \ Fh for some toral element h. Then C h s h m 10
Ž . Ž . Žfor some toral element h g S. Thus C T s F h m 1 [ F d m 1 q0 0

. Ž . Ž .Id m t where d g Der S [ U . If t f W m; 1 then the descrip-S[U 0 0 0 Ž0.
Ž . Ž . Ž . Žtion of C T gives r s 1. In this case, C T s F h m 1 [ F Id m0 S[U

Ž . .1 q x  .1 1

Ž . Ž .2 a Suppose that m / 0, t / 0, and0

� 4U [ u g U N h ? u s 0 / 0 .Ž .0 0

Ž . Ž .Observe that U m A m; 1 s ann h m 1 is T-invariant. So there is a0 W 0
weight vector u s Ý u m x a relative to T with u g U for all a, andaG 0 a a 0
u / 0. Note that0

d m 1 q Id m t Ýu m x af s d m 1 q Id m t u f q ut fŽ . Ž . Ž . Ž .Ž . Ž .0 a 0 0

Ž . Ž .for all f g A m; 1 . Since t has p distinct weights on A m; 1 , U m0 0
Ž .A m; 1 carries p distinct weights with respect to T , and they all vanish on

Ž .h m 1. But then W has weight 0 with respect to T. This is case a .0

Ž . Xb Suppose m s 0 or t s 0. If T [ Fh q Fd N is 1-dimensional,0 0 S
Ž . Ž .then T l C I / 0 . As I is the unique minimal ideal of G and G isG

semisimple, this is impossible. Therefore, Fh q Fd N is a 2-dimensional0 S
Ž .Ž2.torus in Der S. Consequently, S ( H 2; 1 . Moreover, Theorem 3.1 ap-

X Ž X. Ž . Ž . Ž X.plies to M s S q T and W s U. If ann T / 0 then 0 / ann TU U
Ž . Ž .m F ; ann T . Then we are in case a of the present theorem, whileW

Ž .otherwise we are in case b according to Theorem 3.1.
Ž . Ž .c Finally suppose that m / 0, t / 0, and U s 0 . We intend to0 0

Ž .show that this is case c of the present theorem. Applying Theorem 3.1 to
Ž .Ž2. � Ž . Ž .4M s S, T s Fh gives S \ H 2; 1 . Hence S g sl 2 , W 1; 1 .0

Suppose there is x g I which is not p-nilpotent, and let x s x q x ,s n
where x and x are the semisimple and p-nilpotent parts of x in I. Sinces n
w x Žx , x s 0 and x acts nilpotently on W by the restrictedness of thes n n

.representation , we need to show that x acts invertibly on W.s
Ž . Ž . Ž .As I is an ideal of G, one has G s I q C Fx . If C Fx rC Fx lG s G s G s

I is p-nilpotent, then T ; I, a contradiction. Thus there is a torus T X ; G
X X X X Žsuch that Fx ; T l I « T . But then dim T G 2, whence dim T s 2 ass

Ž . . X Ž .TR G s 2 . This yields Fx s T l I. As U s 0 , 0 is not a T-weight ofs 0
W. Now Corollary 2.11 shows that 0 is not a T X-weight of W. We now
substitute T by T X and apply the former results. We obtain that U X [0
� X 4 Ž .u g U N h ? u s 0 s 0 . This means that x acts invertibly on W.0 s
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Ž .Let g be a T-weight of W and g h m 1 \ i. For j g F set U [0 p j
� 4 Ž .u g U N h ? u s ju . According to our assumption, U / 0 . But then the0 i

Ž . Ž . Ž .representation theory of sl 2 and W 1; 1 shows that U / 0 . Nowyi
Ž .proceed as in a to show that yg is a T-weight on W.

Now we are going to determine the Z-gradings of Hamiltonian algebras.

Ž . Ž .DEFINITION 1. A Z-grading of W 2; 1 is said to be of type a , a with1 2
Ž . Ž Ž . .respect to generators x , x of A 2; 1 contained in A 2; 1 if1 2 Ž1.

deg x i x j  s ia q ja y a for all 0 F i , j F p y 1, k s 1, 2.Ž .1 2 k 1 2 k

Ž .Ž2.THEOREM 3.3. For a Z-grading of a subalgebra M of Der H 2; 1
Ž .Ž2. Ž .containing H 2; 1 there are s g Aut A 2; 1 and a , a g Z such that1 2

Ž .Ž2. y1 Ž .Ž2.s ( H 2; 1 (s s H 2; 1 and the grading of M is induced by a
Ž . Ž . Ž . Ž .a , a -grading of W 2; 1 with respect to s x , s x .1 2 1 2

Ž . Ž .Ž2.Proof. a First suppose that M s H 2; 1 . Let H s Aut M and let
w xLie H be the Lie algebra of the algebraic group H. By 9 , Lie H is a

restricted subalgebra of Der M. As Der M can be identified with a re-
Ž . Ž w x.stricted subalgebra of W 2; 1 see 34 , the Lie algebra Lie H has no tori

Ž w x .of dimension ) 2 cf. 7 or Theorem 2.3 . Now let T be a maximal
algebraic torus in H. Then Lie T ; Lie H is a toral subalgebra of Lie H.

Ž . w xThis yields dim T s dim Lie T F 2. By 9 , all maximal algebraic tori in H
are H-conjugate. In particular, they have the same dimension. We claim
that dim T s 2. To prove the claim it suffices to produce a 2-dimensional
algebraic torus in H.

2 �Ž . U4Let G s t , t N t , t g F be the direct product of two copies ofm 1 2 1 2
FU. This is an algebraic torus of dimension 2. Let X U denote the group of

2 U Ž .rational characters of G . Define « , « g X by setting « t , t s t ,m 1 2 i 1 2 i
Ž . Ui s 1, 2. It is well known and easy to see that X s Z« [ Z« . Define a1 2

rational homomorphism

l : G2 ª GL W 2; 1Ž .Ž .m

by the rule

l t , t x i x j  s t i t j ty1 x i x j Ž . Ž .1 2 1 2 k 1 2 k 1 2 k

for all 0 F i, j F p y 1, k s 1, 2, and t , t g FU. It is not hard to see that1 2
Ž 2 . Ž . Ž 2 . Ž Ž ..l G ; Aut W 2; 1 and, moreover, l G preserves D A 2; 1 ;m m H
Ž . Ž 2 . Ž .Ž2. Ž Ž ..Ž1.W 2; 1 . From this it follows that l G acts on H 2; 1 s D A 2; 1m H

as a 2-dimensional algebraic torus of automorphisms. This establishes the
Ž 2 .claim, thereby proving that l G is a maximal torus of H. Clearly,m

2 Ž .Ž2. 2 Ž .l : G ª Aut H 2; 1 is a rational representation of G . Also, l t , tm m 1 2
Ž i j .acts on the line F x x  via the character i« q j« y « , where k s 1, 2.1 2 k 1 2 k

2 Ž .Ž2. ŽIt follows that y« and y« are weights of the G -module H 2; 1 one1 2 m
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Ž .Ž2..should take into account that  ,  g H 2; 1 . Therefore, the weights1 2
U Ž .of l span the whole lattice X over Z . From this it is immediate that

l G2 ( « G2 = « G2 ( G2 .Ž . Ž . Ž .m 1 m 2 m m

Ž 2 . Ž 2 . Ž .Ž2.We identify l G and the restriction of l G to H 2; 1 . Now letm m

M s M , M , M ; M ; i , j g Z[ i i j iqj
igZ

be a Z-gradation of M. Associated with this grading there is a 1-dimen-
� Ž . U x Ž .Ž . isional algebraic torus L s L t N t g F ; H such that L t m s t mi i

for all m g M , t g FU , i g Z. As L is contained in a maximal algebraici i
torus of H, there is g g H such that

˜ y1 2L [ gL g ; l G .Ž .m

w x Ž .By 11, 13 , there is s g Aut A 2; 1 such that

Ž .2y1s ( D(s s g D g H 2; 1Ž . Ž .

Ž .Ž2.for all D g H 2; 1 . Therefore we may view g as an automorphism of
Ž .W 2; 1 .
The restriction « N , i s 1, 2, defines a rational character of the 1-di-˜i L

˜mensional torus L. Hence, there are a , a g Z such that1 2

˜ ai« L t s t , 1, 2,Ž .Ž .i

for every t g FU. But then

i j y1˜ ˜ ˜ ˜i« q j« y « L t s « L t ? « L t ? « L tŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .1 2 k 1 2 k

s t ia1qj a2yak

� 4 Ufor all i, j g Z, k g 1, 2 , t g F . It follows that

˜ i j i a1qj a2yak i jL t x x  s t x x  .Ž . Ž .1 2 k 1 2 k

Thus

L t s ( x i x j  (sy1 s gy1 gL gy1 x i x j  s t ia1qj a2yak gy1 x i x j Ž . Ž . Ž . Ž .1 2 k 1 2 k 1 2 k

s t ia1qj a1yaks ( x i x j  (sy1 .1 2 k

i j y1 Ž . i Ž . j Ž .We now observe that s ( x x  (s s s x s x rs x .1 2 k 1 2 k
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Ž . Ž3. Ž .Ž2.b Next we treat the general case. Observe that M s H 2; 1 , so
Ž .Ž2. Ž . Ž .that H 2; 1 is a graded ideal of M. By a there are s g Aut A 2; 1 and

Ž .Ž2. y1 Ž .Ž2.a , a g Z such that s ( H 2; 1 (s s H 2; 1 , and the present grad-1 2
Ž .Ž2. Ž . Ž .ing of H 2; 1 is induced by a a , a -grading of W 2; 1 with respect to1 2

Ž . Ž . y1 Ž .s x , s x . We now use the automorphism D ¬ s ( D(s of W 2; 1 .1 2
Ž .By this automorphism the present grading of W 2; 1 is transformed into

Ž . y1the a , a -grading with respect to x , x . By substituting M by s ( M(s1 2 1 2
we are reduced to prove the claim for s s Id.

Ž .Denote the homogeneous components of M by M , j g Z. Let W 2; 1² j:
Ž . Ž . Ž .s [ W 2; 1 be the a , a -grading of W 2; 1 with respect to x , x .j 1 2 1 2jg Z

Then by the assumption on the grading

Ž . Ž . Ž .2 2 2H 2; 1 l M s H 2; 1 l W 2; 1 \ H 2; 1 ; j g Z.Ž . Ž . Ž . Ž .j² j: j

Let D s Ý2 Ý a x b q a q b be an element of M . Asks1 b/ 0 k , b k 1 2 ² j:
Ž .Ž2.x  y x  g H 2; 1 , one has x  y x  g M . Therefore1 1 2 2 0 1 1 2 2 ²0:

2
k bw xx  y x  , D s a b y b q y1 x  y a q bŽ .Ž .Ý Ý1 1 2 2 k , b 1 2 k 1 2

ks1 b/0

Ž . Ž .2 2g H 2, 1 l M s H 2; 1 ; W 2; 1 . 2Ž .Ž . Ž . Ž . j² j: j

Ž .Ž2.Similarly,  g H 2; 1 ; M for l s 1, 2, so thatl ya ²ya :l l

2
by« lw x , D s a b x Ý Ýl k , b l k

ks1 b/0

Ž . Ž .2 2g H 2; 1 l M s H 2; 1 ; W 2; 1 . 3Ž .Ž . Ž . Ž . jya² jya : jya ll l

Ž .As all summands in the right-hand side of Eq. 2 are homogeneous with
Ž .respect to the grading of W 2; 1 , it follows that the degree of each of

Ž . Ž .these summands is j. In particular, a , b g W 2; 1 . Similarly 31 2 j
by« l Ž .implies that b a x  g W 2; 1 for all k, l s 1, 2 and all b / 0.l k , b k jyal

Suppose a / 0 for some k and b / 0. There is l with b / 0. Wek , b l
b Ž . Ž .conclude x  g W 2; 1 . Consequently, D g W 2; 1 for all D g M ,k j j ² j:

Ž .yielding M ; W 2; 1 . The result follows.² j: j

Ž .We note that, while one can describe W 2; 1 be means of any set of
Ž .Ž2.generators, the subalgebra H 2; 1 is defined by use of the mapping D ,H

� 4 � 4in which a fixed set x , x is involved. Using different sets u , u gives1 2 1 2
different mappings DŽu. and isomorphic but not necessarily identicalH

Ž . Ž .subalgebras of W 2; 1 . Now let s g Aut A 2; 1 be such that
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Ž .Ž2. y1 Ž .Ž2. Ž . Ž . � 4s ( H 2; 1 (s s H 2; 1 . Put u [ s x i s 1, 2 . Then u , u isi i 1 2
Ž .a set of generators of A 2; 1 . Set

DŽu. ui u j s iuiy1u j  y jui u jy1Ž .H 1 2 1 2 u 1 2 u2 1

Ž i j . y1 Žu.Ž i j .with  s r . It is easily seen that s ( D x x (s s D u u .u u H 1 2 H 1 2i i
Ž .Ž2. Žu.Ž Ž ..Ž1.The assumption on s yields that H 2; 1 s D A 2; 1 . So we mayH

Žu. Ž .Ž2.use the mapping D for the definition of H 2; 1 as well.H
Ž .Ž2. Žu.Ž Ž .. py1 py1It is also clear that Der H 2; 1 s D A 2; 1 q Fu  q Fu H 1 u 2 u2 1

Ž .q F u  q u  .1 u 2 u1 2

COROLLARY 3.4. Let M s [ M be a Z-graded Lie algebra suchiig Z

Ž .Ž2. Ž .Ž2. Ž .that H 2; 1 ; M ; Der H 2; 1 . Then there are s g Aut A 2; 1 and
Ž .Ž2. y1 Ž .Ž2.a , a g Z such that s ( H 2; 1 (s s H 2; 1 and the grading of M is1 2

Ž . Ž . Ž .induced by a a , a -grading of W 2; 1 with respect to u [ s x and1 2 1 1
Ž .u [ s x . One of the following occurs.2 2

Ž .1 a s a s 0. Then M s M .1 2 0

Ž . Ž .2 a s 0, a / 0 the case a / 0, a s 0 is symmetric . Then1 2 1 2

Ž . ka M s [ M with k G p y 2,i aisy1 2

Ž . py2 Ž iy1 py1 i py2 .b Ý F iu u  q u u  ; M ;is0 1 2 u 1 2 u Ž py2.a2 1 2py1 Ž iy1 py1 i py2 .Ý F iu u  q u u  ,is0 1 2 u 1 2 u2 1

Ž . py1 Ž iy1 i . py1 Ž iy1 i .c Ý F iu u  y u  ; M ; Ý F iu u  y u is0 1 2 u 1 u 0 is0 1 2 u 1 u2 1 2 1
Ž . Ž . Ž .[ F u  q u  , M ( W 1; 1 [ C M ,1 u 2 u 0 01 2

Ž . py1 i py1 id Ý Fu  ; M ; Ý Fu  .is0 1 u ya is0 1 u2 2 2

Ž .3 If a s a / 0 then1 2

Ž . ka M s [ M with k G 2 p y 5,i aisy1 2

Ž . Ž py2 py2 py1 py3 . Ž py3 py1b M sF u u  y2u u  qF 2u u Ž2 py5.a 1 2 u 1 2 u 1 2 u2 2 1 2
py2 py2 .yu u  ,1 2 u1

Ž . 2 Ž iy1 2yi Ž . i 1yi . 2 Ž iy1 2yic Ý F iu u  y 2yi u u  ;M ;Ý F iu u is0 1 2 u 1 2 u 0 is0 1 2 u2 1 2

Ž . i 1yi . Ž . Ž . Ž .y 2 y i u u  [ F u  q u  , M ( sl 2 [ C M ,1 2 u 1 u 2 u 0 01 1 2

Ž .d M s F q F .ya u u2 1 2

Ž .4 If 0 / a / a / 0 then M ; Fu  q Fu  q1 2 0 1 u 2 u1 2
Ž iy1 j i jy1 . py1 py1 Ž1.Ý F iu u  y ju u  q Fu  q Fu  , and hence Miq j) 2 1 2 u 1 2 u 1 u 2 u 02 1 2 1

acts nilpotently on M. Moreo¨er, there are at least 2 indices i , i - 0, i / i1 2 1 2
Ž . Ž .with M / 0 , M / 0 .i i1 2

Ž . Ž . Ž . Ž .5 Suppose M ; H 2; 1 , and the grading is as in 2 or 3 . Then
Ž . Ž .C M s 0 . Any torus Fh ; M is proper in M if and only if it is proper0 0 0 0

in M.
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Ž . Ž .Proof. 1]4 . In case 2 one has

deg iuiy1u j  y jui u jy1 s j y 1 a , deg u py1 s ya ,Ž .Ž .1 2 u 1 2 u 2 1 u 22 1 2

deg u py1 s p y 1 a , deg u  s deg u  s 0.Ž .2 u 2 1 u 2 u1 1 2

An easy computation gives the result.
Ž .In case 3 one has

deg iuiy1u j  y jui u jy1 s i q j y 2 a ,Ž .Ž .1 2 u 1 2 u 22 1

deg u py1 s deg u py1 s p y 2 a ,Ž .1 u 2 u 22 1

deg u  s deg u  s 0.1 u 2 u1 2

An easy computation gives the result.
Ž .In case 4 set q s a ra and observe that q / 0, 1. Note that2 1

deg iuiy1u j  y jui u jy1 s i y 1 q q j y 1 a ,Ž . Ž .Ž .Ž .1 2 u 1 2 u 12 1

deg u py1 s p y 1 y q a ,Ž .1 u 12

deg u py1 s y1 q q p y 1 a ,Ž .Ž .2 u 11

deg u  s deg u  s 0.1 u 2 u1 2

Ž iy1 j i jy1 . Ž . �Ž . Ž . Ž . Ž .4Thus deg iu u  y ju u  / 0 for i, j g 1, 0 , 2, 0 , 0, 1 , 0, 2 ,1 2 u 1 2 u2 1
Ž iy1 j i jy1 .and hence M ; Fu  q Fu  q Ý F iu u  y ju u  q0 1 u 2 u iqj) 2 1 2 u 1 2 u1 2 2 1

Fu py1 q Fu py1 .1 u 2 u2 1
Ž 2 . Ž 2 3 .Since 2u u  y u  g M and 3u u  y u  g M , the final1 2 u 1 u a 1 2 u 1 u 2 a2 1 1 2 1 1

claim follows if a - 0. As the case a - 0 is symmetric we then assume1 2
Ž .a , a ) 0 and a / a . Then  g M ,  g M , whence M / 0 ,1 2 1 2 u ya u ya ya2 2 1 1 1

Ž .M / 0 .ya 2

Ž . Ž .5 The statement on C M is trivial. Let Fh ; M be any 1-di-0 0 0
mensional torus, and let M be the maximal compositionally classicalŽ0.
subalgebra of codimension 2 in M. It follows from our discussions preced-
ing Remark 1.1 that Fh is proper in M if and only if Fh ; M . If the0 0 Ž0.

Ž .grading of M is as in case 3 , then M s Ý M . So Fh is proper inŽ0. iG 0 i a 02
Ž .both M and M . Now assume that the grading of M is as in case 2 . Then0

p -1 Ž iy1 i . py2 iM s Ý M q Ý F iu u  y u  q Ý Fu  s Ý MŽ0. i) 0 i a is1 1 2 u 1 u is1 1 u i) 0 i a2 2 1 2 2py1 Ž iy1 i .q M l M q M l M . Observe that Ý F iu u  y u  s0 Ž0. ya Ž0. is1 1 2 u 1 u2 2 1
Ž .M l M is the unique subalgebra of codimension 1 in M ( W 1; 1 .0 Ž0. 0

Again, Fh is proper in M if and only if Fh is contained in this maximal0 0 0
subalgebra of M . The result follows.0
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We apply the latter result to filtered Lie algebras. Let K denote an
arbitrary Lie algebra and let R ; Der K be a torus. Suppose

K s K > . . . > K > . . . > K > 0Ž .Žys . Ž0. Ž s .1 2

Ž .is a filtration of K such that R K ; K for all i. LetŽ i. Ž i.

s2

gr K s gr K , gr K [ K rK[ i i Ž i. Ž iq1.
isys1

be the corresponding graded Lie algebra. There exists a canonical injection
R ¨ Der gr K. Suppose Q is a subalgebra of K and J is an ideal of Q.
Clearly,

s2

gr Q s Q l K q K rKŽ .[ Ž i. Ž iq1. Ž iq1.
isys1

is a subalgebra of gr K, and

dim gr Krgr Q s dim KrQ.

Also, gr J is an ideal of gr Q with dim gr Qrgr J s dim QrJ, and gr J is
solvable or nilpotent if J is so. This implies

gr rad Q ; rad gr Q .Ž . Ž .

THEOREM 3.5. Let K be a Lie algebra of absolute toral rank 1 and R
Ž .a maximal torus in a p-en¨elope of K such that H [ C R acts triangulablyK

on K. Let

K s K > . . . > K > 0Ž .Žys . Ž s .1 2

be an R-in¨ariant filtration of K,

R , K ; K for all i ,Ž i. Ž i.

and gr K the associated graded Lie algebra. Let

p : gr K ª gr Krrad gr K \ MŽ .

Ž .Ž2. Ž .denote the canonical epimorphism. Assume that H 2; 1 ; M ; H 2; 1 .
Then the following are true:

Ž .1 Krrad K is of Hamiltonian type, i.e.,

Ž .2H 2; 1 ; Krrad K ; H 2; 1 .Ž . Ž .
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Ž .2 The mapping

w xs : R ª Der M , s t p w q K s p t , w q KŽ . Ž . Ž .Ž .0 Ž jq1. Ž jq1.

for w g K _ K is a well-defined restricted Lie algebra homomorphism.Ž j. Ž jq1.
Ž`. Ž . Ž .There is t g M l p gr H l M such that s R s ad Ft .1 0 M 1

Ž . Ž . Ž .3 Suppose H ; K . If the grading of M is as in cases 2 or 3 ofŽ0.
Corollary 3.4, then a ) 0.2

Ž . Ž .4 Let Q ; K denote the in¨erse image of H 2; 1 under the ca-Ž0.
nonical epimorphism K ª Krrad K. If H ; Q, then Ft is conjugate to1
Ž . Ž .Ž2.F u  y u  under an automorphism of H 2; 1 .1 u 2 u1 2

Ž . Ž .5 Suppose H ; K . If the grading of M is as in case 2 of CorollaryŽ0.
Ž .3.4, and Ft is conjugate to F u  y u  under an automorphism of1 1 u 2 u1 2

Ž .Ž2. Ž .H 2; 1 , or if the grading is as in case 3 of Corollary 3.4, then H ; Q.

Ž . Ž .Proof. 1 Since K has absolute toral rank 1 and C R is triangula-K
Ž . Ž . Ž .ble, Krrad K is one of 0 , sl 2 , W 1; 1 , or it is of Hamiltonian type

w Ž .x25, 4.1 . As we have mentioned above

p2 y 2 F dim M s dim gr Krrad gr K F dim gr Krgr rad KŽ . Ž .
s dim Krrad K .

Therefore the first 3 cases are impossible.

Ž . U2 As K has absolute toral rank 1 there is g g R such that
Ž .K s K g . We set w [ w q K g gr K for w g K _ K . Since RŽ jq1. j Ž j. Ž jq1.

preserves the filtration of K there is a restricted Lie algebra homomor-
phism

w xs : R ª Der gr K , s t w s t , w q KŽ . Ž . Ž .0 Ž jq1.

Ž .for w g K _ K . Set R [ s R .Ž j. Ž jq1.

Ž . wŽ . Ž . xNote that I [ Ý gr K q Ý gr K , gr K is an ideal ofi/ 0 ig i/ 0 ig yig
Ž`.Ž . Ž .Ž`.gr K, and gr K s I q gr H. Thus gr K ; I, whence C R ;Žgr K .

wŽ . Ž . x wŽ . Ž . xÝ gr K , gr K . Now suppose that D gr K , gr K actsi/ 0 ig yig i/ 0 ig yig
Ž`.Ž . Ž .Ž`.nilpotently on gr K. Then C R acts nilpotently on gr K as well.Žgr K .

Ž .Ž`. w Ž .xBut then gr K is solvable 26, 1.5 , yielding that M is solvable. This
Ž .contradiction shows that there are root vectors u g K , ¨ g K i / 0ig yig

Žw x.such that g u, ¨ / 0.
w x Ž . w p x r

Let h [ u, ¨ g C R , choose r g N such that h g R, and setK
w p x r Ž .t [ h g R. We may adjust u so that g h s 1.0
w xAs u, ¨ acts nonnilpotently on gr K, one has h g K _ K , andŽ0. Ž1.

Ž . Ž . w p x Ž .R s Ft [ C K . Since g h s 1 then t y t g C K . Set0 R 0 0 R
rp

h [ h q K , t [ ad h .ž /Ž1. 0 gr K
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Clearly,

rp w xt w s ad h w q K s t , w q KŽ . Ž . Ž .0 K Ž jq1. 0 Ž jq1.

Ž .for all w g K _ K , j g Z. Therefore, t / 0 and R s Ft . As rad gr KŽ j. Ž jq1. 0 0
Ž .is invariant under ad h, then rad gr K is invariant under R. Setgr K

rp
h [ p h , t [ ad h .Ž . ž /0 M

Then

t p w s p t w ;w g gr K .Ž . Ž .Ž . Ž .0 0

Ž .Now for each t s a t q z, where a g F, z g C K , the mapping0 R

s : R ª Der M , s t s atŽ .0 0

satisfies

s t p w s at p w s ap t wŽ . Ž . Ž . Ž .Ž . Ž . Ž .0 0

w x w xs p a t , w q K s p t , w q KŽ . Ž .0 Ž jq1. Ž jq1.

for all w g K _ K , j g Z. Therefore s is a restricted Lie algebraŽ j. Ž jq1.
homomorphism.

Ž`.w x w x w x Ž .As t , u s iu, t , ¨ s yi¨ , u, ¨ s h, one has h g gr K . Then0 0
Ž`. Ž .h g M . Observe that M carries a unique p-structure as it is centerless .

ŽM is a restricted subalgebra of M as it is the set of all elements of M of0
rŽ`. Ž2. w p x. Ž .degree 0 . Also M s H 2; 1 is a restricted ideal of M. Set t [ h .1

Ž`.Then t g M l M and ad t s t .1 0 M 1 0
Finally, we observe that there is a surjective Lie algebra homomorphism

p
t : K ª K rK s gr K ª M ,Ž0. Ž0. Ž1. 0 0

Žw x. Ž .Ž Ž ..which satisfies t t, w s s t p w for all t g R, w g K R K . InŽ0. Ž1.
Ž .Ž . Ž .particular, as s R t s 0, there is h g H l K with t h s t . Then1 1 Ž0. 1 1

Ž .t g p gr H .1
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Ž . Ž .3 Suppose H ; K . Part 2 of this theorem in combination withŽ0.
the present assumption implies that

C Ft s p gr H ; M .Ž . Ž . ÝM 1 i
iG0

Ž . Ž . Ža If the grading of M is as in case 2 of Corollary 3.4, then as
Ž .. Ž . py1 Ž iy1 py2M ; H 2; 1 one has M ( W 1; 1 . Now W [ Ý F iu u  q0 is0 1 2 u2i py3 .2u u  ; M is a restricted irreducible M -module of dimension1 2 u Ž py3.a 01 2 w xp. Hence 0 is a weight of W with respect to Ft 6 . The former1

Ž .observation shows that p y 3 a G 0, whence a ) 0.2 2

Ž . Ž .b If the grading of M is as in case 3 of Corollary 3.4, then we
Ž . 2 Ž iy1 2yi Ž . i 1yi .conclude similarly to a that M s Ý F iu u  y 2 y i u u 0 is0 1 2 u 1 2 u2 1

Ž . 2 ŽŽ . py2yi py3qi Ž . py1yi( sl 2 and M s Ý F i q 1 u u  y 3 y i uŽ2 py6.a is0 1 2 u 12 2py4qi .u  is an irreducible M -module of dimension 3. Hence 0 is a weight2 u 01

of this module, yielding a ) 0.2

Ž .4 By construction,

dim KrQ s 2, Qrrad Q ( sl 2 .Ž .
Ž . Ž .This implies that dim gr Krgr Q s 2. As gr rad Q ; rad gr Q , one has

Ž . �Ž . Ž .4 Ž .gr Qrrad gr Q g 0 , sl 2 . Set U [ p gr Q . Then dim MrU F 2 and
�Ž . Ž .4 Ž .Urrad U g 0 , sl 2 . But M l W 2; 1 is the unique subalgebra of MŽ0.

with these properties, forcing

p gr Q s U s M l W 2; 1 .Ž . Ž . Ž .0

Therefore dim gr Krgr Q s dim KrQ s 2 s dim MrU s dim gr Kr
Ž .gr Q q ker p , whence

rad gr K s ker p ; gr Q.Ž .
Ž . Ž . Ž .If H ; Q, then t g p gr H ; p gr Q s M l W 2; 1 . Thus t g1 Ž0. 1

Ž . w x Ž .M l W 2; 1 . Due to 8 , Ft is conjugate to F u  y u  .0 Ž0. 1 1 u 2 u1 2

Ž . Ž .5 Observe that Ft is conjugate to F u  y u  if and only if1 1 u 2 u1 2
Ž .t g W 2; 1 . Now suppose that H ; K , that the grading of M is given1 Ž0. Ž0.

Ž . Ž . Ž .as in cases 2 or 3 of Corollary 3.4, and that t g M l W 2; 1 . We1 0 Ž0.
summarize some of the results that have already been established.

Ž . Ž .i We have mentioned in the proof of 4 that

M l W 2; 1 s p gr Q , rad gr K s ker p ; gr Q.Ž . Ž .Ž . Ž .0

Ž . Ž .ii Due to 3 one has a ) 0. Then2

M ; M l W 2; 1 s p gr Q , M s M .Ž .Ž .Ý ÝŽ .0i i ya2
iG1 i-0
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Ž .Let x g K _ K for some i ) 0. From ii we conclude that there isŽ i. Ž iq1.
X X XŽ . Ž . Ž .x g Q l K q K _ K such that p x s p x . Then x y x gŽ i. Ž iq1. Ž iq1.

Y Ž .ker p ; gr Q, i.e., x g gr Q. Thus there is x g Q l K q K _ Ki Ž i. Ž iq1. Ž iq1.
Ysuch that x s x . But then x g Q q K . Hence K ; Q q K . ByŽ iq1. Ž i. Ž iq1.

induction we conclude that

K ; Q q K s Q.Ž1. Ž s q1.2

Ž .Let x g H l K _ K for some i. By assumption, i G 0. If i ) 0,Ž i. Ž iq1.
Ž .then the above shows that x g Q. So assume i s 0. Then p x g M l0

Ž . Ž .C Ft . As t g M l W 2; 1 by our assumption, it is easy to see thatM 1 1 0 Ž0.
Ž . Ž . Ž . Ž Ž .. X ŽM l C t ; M l W 2; 1 ; p gr Q cf. i . Thus there is x g Q0 M 1 0 Ž0.

X X. Ž . Ž .l K q K _ K such that p x s p x . Then x y x g ker p ; gr Q,Ž0. Ž1. Ž1.
Y YŽ .whence x g gr Q. Choose x g Q l K q K _ K with x s x . Then0 Ž0. Ž1. Ž1.

Yx y x g K ; Q, yielding x g Q. Consequently, H ; Q.Ž1.

COROLLARY 3.6. Let L be a finite dimensional simple Lie algebra of
absolute toral rank 2 and T a 2-dimensional standard torus in the semisimple
p-en¨elope of L. Suppose that

L s L > . . . > L > 0Ž .Žys . Ž s .1 2

Ž . w xis a filtration of L such that C T ; L and T , L ; L for all i. ForL Ž0. Ž i. Ž i.
g g G set

s2

gr L g s L g l L q L rL .Ž . Ž .Ž .[ Ž i. Ž iq1. Ž iq1.
isys1

Suppose that

Ž . Ž .2 2H 2; 1 ; gr L g rrad gr L g ; Der H 2; 1 ,Ž . Ž .Ž . Ž .Ž .
gr L g rrad gr L g g sl 2 , W 1; 1 .� 4Ž . Ž . Ž . Ž .Ž .0 0

Then

Ž .1 g is a Hamiltonian root of L.
Ž .2 g is a proper root of L if and only if Ft is a proper torus of1
Ž . Ž Ž .. Ž . Ž .gr L g rrad gr L g , where t is as in Theorem 3.5 2 with K s L g .0 0 1

Ž . Ž Ž .. Ž .Proof. As L g is a 1-section of L one had TR L g F 1. As L g is
Ž Ž ..not nilpotent, one has TR L g s 1. The filtration of L gives rise to a

Ž . Ž .filtration of L g . We set K s L g in Theorem 3.5 and define M [
Ž . Ž Ž .. Ž .Ž2. Ž .Ž2.gr L g rrad gr L g . Then H 2; 1 ; M ; Der H 2; 1 by assump-

w Ž .x Ž .tion. Due to a result of Skryabin 21, 5.1 , TR M F 1. Then a standard
Ž . Ž w Ž .x. Ž .argument yields M ; H 2; 1 see 4, 3.1.1 . Theorem 3.5 1 shows that
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Ž .Ž2. w x Ž .H 2; 1 ; L g ; H 2; 1 . So g is Hamiltonian. By our discussion preced-
Ž .ing Remark 1.1, g is a proper root of L if and only if H ; Q g . Note that

Ž . Ž .the assumption on gr L g means that the grading of M is as in cases 20
Ž . Ž . Ž .or 3 of Corollary 3.4. Therefore, parts 4 and 5 of Theorem 3.5 yield

Ž .that g is a proper root of L if and only if t g M l W 2; 1 . Again the1 0 Ž0.
discussing preceding Remark 1.1 shows that the latter is true if and only if
Ft is a proper torus of M rrad M .1 0 0

We finally prove subsidiary results on Hamiltonian 1-sections.

LEMMA 3.7. Let L be a finite dimensional simple Lie algebra of absolute
toral rank 2 and T a 2-dimensional standard torus in the semisimple p-en-
¨elope of L. Suppose g is a root with respect to T. If dim L rK G 2, theng g

the subalgebra generated by L acts nonnilpotently on L.g

Proof. It follows from Lemma 1.1 that g is Hamiltonian. So we have
Ž .Ž2. w x Ž .H 2; 1 ; L g ; H 2; 1 . To prove the lemma it suffices to show that

Ž . Ž . Žthe subalgebra of H 2; 1 generated by p L [ L qg g

Ž .. Ž . Ž .Ž2. w xrad L g rrad L g acts nonnilpotently on H 2; 1 . By 8 we may as-
Ž . Ž .Ž2.sume that p L is a root space of H 2; 1 relative to ad h, whereg

� ŽŽ . . Ž .4 ŽŽ . .h g D 1 q x x , D x x . First suppose that h s D 1 q x x .H 1 2 H 1 2 H 1 2
Then there is a g FU such thatp

py1
aq j jp L s FD 1 q x x .Ž .Ž . Ž .Ýg H 1 2

js0

As

py2aaq1 ay1 py1ad D 1qx x ad D 1qx D 1qx xŽ . Ž . Ž .Ž .Ž . Ž .Ž .ž / ž /H 1 2 H 1 H 1 2

g FU h

the result follows in this case.
Ž . w Ž .Ž .x Ž .Now suppose h s D x x . Using 4, 5.2.1 d cf. also Section 1 weH 1 2

may assume that

py2
iq1 i py1p L s FD x x q FD x .Ž . Ž . Ž .Ýg H 1 2 H 2

is0

As

py2 U2 py1ad D x x ad D x D x g F hŽ .Ž .Ž . Ž .Ž . Ž .H 1 2 H 1 H 2

the result follows in this case as well.
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In what follows we need a special result on representations of central
extensions of Hamiltonian algebras. So let G be a Lie algebra satisfying

Ž .2GrC G ( H 2; 1 , dim C G s 1.Ž . Ž .Ž .

w xAccording to 18, Proposition 5.3 , G has a basis

i j � 4D x x N 0 - i q j - 2 p y 2, 0 F i , j F p y 1 j z ,� 4Ž .H 1 2

Ž .Ž2.and there exists D g Der H 2; 1 such that the Lie multiplication in G is
given by

i j k lD x x q a z , D x x q b zŽ . Ž .H 1 2 H 1 2

s il y jk D x iqky1 x jq ly1Ž . Ž .H 1 2

i j k lq L D , D x x , D x x z .Ž . Ž .Ž .H 1 2 H 1 2

Ž .Ž2. Ž .Ž2.Here L : H 2; 1 = H 2; 1 ª F is given by

L D x i x j , D x k x l s d d ,Ž . Ž .Ž .H 1 2 H 1 2 i , py1yk j , py1yl

and D can be chosen as

D s a x py1 q a x py1 q a D x py1 x py1 , a , a , a g F .Ž .1 1 2 2 2 1 3 H 1 2 1 2 3

For 0 F r F 2 p y 2, set

i j � 4G [ span D x x N rq2 F iq j F 2 py3, 0F i , jFpy1 j z .� 4Ž .Ž .Ž r . H 1 2

Ž .LEMMA 3.8. Let G be as abo¨e, and let r : G ª gl V be an irreducible
faithful representation of G. Suppose that e¨ery Cartan subalgebra of G acts

Ž py1 py1. 4triangulably on V. Then D g FD x x . Moreo¨er, if dim V - p ,H 1 2
w x w xthen the subalgebra G , G q G, G acts nilpotently on V.Ž0. Ž1. Ž2.

Ž .Proof. a Suppose a / 0. Then1

3 py33 py3L D , D 1 q x x , D 1 q x x / 0.Ž . Ž .Ž . Ž .ž /H 1 2 H 1 2

Ž Ž . ..Thus, the Cartan subalgebra H [ C D 1 q x x has the propertyG H 1 2
that z g H Ž1.. But then H acts nontriangulably on V. This yields a s 0,1
and, by symmetry, a s 0.2

Ž .b Since G acts nilpotently on G and V is an irreducible G-mod-Ž1.
ule, there is a mapping l : G ª F such that, for each E g G , theŽ1. Ž1.
endomorphism

r E y l E IdŽ . Ž . V
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is nilpotent. Observe that

Ž . Ž .2 2D , H 2; 1 ; H 2; 1 s 0 .Ž .Ž . Ž .Ž0. Ž2 py4.

Žw Ž .Ž2. x Ž .Ž2..Therefore L D, H 2; 1 , H 2; 1 s 0, whenceŽ0.

i jG , G ; span D x x N i q j G 2 .� 4Ž .Ž1. H 1 2

w x w x w xNow suppose that the subalgebra G , G q G, G ; G l G , GŽ0. Ž1. Ž2. Ž1. Ž1.
acts nonnilpotently on V. By Jacobson’s theorem on weakly closed nil sets

Ž i j . Ž Ž i j ..there is D x x g G such that l D x x / 0. Choose a, b suchH 1 2 Ž1. H 1 2
that

0 F a, b F p y 1, 3 F a q b F 2 p y 3,

l D x a x b / 0,Ž .Ž .H 1 2

l D x i x j s 0 if i q j ) a q b or i q j s a q b , i ) a.Ž .Ž .H 1 2

Ž .c Suppose a s p y 1. Then b - p y 1.
Ž . w xc1 Suppose b - p y 2. Set in 22, Main Theorem , h [ G , k [Ž0.

Ž . Ž py1 bq1.G , e [ D x , f [ D x x . This theorem shows that thereŽ pqby2. H 1 H 1 2
is an irreducible G -submodule V of V such that dim V G p dim V . TheŽ0. 0 0
present assumption yields dim V - p3.0

w xNext we apply 22, Main Theorem to the Lie algebra G and theŽ0.
Ž 2 .G -module V . Set h [ G , k [ G , e [ D x , e [Ž0. 0 Ž1. Ž pqby3. 1 H 1 2

Ž . X Ž py2 bq1. X Ž py1 b. Ž Žw X x..D x x , f [ D x x , f [ D x x . As l e , fH 1 2 1 H 1 2 2 H 1 2 i j 1F i, jF 2
Žw x.is a nonsingular triangular matrix, there are f , f g k such that l e , f1 2 i j

w x Žw x.s d . As e , f g G this means that r e , f is nilpotent if i / j andi, j i j Ž1. i j
invertible if i s j. Clearly, k is an ideal of G and k Ž1. ; G . ByŽ0. Ž pqby2.

Ž1. w xchoice of a, b, k acts nilpotently on V . By 22, Main Theorem there is0
an irreducible G -submodule V of V such that dim V G p2 dim V . TheŽ1. 1 0 0 1
present assumption on V yields dim V - p. As G is solvable, dim V is a1 Ž1. 1
p-power, whence dim V s 1. This shows that every E g G Ž1. has eigen-1 Ž1.

Ž Ž1.. Žw Ž 3. Ž py3 bq1.x.value 0 on V, thus l G s 0. However, l D x , D x x /Ž1. H 1 H 1 2
0. Therefore this case cannot occur.

Ž . w xc2 Suppose b s p y 2. We apply 22, Main Theorem to the Lie
algebra G and any irreducible G -submodule V of V. Set h [ G ,Ž0. Ž0. 0 Ž1.

Ž 2 . Ž . X Ž py2 py1. Xk [ G , e [ D x , e [ D x x , f [ D x x , f [Ž2 py5. 1 H 1 2 H 1 2 1 H 1 2 2
Ž py1 py2 .D x x . As above, there is an irreducible G -submodule V of VH 1 2 Ž1. 1 0

such that dim V G p2 dim V . The present assumption on V yields dim V0 1 1
2 Ž 3. Ž 4.- p . We now set h [ k [ G , and e [ D x , e [ D x ,Ž py2. 1 H 1 2 H 1

X Ž py3 py1. X Ž py4 py1.f [ D x x , f [ D x x . As above there are f , f g k1 H 1 2 2 H 1 2 1 2
Žw x. 2such that l e , f s d . But then dim V G p , a contradiction.i i i, j 1
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Ž . Ž .d Suppose a, b - p y 1. We proceed similarly to c . Recall that
Ž . Ž . Xa q b G 3. Set h [ G , k [ G , e [ D x , e [ D x , f [Ž0. Žaqby1. 1 H 1 2 H 2 1

Ž a bq1. X Ž aq1 b. w w xx w xD x x , f [ D x x . Then e , e , k ; G and G , k actsH 1 2 2 H 1 2 i j Ž0. Ž0.
w x Ž Žw X x..nilpotently on V. Also e , k ; G and l e , f is a nonsingu-i Ž1. i j 1F i, jF 2

w xlar triangular matrix. By 22, Main Theorem , V has a G -submodule VŽ0. 0
of dimension dim V - p2. Next put h [ G , k [ G and arrange0 Ž1. Žaqby2.

Ž 2 . Ž . X Ž ay1 bq1. X Ž a b.e [ D x , e [ D x x , f [ D x x , f [ D x x if1 H 1 2 H 1 2 1 H 1 2 2 H 1 2
Ž 2 . Ž 2 . X Ž ay1 bq1. Xa / 0, a / b; e [ D x , e [ D x , f [ D x x , f [1 H 1 2 H 2 1 H 1 2 2

Ž aq1 by1. Ž . Ž 2 . XD x x if a / 0, a s b; e [ D x x , e [ D x , f [H 1 2 1 H 1 2 2 H 2 1
Ž b. X Ž by1.D x , f [ D x x if a s 0. As in the former cases we obtainH 2 2 H 1 2

dim V G p2, a contradiction.0

Ž . Ž .3 Suppose b s p y 1. Then a - p y 1. This case is similar to c .
w xSuppose a - p y 2. Set in 22, Main Theorem , h [ G , k [ G ,Ž0. Ž pqay2.

Ž . Ž aq1 py1.e [ D x , f [ D x x . There is an irreducible G -submoduleH 2 H 1 2 Ž0.
V of V such that dim V - p3.0 0

w xNext we apply 22, Main Theorem to the Lie algebra G and theŽ0.
Ž 2 .G -module V . Set h [ G , k [ G , e [ D x , e [Ž0. 0 Ž1. Ž pqay3. 1 H 2 2

Ž . X Ž aq1 py2 . X Ž a py1.D x x , f [ D x x , f [ D x x . There is an irreducibleH 1 2 1 H 1 2 2 H 1 2
G -submodule V of V such that dim V - p. As G is solvable, dim VŽ1. 1 0 1 Ž1. 1
is a p-power, whence dim V s 1. This shows that every E g G Ž1. has1 Ž1.

Ž Ž1.. Žw Ž 3.eigenvalue 0 on V , thus l G s 0. However, l D x ,Ž1. H 2
Ž aq1 py3.x.D x x / 0, a contradiction.H 1 2

w xSuppose a s p y 2. We apply 22, Main Theorem to the Lie algebra
G and any irreducible G -submodule V of V. Set h [ G , k [Ž0. Ž0. 0 Ž1.

Ž 2 . Ž . X Ž py1 py2 . XG , e [ D x , e [ D x x , f [ D x x , f [Ž2 py5. 1 H 2 2 H 1 2 1 H 1 2 2
Ž py1 py1.D x x . As above, there is an irreducible G -submodule V of VH 1 2 Ž1. 1 0

2 Ž 3.such that dim V - p . We now set h [ k [ G , and e [ D x ,1 Ž py2. 1 H 2
Ž 4. X Ž py1 py3. Ž py1 py4.e [ D x , f [ D x x , f [ D x x . As above,2 H 2 1 H 1 2 2 H 1 2

2dim V G p , a contradiction.1

Ž . Ž .There is no need to assume in the preceding lemma that C G / 0 .

Ž .Ž2. Ž .LEMMA 3.9. Let r : H 2; 1 ª gl V be an irreducible representation
4 w x w xwith dim V - p . Then the subalgebra G , G q G, G acts nilpotentlyŽ0. Ž1. Ž2.

on V.

Ž2.Ž Ž . .Proof. Put in Lemma 3.8 G s r H 2; 1 m F Id .V

COROLLARY 3.10. Let L be a finite dimensional simple Lie algebra of
absolute toral rank 2 which is not isomorphic to a Melikian algebra, and let T

Ž .be a 2-dimensional torus in the semisimple p-en¨elope of L. Let g g G L, T
Ž .Ž`. Ž Ž .Ž`. . Ž .Ž2.be a root such that L g rC L g ( H 2; 1 . Suppose
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dimÝ L - p4 for some b g G_F g . If g is proper then K s Rig F bqig p ig igp

for all i / 0, and dim L rR F 4 in any case.ig ig

Ž .Ž`.Proof. Let V [ Ý L , and let G be the image of L g inig F bqigp˜Ž .gl V . Let H be an arbitrary Cartan subalgebra of G and let T be a0
˜maximal torus of the p-envelope of the inverse image of H in the

semisimple p-envelope L of L. Then T X [ T l ker g q T is a torus ofp 0
L of dimension at least 2, hence a torus of maximal dimension. Since L isp

Ž X.not a Melikian algebra, C T is a triangulable Cartan subalgebra of L.L
X Ž`. ˜Ž . Ž .Clearly, C T l L g is mapped onto H. Thus Lemmas 3.8 and 3.9L

w xapply to every composition factor of V. As a consequence, G , G qŽ0. Ž1.
w xG, G acts nilpotently on V. Now let D g K where i / 0. ThenŽ2. ig

Ž`.Ž .D g L g . Let D be the image of D in G. We may assume that
k lŽ .D s D z x for suitable choices of k, l with z s x or z q 1 q x ,H 1 2 1 1 1 1

Ždepending on whether or not g is a proper root because K is the linearig
.span of elements of this form . If g is a proper root, then D g G jŽ2.

3 3Ž . Ž .FD x j FD x , and if g is improper, then D g G jH 1 H 2 Ž2.
j 3ŽŽ . .D FD 1 q x x . If D g G then the above lemmas show thatjg F H 1 2 Ž2.p

3 3w x Ž . Ž .D, G acts nilpotently on V. If D g FD x j FD x then G ;yig H 1 H 2 yig
w xG and again by the preceding lemmas D, G acts nilpotently on V.Ž0. yig

w xAs g vanishes on D, L and V carries two independent T-weights thisyig
Ž . w xshows that all roots of G L, T vanish on D, L . This means thatyig

j 3ŽŽ .D g R , or g is improper and D s D 1 q x x for some j. Thisig H 1 2
proves the last statement.

4. FILTRATIONS

Let L be a simple Lie algebra over F of absolute toral rank 2, T a
standard nonrigid 2-dimensional torus in the semisimple p-envelope L ofp

Ž w x.L see 18, Sect. 8 , and L a maximal subalgebra of L containingŽ0.
Ž . Ž .R T q H. Choose a ad L -invariant subspace L of L containingŽ0. Žy1.

w xL , minimal subject to the condition L , L ; L . Then oneŽ0. Ž0. Žy1. Žy1.
Ž .defines the standard filtration of L associated to the pair L , L byŽ0. Žy1.

setting

L [ x g L N x , L ; L , i G 0,� 4Ž iq1. Ž i. Žy1. Ž i.

L [ L , L q L , i ) 0.Žyiy1. Žy i. Žy1. Žy i.

Since L is maximal in L this filtration is exhaustive, and since L isŽ0.
simple, it is separating, i.e., there are s , s G 0 with1 2

L s L > . . . > L s 0 .Ž .Žys . Ž s q1.1 2
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Suppose L is T-invariant. Then so are all the subspaces L , ys FŽ0. Ž i. 1
i F s .2

PROPOSITION 4.1. L contains nonzero homogeneous sandwich elementsŽ1.
of L.

Ž . � Ž .2 4Proof. Let CC T s x g D L N ad x s 0 denote the set ofg g G j �04 g

all homogeneous sandwiches of L with respect to T. Since T is assumed to
w x Ž . Ž .be nonrigid, 18, Theorem 6.3 shows that CC T / 0 . It has been proved

w x Ž . w Ž . x Ž . Ž .in 18, Lemma 6.1 that CC T , CC T , L ; R T . As R T ; L we haveŽ0.
Ž .CC T ; L .Ž1.

We now consider the associated graded algebra

s2

G [ gr L, G [ gr L.[ i i i
isys1

Ž .Identify T with a 2-dimensional torus of Der G and set G [ G L, T s
Ž .G G, T . By construction, G has the following properties:

Ž .g1 G is a faithful irreducible G -module,y1 0

Ž . w xg2 G s G , G for all i G 1,yi yiq1 y1

Ž . w x Ž .g3 if x g G , i G 0, and x, G s 0 , then x s 0.i y1

Set

G s g g G N G / 0 , ys F i F s , and G s G .Ž . Ž .� 4 Di i , g 1 2 y i
i-0

Ž .Let M G denote the sum of all ideals of G contained in Ý G . It isj-y1 j
w x Ž .well known 34 that M G is a graded ideal of G, and the graded Lie

algebra

G [ GrM G s G , G s G r G l M GŽ . Ž .Ž .[ i i i i
i

Ž . Ž .inherits the above mentioned properties g1 ] g3 . In addition, G satisfies
the property

Ž . w x Ž .g4 if x g G , i ) 0 and x,Ý G s 0 , then x s 0.yi j) 0 j

w xAccording to a theorem of B. Weisfeiler 35 G has a unique minimal ideal
Ž .A s A G such that A s [A , wherei

A s A l G for all i , A s G for i - 0.i i i i
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We aim to prove that the grading of G is nondegenerate in Weisfeiler’s
Ž . Ž .sense, that is, A / 0 . Since G ; A G each of the inequalities G /1 y1 2

Ž . ww x x Ž . Ž .0 , G , G , G / 0 implies that A / 0 . We therefore assume iny1 1 1 1
Lemmas 4.2 and 4.3 below without further mention that

Ž . Ž . ww x x Ž .i G s 0 , G , G , G s 0 .2 y1 1 1

We shall also assume below that

Ž .ii T is contained in the p-envelope LL of L in L ,Ž0. Ž0. p

Ž .iii there is m g G such that dim L rL - p.m Ž0., m

X w x Ž . Ž .Set G s G , G . As G / 0 by Proposition 4.1, property g3 yields0 y1 1 1
X Ž . Ž . w X x Ž .G / 0 . By i , G , G s 0 . Note that LL acts on every G by the0 0 1 Ž0. i

rule

w xx ? u q L s x , u q L ;u g L _ L ; x g LL .Ž .Ž iq1. Ž iq1. Ž i. Ž iq1. Ž0.

This action gives rise to a natural restricted Lie algebra homomorphism

c : LL ª Der G.Ž0. 0

Ž .It follows from g3 that G acts faithfully on G via ad. Thus we may0
Ž .identify G with a subalgebra in Der G. Then c LL \ GG is the0 Ž0. 0

Ž . Ž .p-envelope of G in Der G. By ii , c T is a well-defined torus of Der G.0
Ž . Ž . Ž .By construction T l ker c s 0 . We identify T with c T and regard T

as a torus in GG .0

LEMMA 4.2. GX is a minimal ideal of G . There are a simple Lie algebra S0 0
and m ) 0 such that

TR S F 2, GX ( S m A m; 1 .Ž . Ž .0

X w x Ž .Proof. Let I ; G be a minimal ideal of G . Since G , I / 0 by0 0 y1
Ž . w x w xg3 the G -irreducibility of G implies G , I s G . As I, G ;0 y1 y1 y1 1
w X x Ž . Ž .G , G s 0 by i , we conclude0 1

X Xw x w x w xG s G , G s G , I , G s G , I ; I.0 y1 1 y1 1 0

Consequently, GX s I is a minimal ideal.0
According to Proposition 4.1, L contains a nonzero sandwich elementŽ1.

Ž . Ž .u. As L is assumed to be 0 by i , we identify L with G . SetŽ2. Ž1. 1
w x Ž . X w X x Ž . Ž .J [ G , u / 0 . Then J ; G , G , u s 0 by i , andy1 0 0

XŽ1. X X Xw x w x w x w xG > J , G s G , u , G s G , G , u s G , u s J .0 0 y1 0 y1 0 y1
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w X x XŽ1. XThus J s J, G ; G . In particular, G is not abelian. Being a minimal0 0 0
X X Ž .ideal, G is G -simple. Theorem 1.6 shows that G ( S m A m; 1 for0 0 0

some simple Lie algebra S and m G 0. We also conclude from the above
that J is an ideal of GX . As u is a sandwich element,0

ad u ( ad x ( ad u s 0 ; x g L.Ž . Ž . Ž .

w x w w w xx Ž .Therefore, J, J ; u, G , u, G s 0 . Thus J is a nonzero abeliany1 y1
ideal of GX forcing m / 0.0

w xAccording to 25 one has

TR S s TR GX F TR G F TR L F TR L s 2.Ž . Ž . Ž . Ž .Ž .0 0 Ž0.

X Ž Ž X ..LEMMA 4.3. Let J be an ideal of GG . If G o J, then TR GG r G q J0 0 0 0
/ 0.

Ž Ž X ..Proof. Suppose TR GG r G q J s 0. Then T acts nilpotently on0 0
Ž X .GG r G q J . In particular,0 0

G s GX q C T q J l G .Ž .0 0 G 00

X Ž . XSince G is a minimal ideal of G hence of GG and G o J, then0 0 0 0
w X x Ž . X X Ž .G , J s 0 . As G is G -simple, this implies that G is C T -simple.0 0 0 0 G 0 XŽ .Now T is a standard torus, therefore H [ C T acts triangulably on G .G 00X XLemma 1.8 shows that H l G acts nilpotently on G . Applying Theorem0 0
2.6 one obtains that

GX s S m A m; 1 , T s T [ T ,Ž .0 0 1

Ž .where with the notation in that theorem

T s T l Der S m A m; 1 [ F Id m W m; 1Ž . Ž . Ž .Ž . Ž .Ž .Ž .00

s l t m 1 q Id m l t N t g T ,� 4Ž . Ž .1 2 0

r

T s F Id m 1 q x  for some r G 0.Ž .Ý1 i i
is1

Ž . Ž .Clearly, T acts on the subalgebra S m F ( S as the torus l T . As l T1 0 1 0
Ž Ž .. Ž Ž ..is a torus in Der S possibly, 0 , and C l T m F ; H, then, by theS 1 0

Ž Ž ..above remark, C l T acts nilpotently on S.S 1 0
Ž . � Ž . Ž . Ž .Ž2.4 w x Ž .Suppose TR S s 1. Then S g sl 2 , W 1; 1 , H 2; 1 17 . If l T1 0

Ž . Ž Ž .. Ž .s 0 then C l T s S acts nonnilpotently on S. If l T is 1-dimen-S 1 0 1 0
Ž . Ž Ž ..sional, it defines a Zr p -grading of S. As C l T acts nilpotently onS 1 0
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w Ž .x Ž .S, then S is solvable 26, 1.5 . If l T is 2-dimensional, then necessarily1 0
Ž .Ž2. w Ž .xS ( H 2; 1 . Moreover, according to 5, 1.18.4 there is an automor-

Ž .Ž2.phism s of H 2; 1 such that the induced automorphism s of˜
Ž .Ž2. Ž . y1 Ž .Der H 2; 1 , s D s s ( D(s , maps l T onto Fz  [ Fz  ,˜ 1 0 1 1 2 2

Ž Ž ..where z stands for x or 1 q x . In this case C l T acts nonnilpotentlyi i i S 1 0
on S also.

Ž . XSuppose TR S s 2. Let a g G and let x g G be a weight vector0, a

with respect to T. As T is a maximal torus of L it is clear thatp
Ž w p x. Ž Ž .. Ž .a x s 0. Since C l T acts nilpotently on S a every 1-section ofS 1 0

Ž .S m F with respect to T is nilpotent by the Engel]Jacobson theorem .
w x Ž .Reference 17 shows that every 1-section is triangulable. If T / 0 or1

Ž .kerl / 0 then S m F is a contained in a 1-section, whence nilpotent. As1
Ž .this is false, T s T ( l T . Let S denote the p-envelope of S in Der S.0 1 p

w Ž .x Ž .Setting in 25, Corollary 1.5 2 , K s S m F q l T m F, G s S m Fp 1 p
Ž . Ž Ž . .yields l T m F ; S m F q C S m F q l T m F . We may identify T1 p p 1

Ž .and its image l T in S . Then every 1-section of S with respect to T is1 p

Ž . Ž .triangulable. Hence n a s 0 for all a g G S, T . We now have verified
w x Ž Ž ..Ž1.the assumptions of 18, Theorem 8.3 showing S ( H 2; 1; F t . The

w Ž .xaction of T on S has been determined in 28, VII.3 . According to that
theorem all root spaces of S relative to T are 1-dimensional, p2 y 1
Ž . Xnonzero roots occur, no root vector acts nilpotently on S. Then G has0
p2 y 1 distinct roots, and every root space GX contains an element x0, g g

which is not p-nilpotent. These elements x , g g G, permute the weightg

spaces of G . Hence G has p2 y 1 distinct weight spaces of equaly1 y1
Ž 2 .dimension d, so that m g G and dim G s d p y 1 . By assumptiony1 y1

Ž .iii , d s dim G F dim L rL - p. Apply Theorem 1.8 to W s G .y1, m m Ž0., m y1
Ž . mThen W ( U m A m; 1 as vector spaces. Consequently, p divides d. As

m / 0 by Lemma 4.2 this is impossible.

We are now ready to prove the main theorem of this section.

Ž .THEOREM 4.4. Let L be a simple Lie algebra with TR L s 2, and T a
standard nonrigid 2-dimensional torus in the semisimple p-en¨elope L of L.p

Ž .Suppose L is a maximal subalgebra of L containing R T q H. Let T beŽ0.
contained in the restricted subalgebra of L generated by L . Assume thatp Ž0.

Ž .there is m g G L, T such that dim L rL - p for at least two ¨alues ofim Ž0., im
i g F . Then, for a standard filtration defined by L ,p Ž0.

w xgr L / 0 or gr L, gr L , gr L / 0 .Ž . Ž .2 y1 1 1

Proof. As above set G s gr L. Suppose the theorem is not true. Lemma
4.2 proves that GX is a minimal ideal of G , hence of GG . Suppose J is an0 0 0

X Ž Ž X .. Žideal of GG with G o J. By Lemma 4.3, TR GG r G q J / 0. Thus as0 0 0 0
X Ž ..G l J s 00

0 / TR GX F TR GX q TR J s TR GX q J - TR GG F 2Ž . Ž . Ž . Ž . Ž .0 0 0 0
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Ž w x.see 25, Lemma 2.4 . Consequently,

TR GX s 1, TR J s 0, TR GG s 2.Ž . Ž . Ž .0 0

In particular, T is a torus of maximal dimension in GG and GG has 20 0
w xF -independent T-weights. In addition, J is a nilpotent ideal of GG 25 .p 0

Ž w p x.Then k x s 0 for all k g G and all x g D J . Hence J actslg G j �04 l

nilpotently not only on G but also on G. Since G is an irreducible0 y1
w x Ž . Ž . Ž .G -module this implies J, G s 0 . Using g2 , g3 one concludes0 y1

w x Ž .J, G s 0 . As J is regarded as a subalgebra of Der G, this proves
Ž .J s 0 .

Consequently, GX is the unique minimal ideal of GG . Then GG is0 0 0
semisimple. We are now ready to apply Theorem 3.2 to GG and T with0
I s GX and W s G . According to Theorem 3.2 there is a realization0 y1

Ž .2XG ( S m A m; 1 , S g sl 2 , W 1; 1 , H 2; 1 ,Ž .Ž . Ž . Ž .½ 50

G ( U m A m; 1 ,Ž .y1

T ( F h m 1 [ F d m 1 q Id m t ,Ž . Ž .0 S[U 0

Ž . Ž .where h g S, d g Der S [ U , t g W m; 1 . Moreover, Lemma 4.20 0 0
Ž . Ž .shows that m / 0. G cannot be as in case a of Theorem 3.2 2 . If Gy1 y1

Ž .is as in case b , then only t s 0 is possible. Thus T s Fh m 1 q Fd m 1,0 0
Ž .Ž2. Ž .where S ( H 2; 1 and U is as in case C of Theorem 3.1. In this case U

2 Ž .has p y 2 distinct weights Corollary 2.10 , and therefore G hasy1
p2 y 2 distinct T-weights as well. Then there are at least p y 2 values of
i g FU such that im is a root of G and im has multiplicity at leastp y1
pm G p. As p ) 3 this contradicts our assumption. Consequently G is asy1

Ž . Ž .in case c of Theorem 3.2 2 .
w x Ž . X w x Ž .As G , G / 0 there is g g G such that W [ G , g / 0 .y1 1 1 y1

Regard G and G as S m 1-modules. Since h m 1 is not p-nilpotent, ity1 0 0
w x Ž . Xacts invertibly on G . As S m 1, g s 0 , W is a nonzero S m 1-y1

submodule of G on which h m 1 acts invertibly. However, G has a0 0 0
Ž . Ž . Ž Ž ..normal series G > S m A m; 1 > 0 , where G r S m A m; 1 is a trivial0 0

Ž . Ž .S m 1 -module and S m A m; 1 is a direct sum of S m 1-modules, with
each direct summand being isomorphic to S m 1. Therefore the S m 1-
module G has a composition series with h m 1 acting noninvertibly on0 0
each of its composition factors. Hence there is no room for W X in G . This0
contradiction proves the theorem.

Remark 4.1. The assumptions of Theorem 4.4 are fulfilled in a rather
Ž .natural setting. Let L be a simple Lie algebra with TR L s 2, and T a

standard 2-dimensional torus in the semisimple p-envelope of L in Der L.
Ž . Ž .Suppose there is a g G such that a H s 0. Then L a is nilpotent. Let
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X Ž .T be the unique maximal torus of the p-envelope of L a in Der L. If
X Ž . Ž . w Ž .xT s 0 then L a acts nilpotently on L. By 26, 1.5 , L would be

solvable, contradicting the simplicity of L. Suppose T X is 2-dimensional. As
Xw p x X w X x w w Ž .x Ž .x Ž . XT s T one has T , T ; . . . T , L a , . . . , L a s 0 . Thus T q T

X Ž .is a torus, and, since T ; ker a , it is 3-dimensional. But TR L s 2.
Ž .Therefore L a is a Cartan subalgebra of absolute toral rank 1 in L.

Ž . Ž Ž ..Ž2. Ž Ž ..Ž1. Ž .In this case L is one of W 1; 2 , H 2; 2, 1 , H 2; 1; F t , H 2; 1; D
w Ž .x17, Theorem 2; 4, 2.2.3 .

˜ Ža .Next suppose there is a g G such that M s L. This implies H s
w x Ž .Ý L , L ; H , whence a H s 0, and by the above, L is known.m/ 0 m ym a

Thus there are good reasons to assume that no root vanishes on H. Then
H is a Cartan subalgebra of L. If H has toral rank 1 in L, then L is

Ž .known as above . Thus it is reasonable to assume that H has toral rank 2.
˜ Ža .This means that the p-envelope of H contains T. Moreover, M / L for

˜ Ža .Ž .every a g G L, T . Choose any maximal subalgebra L containing M .Ž0.
Then dim L rL F dim L rK F 3 for all i g FU.ia Ž0., ia ia ia p

We now specialize our setting further and fix notation that will be used
throughout the rest of the paper. In contrast with Remark 4.1 we do not
assume at the moment that the p-envelope of H contains T , but impose
the following assumptions instead:

Ž .4.1 T is a 2-dimensional standard torus in L , and there is a gp
˜ Ža .Ž .G L, T such that M / L,

˜ Ža .Ž .4.2 L is a maximal subalgebra of L containing M .Ž0.

Ž . UThen R T q H ; L and dim L rL F 3 for all i g F . AssumeŽ0. ia Ž0., ia p
furthermore that

Ž .4.3 T is contained in the p-envelope of L in L , and one of theŽ0. p
� 4subspaces L , where g g G j 0 , contains a nonzero sandwich elementg

of L.

Choose an arbitrary standard filtration associated to L , such thatŽ0.
Ž .L rL is an irreducible L -module. Set G [ gr L, G s GrM G , andŽy1. Ž0. Ž0.

Ž . Ž . Ž . Ž .let A G s A denote the unique minimal ideal of G. By 4.1 , 4.2 , 4.3
Ž . Ž .Theorem 4.4 applies yielding A G / 0 . In other words, we are in1

Weisfeiler’s nondegenerate case. There are r g N and a simple graded Lie˜
˜algebra S such that

˜ ˜A G s A ( S m A r ; 1 , A l G ( S m A r ; 1 for all i .Ž . Ž . Ž .˜ ˜i i



PREMET AND STRADE252

Ž . Ž . Ž .LEMMA 4.5. Under the assumptions 4.1 , 4.2 , 4.3 the following are
true:

Ž .1 0 F r F 2.˜
˜Ž . Ž .2 1 F TR S F 2.

˜Ž . Ž .3 TR S s 2 « r s 0.˜
Ž . 3 Ž .Proof. 1 Suppose r G 3. As dim G - 2 p cf. Lemma 1.5 we have˜ y1
˜ ˜ ˜Ž .r s 3, dim S s 1. Property g3 shows that dim S s 1. As Ý S is a˜ y1 0 iG 0 i

˜ ˜subalgebra of S of codimension 1, one concludes that S is isomorphic as a
Ž . Ž . w xgraded Lie algebra to sl 2 or W 1; n with the natural grading 12 . In

˜ ˜ ˜w xparticular, Der S s ad S 34 . Put in Theorem 2.6 M s S and consider˜0 S 0
the torus T X [ ad T. From the presentation of T X given in Theo-S̃m AŽ r , 1.˜

˜ ˜wrem 2.6 and the assumption that dim S s 1 one concludes that T , S m0 0
˜x Ž .F s 0 . Then S m F is contained in H q L rL . Let Q denote the0 Ž1. Ž1.

˜ Yinverse image of S m F in H and let T denote a torus of maximal0
dimension in the p-envelope of Q in L . Then TY q T is a torus. Thep
maximality of T now implies that TY ; T. Since S acts nonnilpotently on0

Y ˜ YŽ .S, T / 0 . As dim S s 1 the torus T acts on G by scalar multiplica-y1 y1
tions. But then G carries at most p distinct T-weights g , . . . , g . In thisy1 1 s
case we have the stronger estimate

s
a 3dim G F dim L rM F 9p - p .Ýy1 g gi i

is1

Thus r - 3 in any case.˜
Ž . w x2 Skryabin’s theorem 21, Theorem 5.1 states that

TR L G TR G .Ž . Ž .
w xCombining this important inequality with 26, Lemma 4.2 yields

˜ ˜0 / TR S s TR S m A r ; 1 F TR G F 2.Ž .Ž . Ž .˜Ž .
˜Ž . Ž . Ž .3 Suppose TR S s 2. Then TR G s 2, and therefore T is a torus

˜Ž Ž ..of maximal dimension in the p-envelope of G in Der S m A r ; 1 . Now˜
˜ ˜w x Ž . ŽCorollary 1.5 of 25 shows that the p-envelope of S m A r ; 1 in Der S m˜

˜Ž .. Ž . Ž .A r ; 1 contains T. Then G s S m A r ; 1 q C T . Note that, as H ;˜ ˜ G
Ž . Ž .L , one has C T s gr H ; Ý G . Therefore C T acts triangulablyŽ0. G iG 0 i G

Ž .on G. Now Lemma 1.8 shows that either r s 0 or else C T acts˜ S̃m AŽ r ; 1.˜
nilpotently on G. In the second case, repeating the argument used in the

Ž .proof of Lemma 4.3 to sort out the case TR S G 2 leads us to a
contradiction. Hence r s 0.˜

˜Ž . Ž . Ž .LEMMA 4.6. Suppose that 4.1 , 4.2 , 4.3 are true. Assume that rad S0
˜Ž ./ 0 and r / 0. Then S is sol̈ able and˜ 0

˜ ˜Ž . Ž . Ž .1 S ( W 1; 1 or S ( sl 2 ;
Ž . Ž . Ž .2 M G s G s 0 .y2
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˜ Ž2. ˜Ž . Ž .Proof. 1 Suppose S ( H 2; 1 . Set in Corollary 3.4 M [ S. As
˜ Ž . Ž . Ž . Ž . Ž .rad S / 0 parts 5 , 2 , 3 of this corollary show that only case 4 is0

˜ ˜ ˜ ˜possible. Then S is solvable. As Der Srad S is solvable, then so is Der S.0 0
˜ ˜Set in Corollary 3.4 M [ Der S. This corollary then yields that Der S acts0

˜ ˜w xtriangulably on S. Due to Weisfeiler’s theorem 35, Theorem 4.1 , S isy1
˜ ˜ ˜Ž . Ž .Der S -irreducible, so one obtains dim S s 1. Then g2 gives S s0 y1 y2

˜Ž . Ž .0 . Next set in Corollary 3.4 M s S. As M s 0 for all i - y1 Corollaryi
˜ ˜Ž .3.4 4 shows that S cannot be solvable. Thus S is not isomorphic to0

Ž2. ˜ ˜Ž . Ž . Ž Ž .. Ž .H 2; 1 . Since TR S s 1 Lemma 4.5 3 , S is isomorphic to W 1; 1 or
Ž .sl 2 .

˜ ˜Ž . Ž .2 It follows from 1 that Der S ( S. Also, every Cartan subalgebra
˜ X ˜of S is a 1-dimensional torus. Let D denote the degree derivation of S

˜ ˜ XŽ .with respect to the present grading. Now S s Der S s C D is 1-di-˜0 0 S
˜ Ž .mensional. As above, Weisfeiler’s theorem yields dim S s 1. Then g2y1

˜ Ž . Ž . Ž .gives S s 0 forcing G s 0 . Therefore M G s Ý G . As a firsty2 y2 i-y1 i
w x w x Ž . w xconsequence, G , G s G , G s 0 . This means that L , Ly2 2 y2 1 Žy2. Ž2.

w x; L and L , L ; L .Ž1. Žy2. Ž1. Ž0.

Let D denote the degree derivation of G with respect to the present
grading. Then D induces the degree derivation D of G and the degree

X X˜derivation D of S. As D m 1 g G ( L rL , there is a toral element t0 Ž0. Ž1.
in the p-envelope of L in L which is mapped onto DX m 1. Note thatŽ0. p

X Ž . Ž .D m 1 y D vanishes on A G . Since G acts faithfully on A G this
Ximplies that D m 1 y D vanishes on G. But then ad t y D maps G intoG

Ž . Ž .M G . As Ý G is invariant under ad t y D and M G s Ý GiGy1 i G i-y1 i
Ž .Ž . Ž . w xthis gives ad t y D Ý G s 0 . Since G s G , G forG iGy1 i yi y1 yiq1

i G 1, we get ad t s D. SetG

w xL i [ x g L N t , x s ix .Ž . � 4Ž i.

As D is the degree derivation, one has

L s L i q L for all i .Ž .Ž i. Ž iq1.

w Ž . x w Ž . Ž . x Ž .Therefore L y2 , L s L y2 , L 1 q L ; L y1 l L q L sŽ1. Ž2. Ž0. Ž1.
Ž . Ž .L . Then L y2 ; n L . As L is a maximal subalgebra of L, weŽ1. L Ž1. Ž0.

Ž . Ž .obtain L y2 ; L . This proves L s L y2 q L s L . Conse-Ž0. Žy2. Žy1. Žy1.
Ž . Ž . Ž .quently, G s 0 . But then M G s 0 as well.y2

˜Ž . Ž . Ž . Ž .PROPOSITION 4.7. Suppose that 4.1 , 4.2 , 4.3 are true. If rad S / 0 ,0
then r s 0.˜
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Ž . Ž .Proof. a We adopt the notation of L i from the preceding proof.
Let V denote the inverse image of A under the canonical epimorphism0

w x w xL ª L rL ( G . Then L , L , V, L ; V andŽ0. Ž0. Ž1. 0 Žy1. Ž1. Ž0.

L y1 q V , L s L y1 , L y1 q L 0 q LŽ . Ž . Ž . Ž . Ž1.

q V , L y1 q LŽ . Ž0.

; L y2 q L y1 q V q V , L y1 .Ž . Ž . Ž .
Ž . Ž Ž .. w Ž .x w Ž .Note that L y2 ; L as G s 0 and V, L y1 ; L 0 q L ,Ž1. y2 Ž1.

Ž .x Ž . Ž .L y1 ; L y1 q V. The simplicity of L forces L s L y1 q V, whence
Ž .G s G q A q Ý G s A G q Ý G .y1 0 i) 0 i i) 0 i

Ž . Ž .b Since A G is the unique minimal ideal of G s G, one has an
embedding of graded algebras

˜G ¨ Der S m A r ; 1 [ F Id m W r ; 1 .Ž . Ž . Ž .˜ ˜Ž .Ž .
˜Ž . Ž .Obviously, Ý G is mapped into Ý Der S m A r ; 1 and therefore˜i) 0 i i) 0 i

˜ Ž . Ž .stabilizes S m A r ; 1 . This, however, contradicts the minimality of A G .˜ Ž1.

Ž . Ž . Ž .PROPOSITION 4.8. Suppose that 4.1 , 4.2 , 4.3 are true. Assume r / 0.˜
Then:

˜ Ž2. ˜Ž . Ž . � Ž . Ž .41 S ( H 2; 1 and S g sl 2 , W 1; 1 .0

Ž . Ž .2 A G is a minimal ideal of G .0 0

Ž . Ž . Ž .3 G s 0 and G s 0 .y3 y2
XŽ . Ž . Ž Ž ..4 There is a T-weight m g G G, T such that m C T s 0. If m isA0

Ž X.such a weight, then G ; G m .y2

˜Ž . Ž . Ž .Proof. 1 As TR S s 1 in the present case Lemma 4.5 one has
˜ Ž2. ˜� Ž . Ž . Ž . 4 ŽS g sl 2 , W 1; 1 , H 2; 1 . Note that S is a semisimple Proposition0

˜. Ž .4.7 and nonmaximal subalgebra of S. Now all subalgebras of sl 2 are
Ž .solvable, and it is not hard to see that each proper subalgebra of W 1; 1

Ž . Ž .either is solvable or is isomorphic to sl 2 this follows from Theorem 2.3 .
Ž . Ž .In particular, every subalgebra of W 1; 1 isomorphic to sl 2 is maximal

˜ Ž2.Ž . Ž .in W 1; 1 . Therefore, S ( H 2; 1 .
˜ ˜ ˜ ˜We now apply Corollary 3.4 with M s S. As S / S and S is semisim-0 0

˜ ˜Ž . Ž .ple, S ( sl 2 or S ( W 1; 1 .0 0
˜ ˜Ž . Ž .Having determined S , we now conclude that A G ( S m A r, 1 has˜0 0 0

˜ Ž .a unique maximal ideal, namely S m A r ; 1 . Let J be a minimal ideal˜0 Ž1.
˜Ž . Ž . Ž .of G contained in A G . If J / A G then J ; S m A r ; 1 whence˜0 0 0 0 Ž1.

w x w x Ž .J, G / G . The G -irreducibility of G forces J, G s 0 . Soy1 y1 0 y1 y1
Ž . Ž .g3 yields J s 0 .
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Ž . Ž . Ž Ž .. Ž .3 , 4 Suppose m C T / 0 for all m / 0. Then G s A G qA ŽG.0
Ž . Ž . Ž .C T . As H s C T ; L and H is triangulable, C T acts triangula-G L Ž0. G

Ž . Ž . Ž .bly. By Lemma 1.8, C T l A G s Ý C T acts nilpotently onG iG 0 A ŽG.i
Ž .A G . According to the present assumption 0 is then the only T-weight

Ž . Ž . Ž .of A G . But then A G ; C T is nilpotent, a contradiction.G

˜The gradings of S are ruled by Corollary 3.4. The present grading has
Ž . Ž . Ž .zero component isomorphic to sl 2 or W 1; 1 . Setting in Theorem 3.5 3

˜K s S yields a ) 0. Those gradings have the property that M is nonzero2 i
˜Ž . Ž .for no more than one i - 0 Corollary 3.4 . Thus S s 0 , forcingy2

Ž . Ž . Ž .G s 0 . Obviously, M G is a nilpotent ideal of G, and G s GrM Gy2
acts on each factor of the series

2G > M G > M G > . . . > 0 .Ž . Ž . Ž .
˜ Ž .Suppose that S m A r ; 1 acts nontrivially on a composition factor W of˜

i iq1Ž . Ž . Ž .the G-module M G rM G i G 1 . Applying Theorem 3.2 to the
Ž .semisimple p-envelope of G yields W ( U m A r ; 1 , where U is a nontriv-˜

˜ Ž .ial S-module. We are in case 2b of Theorem 3.2. Since r / 0, then˜
Ž . Ž . Ž . Ž .C T s F h m 1 [ F d m 1 , and the S q Fd -module U is as in case0

Ž . 2C of Theorem 3.1. Then U has p y 2 distinct weights relative to
Ž . 2Fh [ Fd Corollary 2.10 . Hence W has p y 2 distinct T-weights of0

r̃multiplicity at least p . But then there is i / 0 such that dim L rL Gia Ž0., ia

p contradicting the inequality dim L rL F dim L rK F 3. Conse-ia Ž0., ia ia ia
˜ i iq1Ž . Ž . Ž .quently, S m A r ; 1 acts trivially on all M G rM G . Therefore all˜

Ž . U X XT-weights on M G are contained in F m , where m is any weight with thep
X XŽ Ž .. Ž .property m C T s 0. This means that Ý G ; G m . ObserveA ŽG. j-y1 j0
Ž .that ann G is G -invariant. The irreducibility of G forces thatG y2 0 y1y1
Ž . Ž . Ž .either ann G s G or ann G s 0 . In the first case G sG y2 y1 G y2 y3y1 y1w x Ž .G , G s 0 . Consider the second case. As G , G only have rootsy1 y2 y3 y2

X Ž X.in the m -direction, all G l f F m annihilate G . Therefore Gy1, l p y2 y1
X XŽ . Ž .s G m . Similarly, each A G , l f F m , acts trivially on G . Byy1 0 l p y1

X XŽ . Ž . Ž .Ž . Ž Ž .. Ž .g1 this implies A G s A G m . As m C T s 0, A G is0 0 A ŽG. 00w Ž .xsolvable 26, 1.5 . This contradiction proves the proposition.

Remark 4.2. In the situation of Proposition 4.8, let LL denote theŽ0.
p-envelope of L in L . We have a natural restricted Lie algebraŽ0. p
homomorphism

˜ ˜F : LL ª Der A G ( Der S m A r , 1 q F Id m W r ; 1 .Ž . Ž . Ž .˜ ˜Ž .Ž0. 0 0

˜ Ž2. ˜ ˜Ž . � Ž . Ž .4As S ( H 2; 1 and S g sl 2 , W 1; 1 the grading of S is ruled by0
Ž . Ž .cases 2 or 3 of Corollary 3.4. Applying this corollary gives

˜ ˜Der S s S [ Fd ,0 0

where d is the degree derivation.
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Ž . Ž . Ž .Let G denote the p-envelope of G in Der A G . As TR G s 2, A Gp p
˜Ž Ž .. Ž .is the unique minimal ideal of G , and TR A G s TR S s 1, Theoremp

˜Ž . Ž .3.2 shows that one can choose an isomorphism c : A G ª S m A r ; 1˜
˜ Ž . Ž . Ž .such that F T s F h m 1 [ F d m 1 q Id m t . If Fh q Fd ;0 AŽG. 0 0

˜Der S is a 2-dimensional torus, then Fh q Fd s Fh q Fd . As a conse-0 0 0
quence, we may choose c so that

F̃ T s F h m 1 [ F kd m 1 q Id m t , 4Ž . Ž . Ž .˜Ž .0 AŽG. 0

Ž .where k g F , k s 0 provided that t f W r ; 1 and Fh m 1 s˜ ˜ ˜p 0 Ž0. 0
˜ ˜Ž .F T l S .0

˜ ˜ ˜Ž . Ž .As Fh m 1 s F T l S s F T l ker m we have0 0

m h m 1 s 0, g h m 1 / 0 ;g g G_F m.Ž . Ž .0 0 p

˜Ž . Ž Ž .. Ž . Ž .Therefore Fh m A r ; 1 ; F LL m ; Fh q Fd m A r ; 1 q F Id m˜ ˜0 Ž0. 0
Ž .W r ; 1 . Set˜

˜ ˜DD [ p (F LL m ; W r ; 1 .Ž . Ž .˜Ž .Ž .2 Ž0.

Then

˜ ˜F LL m ; Fh q Fd m A r ; 1 q F Id m DD.Ž . Ž . Ž .˜Ž .Ž0. 0

˜ ˜ ˜ ˜Ž . Ž . Ž .Moreover, F LL ; S q Fd m A r, 1 q F Id m DD, so that DD s˜Ž0. 0
˜Ž .Ž . Ž .p (F LL is a transitive subalgebra of W r ; 1 .˜2 Ž0.

˜ Ž . Ž . Ž .Suppose t s 0. Then F T s F h m 1 [ F d m 1 . Set in Lemma 1.80 0
˜ Ž .V [ F H . Since T is a standard torus, V acts triangulably on G. But then

Lemma 1.8 yields r s 0, a contradiction.˜
Define b g TU by

b h m 1 s 1, b kd m 1 q Id m t s 0.Ž . Ž .˜0 0

Ž . Ž . Ž .LEMMA 4.9. Suppose that 4.1 , 4.2 , 4.3 are true. Assume r / 0 and˜
˜ ˜Ž . Ž . Ž .S ( sl 2 . Then G s 0 . If r s 1 and t f W 1; 1 , then either DD (˜0 y2 0 Ž0.

˜Ž . Ž .W 1; 1 or p s 5 and DD ( sl 2 .

Ž . Ž . Ž . Ž .Proof. a By Proposition 4.8 3 , G ; G m and G s 0 . They2 y3
˜ ˜Ž .grading of S is as in case 3 of Corollary 3.4 yielding dim S s 2. Wey1

Ž .adjust h so that G s "b q F m, G ; "2b q F m j F m.0 y1 p 0 p p
Ž . Ž . w xAs G s 0 , G s 0 , one has L, L ; L . Thereforey3 y2 Ž1. Ž0.

L m , L ; L q L m q L m , L ; L q L m .Ž . Ž . Ž . Ž .ÝŽ0. " 2 bqj m Ž1. Ž0.
jgFp
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Ž .Then L m q L is a subalgebra containing L . The maximality of LŽ0. Ž0. Ž0.
Ž . Ž .implies L m ; L , whence G s 0 .Ž0. y2

Ž . Xb Suppose r s 1. Choose T-invariant vector spaces V , V , V ,˜ y1 0 0
such that

V ; L q L ,Ý Ýy1 bqj m ybqj m
jgF jgFp p

V X ; V ; L q L q L ,Ý Ý Ý0 0 2 bqj m y2 bqj m j m
jgF jgF jgFp p p

and

X ˜L s V [ L , L s V [ L , V q L rL s S m A 1; 1 .Ž .y1 Ž0. Ž0. 0 Ž1. 0 Ž1. Ž1. 0

Properties of the associated graded Lie algebra G ensure that

X X XL, L ; V q L , V , L ; V q L ,Ž1. 0 Ž1. 0 Ž0. 0 Ž1.

while properties of G yieldy1

Xw xV , V ; L , V , L ; V q V q L .y1 y1 Ž0. y1 Ž0. y1 0 Ž1.

X w xFrom this it is not hard to deduce that L q V q V q V , V is aŽ1. 0 y1 y1 y1
nonzero ideal of L, and therefore must coincide with L. Since T ; LLŽ0.

˜ ˜Ž . Ž .and F T o S m A 1; 1 we have0

w x XV , V o V .y1 y1 0

Ž .c Let s : G ª V denote the inverse of the canonical lineary1 y1 y1
isomorphism V ( LrL s G . The Lie multiplication of L gives risey1 Ž0. y1
to a skew-symmetric bilinear mapping

X X
L : G = G ª G , L ¨ , ¨ [ s ¨ , s ¨ q L .Ž . Ž . Ž .y1 y1 0 y1 y1 Ž1.

w Ž X . Y x ww Ž . Ž X .x Y xNote that one has L ¨ , ¨ , ¨ s s ¨ , s ¨ q L , ¨ sy1 y1 Ž1.
ww Ž . Ž X.x Ž Y .xs ¨ , s ¨ , s ¨ q L , so the Jacobi identity yields the equa-y1 y1 y1 Ž0.

w Ž X. Y x w Ž X Y . x w Ž Y . X x X Ytion L ¨ , ¨ , ¨ q L ¨ , ¨ , ¨ q L ¨ , ¨ , ¨ s 0 for all ¨ , ¨ , ¨ g
G . Set L [ p (L where p is as in Remark 4.2. If L s 0, theny1 2 2 2 2
w x XV , V ; V , a contradiction. So L / 0.y1 y1 0 2

Ž . Ž .d The Lie multiplication of L gives rise to a LL m -invariantŽ0.
bilinear mapping

l : L q L = L q L ª L .Ý Ý Ý Ýbqj m ybqj m bqj m ybqj m Ž0.ž / ž /
jgF jgF jgF jgFp p p p
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Ž . w x XSince Ý L q Ý L l L ; L , L , L ; V q L ,jg F bqj m jg F ybqj m Ž0. Ž1. Ž1. 0 Ž1.p p

w Ž .x Ž Ž ..and Ý L , L m ; Ý L , l induces a T q G m -jg F " bqj m Ž0. jg F " bqj m 0p p

invariant mapping

˜ ˜ ˜L : G = G ª G r S m A 1; 1 ¨ DD.Ž .Ž .y1 y1 0 0

Note that

X X X
L̃ ¨ , ¨ s s ¨ , s ¨ q V q L .Ž . Ž . Ž . Ž .y1 y1 0 Ž1.

˜ ˜Ž Ž ..Hence L s L , and as a consequence L is T q G m -invariant. As DD2 2 0
Ž .is a trivial Fh m A 1; 1 -module, we have0

˜ ˜0 / L S m A 1; 1 , S m A 1; 1Ž . Ž .Ž .2 y1 y1

˜ ˜s L S m A 1; 1 , h m A 1; 1 , S m 1Ž . Ž .ž /2 y1 0 y1

˜ ˜s L h m A 1; 1 , S m A 1; 1 , S m 1Ž . Ž .ž /2 0 y1 y1

˜ ˜s L S m A 1; 1 , S m 1 .Ž .Ž .2 y1 y1

ŽWrite t s zdrdx. We may assume that z s 1 q x cf. Corollary 2.7 and0
. w Ž Ž ..xRemark 4.2 and observe the assumption on t . Set in 33, 4.6 2 f [ z,0

X ˜and let u, u g S be linearly independent. Then for i ) 0y1

L u m z iy1 , uX m z s i y 2 z iL u m 1, uX m 1Ž . Ž . Ž .2 2

q 1 y i z iy1L u m z , uX m 1Ž . Ž .2

q 2 y i z iy1L u m 1, uX m zŽ . Ž .2

q i y 1 z iy2L u m z , uX m zŽ . Ž .2

q zL u m z iy1 , uX m 1 .Ž .2

X ˜ X XŽ . w x w xNext choose u, u g S_ 0 such that h , u s u, h , u s yu . As L is0 0 2
Ž . Ž X . Ž X .h m z -invariant one has L u m 1, u m z s L u m z, u m 1 . Induc-0 2 2
tively, we obtain

i y 1 i y 2Ž . Ž .
X Xi iL u m z , u m 1 s z L u m 1, u m 1Ž . Ž .2 22

q i 2 y i z iy1L u m z , uX m 1Ž . Ž .2

i i y 1Ž .
Xiy2 2q z L u m z , u m 1Ž .22
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for all 0 F i F p y 1. Comparing eigenvalues one finds s , s , s g F such0 1 2
that

k X kq1y2 k̃L u m z , u m 1 s s z drdx, k s 0, 1, 2,Ž .2 k

where k q 1 y 2k is taken modulo p and k is as in Remark 4.2. Then˜ ˜

L u m z i , uX m 1Ž .2

s i y 1 i y 2 s i i y 1Ž . Ž . Ž .o 2 iq1y2 k̃s q s i 2 y i q z drdx.Ž .1ž /2 2

As L / 0 by assumption, the above coefficient regarded as a polynomial2
in i is a nonzero polynomial of degree F 2. Consequently, it has at most 2
different zeros. We obtain

˜dim DD G dim L G , G G p y 2.Ž .2 y1 y1

˜ ˜Ž .Recall that DD is a transitive subalgebra of W 1; 1 . If dim DD ) 3 then
˜ ˜Ž .DD ( W 1; 1 . Otherwise the above estimate gives p s 5 and dim DD s 3.

˜ Ž .In this case DD ( sl 2 .

5. MAXIMAL SUBALGEBRAS

Ž .We start an investigation of the triples L, T , a , where

Ž .5.1 L is a simple Lie algebra over F of absolute toral rank 2,
Ž .5.2 T is a 2-dimensional standard torus in the semisimple p-en-

velope L of L,p

Ž . XŽ .5.3 a is a root of L with respect to T such that K a acts
nontriangulably on L.

Ž . Ž . � 45.4 one of the subspaces L , where g g G L, T j 0 , contains ag

nonzero sandwich element of L.

Ž . Ž . Ž .LEMMA 5.1. Let L, T , a satisfy 5.1 ] 5.4 . Then

˜ Ža .Ž .1 H / H and M / L,a
X Ž1. ˜ Ž1.Ž . Ž . Ž .2 K a q H s K a .

Ž . Ž . Ž .Proof. 1 Suppose H s H . Then L a s K a is a Cartan subalge-a

Ž . w xbra of L of absolute toral rank 1 in L Remark 4.1 and 17, Theorem 1
Ž .shows that L a is triangulable. This contradicts our assumption on

XŽ .K a .
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˜ Ža . Ž1. Ž1.Suppose M s L. Then H s H l L s H q H s H , contrary toa a

the above result.

˜ Ž1. Ž1.Ž . Ž . w x Ž .2 By 1 , H, K s K for each i / 0. Hence K a s H qia ia
X Ž1.w x Ž .Ý K q Ý K , K s K a q H .i/ 0 ia i/ 0 ia yia

Set G
X [ G_F a . Let L denote a maximal subalgebra of L containingp Ž0.

˜ Ža .M . Set

I [ L q L , L ,Ý ÝŽ0. , g Ž0. , g Ž0. , yg
X X

ggG ggG

and let II and LL be the p-envelope of I and L in L , respectively.Ž0. Ž0. p
X ˜ Ža .Ž . Ž .Clearly, I is an ideal of L . Note that R T q H q K a ; M ; L .Ž0. Ž0.

Ž .The maximality of L ensures that n I s L .Ž0. L Ž0.

Ž . Ž . Ž .LEMMA 5.2. Let L, T , a satisfy 5.1 ] 5.4 .

Ž . XŽ .Ž1.1 The intersection of the p-en¨elope of K a in L with T containsp
X Ž X. Ž X . Xan element t such that a t s 0 and g t / 0 for all g g G .

˜Ž . Ž .2 The p-en¨elope of K a in L contains T.p

Ž . w3 Suppose J is a Lie subalgebra of L satisfying T q I qp
xÝ K , J ; J. Then either I ; J or J is p-nilpotent.i/ 0 ia

Ž . Ž .4 If TR I s 1 then I has 2 F -independent T-roots, T l II s T lp
ker a , and I Ž1. s I.

Ž . Ž XŽ .Ž1. . Ž .Proof. 1 As D K a l L is a weakly closed set, 5.3ig F iap

implies that it is not a nil set. The result follows.

Ž . Ž . Ž .2 According to Lemma 5.1 1 there is h g H such that a h / 0.
X Ž .The element t described in part 1 of this lemma and the semisimple part

of h span T.
Ž .3 Let J be the p-envelope of J in L . Thenp p

J s J w p xn
.Ý Ýp m

� 4 nG0mgGj 0

Suppose J is not p-nilpotent. Then one of J w p xn
contains an element whichm

Ž .is not p-nilpotent by Jacobson’s theorem on weakly closed nil sets . This
Ž . Ž .implies T l J / 0 . Let t be a nonzero element of T g J . If a t s 0p p

Ž . X w xthen g t / 0 for all g g G , whence I s t, I ; J and hence I ; J.g g

Ž . Ž .If a t / 0 then a similar argument yields Ý K ; J. Part 1 of thisi/ 0 ia
X w X xlemma shows that there is t g T l J with the property I s t , I for allp g g

g g G
X. Thus I ; J in either case.
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Ž .4 The present assumption ensures that I is not p-nilpotent. There
X Ž . Ž Ž .. XŽ .is g g G such that I / 0 otherwise I s 0 . Since K a acts nontrian-g

Ž . w Ž .xgulably on L, I / 0 18, 5.1 . Thus I has 2 F -independent roots.gqa p

Ž .As above T l II / 0 . Suppose T l II o ker a and pick t g T l II with
Ž . XŽ . X Ž .a t / 0. Then Ý K ; I, whence K a ; I. Let t be as in 1 . Theni/ 0 ia

X Ž .T s Ft q Ft ; II. But then, as I has 2 independent roots, TR I s 2, a
contradiction.

Ž . Ž . XThus there is t g T l II with a t s 0, g t / 0 for all g g G . In
XŽ1. Ž1.w xparticular, I s t, I ; I for g g G . It follows that I s I .g g

Ž .Consider a standard filtration L s L > . . . > L > 0 defined byŽys . Ž s .1 2

L such that L rL is an irreducible L -module, and put G s gr L.Ž0. Žy1. Ž0. Ž0.
˜ Ža . Ž .As M ; L , Remark 4.1 and Lemma 5.2 2 show that the assumptionsŽ0.

Ž . Ž .of Theorem 4.4 and 4.1 ] 4.3 are fulfilled. Note that G carries 2
F -independent T-roots, since otherwise all T-roots of L would lie inp Žy1.
F a , and hence all T-roots on L would lie in F a contradicting thep p

Ž .assumption on T. Thus TR G s 2 and T can be identified with a
2-dimensional maximal torus in the semisimple p-envelope of G. We now
assume that

5.5 TR I F 1Ž . Ž .
and introduce the set of triples

S of all L, T , a satisfying 5.1 ] 5.5 .Ž . Ž . Ž .1

Ž . XLEMMA 5.3. Suppose L, T , a g S . Then D L consists of1 g g G Ž0., g

p-nilpotent elements.

Proof. Let u g L s I where g g G
X, and let u g T denote theŽ0., g g s

Ž . Ž .semisimple part of u. Then g u s 0. According to Lemma 5.2 4 one hass
UŽ .a u s 0. As a , g are independent, they span T . Therefore u s 0.s s

Ž .COROLLARY 5.4. Suppose L, T , a g S . Then I is sol̈ able if and only1
Ž .if it is p-nilpotent. In any case, I a acts triangulably on L. If I is not sol̈ able

then I q L rL has 2 F -independent T-roots.Ž1. Ž1. p

Ž . Ž .Proof. If I is not p-nilpotent then TR I / 0 and Lemma 5.2 4 shows
that I is not solvable.

Ž .We are now going to prove that I a acts triangulably on L. If I is
solvable, then it is p-nilpotent and the result follows. Suppose I is

Ž Ž .. Ž .nonsolvable. Since H l I ; H Lemma 5.2 4 , I a is a nilpotent Liea

algebra. Note that I is F -graded by setting I s [ I where I [p j jjg F p
X Ž .Ý I for a fixed b g G . Since I is nonsolvable, I a does not actk g F j bqk ap w Ž .x Ž .nilpotently on I and on I q L rL 26, 1.5 . Thus I a is a CartanŽ1. Ž1.

Ž .subalgebra of I of absolute toral rank 1 in I Remark 4.1 . Note that this
also implies that I q L rL has 2 F -independent T-roots. Let J denoteŽ1. Ž1. p

Ž1. Ž . Ž Ž ..a maximal ideal of I and set I [ IrJ. Then I s I / 0 Lemma 5.2 4 ,
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Ž . Ž .and therefore TR I s 1, TR J s 0. In particular, I is simple and J is
Ž2.� Ž . Ž . Ž . 4nilpotent. Now I g sl 2 , W 1; 1 , H 2; 1 . All Cartan subalgebras of all

Žof these Lie algebras are abelian which one can conclude from the
.normalization theorems of maximal tori of these Lie algebras . Thus

Ž .Ž1. Ž .Ž1.I a ; J. Consequently, I a acts nilpotently on I. Since I has 2
Ž1.Ž .F -independent roots, this implies that I a acts nilpotently on L.p

Ž .PROPOSITION 5.5. Suppose L, T , a g S and that I is nonsol̈ able.1
Then

Ž .1 rad LL is p-nilpotent.Ž0.

Ž .2 I q rad LL rrad LL is the unique minimal ideal of LL rrad LLŽ0. Ž0. Ž0. Ž0.
and I q L rL is the unique minimal ideal of G .Ž1. Ž1. 0

Ž . � Ž . Ž . Ž .Ž2.43 There exist S g sl 2 , W 1; 1 , H 2; 1 and r g N such that

IrI l rad LL ( S m A r ; 1 .Ž .Ž .Ž0.

;
Ž . Ž . Ž .4 Any isomorphism w : IrI l rad LL ª S m A r ; 1 gï es rise toŽ0.

embeddings

S m A r ; 1 ; LL rrad LL ; Der S m A r ; 1 [ F Id m W r ; 1 .Ž .Ž . Ž . Ž .Ž . Ž .Ž0. Ž0.

Ž Ž .. Ž Ž .. Ž .Let p : S m A r ; 1 [ F Id m W r ; 1 ª W r ; 1 denote the canonical2
Ž . Ž .projection. Then p LL rrad LL is a transitï e subalgebra of W r ; 1 .2 Ž0. Ž0.

Ž . Ž .Ž2.5 0 F r F 2, and r s 0 m S ( H 2; 1 .
Ž .6 Suppose r / 0. Let h be a p-semisimple element of II. If h acts

nontrï ially on a composition factor of the L -module LrL , then it actsŽ0. Ž0.
in¨ertibly on this factor.

Ž . X X7 Suppose r / 0. Then G ; G . If g g G is a weight of LrL ,y1 Ž0.
then so is yg .

Proof. Set RR [ rad LL .Ž0.

Ž . Ž .1 Set in Lemma 5.2 3 J s RR. Since I is not solvable, I cannot lie
in RR. Thus RR is p-nilpotent.

Ž .2 Let J be an ideal of LL containing RR, and such that JrRR isŽ0.
Ž .minimal. As J is nonsolvable, Lemma 5.2 3 yields I ; J. The minimality

of JrRR implies J s I q RR.
Ž Ž ..Since RR acts nilpotently on L by 1 , then RR l L s L . TheŽ0. Ž1.

second statement follows.

Ž . Ž .3 By 2 , LL rRR is semisimple restricted and has the uniqueŽ0.
Ž . Ž .minimal ideal I q RR rRR. By Theorem 1.6, IrI l RR ( S m A r ; 1 where

Ž . ŽŽ . .S is a simple Lie algebra. As TR I s 1, we have TR I q RR rRR s 1,
� Ž . Ž . Ž .Ž2.4whence S g sl 2 , W 1; 1 , H 2; 1 .
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Ž .4 This follows from Theorem 1.6.
Ž .5 Suppose I acts nilpotently on each composition factor of the

LL -module LrL . As I Ž1. s I, I annihilates LrL . As I is an ideal ofŽ0. Ž0. Ž0.
L , it is an ideal of L. As this is not true, there is a composition factor WŽ0.
of the LL -module LrL which is not annihilated by I. Since RR actsŽ0. Ž0.
nilpotently on W, it annihilates W. Thus W is an irreducible restricted

Ž .LL rRR-module which is not annihilated by I q RR rRR. Now apply Theo-Ž0.
Ž .rem 1.7. There is a nontrivial S-module U such that W ( U m A r ; 1 as

3 Ž .vector spaces. Recall that dim W F dim LrL - 2 p Lemma 1.5 . Con-Ž0.
sequently, dim U G 2 and 2 pr F dim W - 2 p3 yielding r F 2.

Suppose r s 0. As in this case S is the unique minimal ideal of LL rRR,Ž0.
Ž .Ž2.T acts faithfully on S. As T is 2-dimensional, S ( H 2; 1 .

Ž .Ž2.Suppose S ( H 2; 1 and r / 0. As 0 is not a T-weight of W, we are in
Ž .case 2b of Theorem 3.2. In particular, t s 0. In the notation of that0

Ž . Ž . Ž . Ž .theorem, C T s F h m 1 q F d m 1 , and the S q Fd -module U is as0
Ž . 2in case C of Theorem 3.1. Then U carries p y 2 different weights

Ž .Corollary 2.10 , and hence there is i / 0 such that ia / 0 is a weight of
Ž . rU. Now W s U m A r ; 1 whence dim W G p . On the other hand,ia ia ia

dim W F dim L rK F 3. This contradiction proves the implicationia ia ia

Ž .Ž2.S ( H 2; 1 « r s 0.

Ž . Ž . � Ž . Ž .46 By 5 , S g sl 2 , W 1; 1 . Now Theorem 3.2 applies. Conse-
Ž . Ž . Ž .Ž .quently, II q RR rRR s I q RR rRR, and Theorem 3.2 2 c yields the re-

sult.
Ž . Ž .7 a Set W [ L rL . This is an irreducible L -module, onŽy1. Ž0. Ž0.

which I acts nontrivially. Thus every nonzero element of T l II s T l
Ž Ž .. Xker a acts invertibly on W by 6 . Then G ; G .y1

Ž .b Choose a composition factor W of the LL -module LrLŽ0. Ž0.
X Ž .which has T-weight g . Since T l II s ker a and g g G one has g T l II

Ž .Ž ./ 0. Therefore I does not annihilate W. Theorem 3.2 2 c now shows that
yg is a T-weight of LrL .Ž0.

Ž .LEMMA 5.6. Suppose L, T , a g S . If I is sol̈ able, then there is1
b g G

X such that

G s G for all i g Z.Ýi i , ibqja
jgFp

Ž . Ž .If G / 0 and i k 0 mod p , then dim G / 0 does not depend on j.i i, ibqja

Proof. Corollary 5.4 shows that I acts nilpotently on the irreducible
L -module G . Since I is an ideal of L this means that I annihilatesŽ0. y1 Ž0.
G . By definition of a standard filtration, we obtain I ; L . Asy1 Ž1.
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Ž .XÝ L ; I we have G s G a . Since G is G -irreducible there isg g G Ž0., g 0 0 y1 0
X Ž .b g G such that G s Ý G . By g3 there is an injectivey1 jg F y1, ybqjap

Ž .T-invariant linear mapping G ¨ Hom G , G . This observation andi y1 iy1
induction on i proves that for i ) 0 all weights of G are contained ini

Ž . Ž .ib q F a . Similarly, it follows from g2 that all roots of G for i - y1 ,p i
are contained in ib q F a . If b g F a then G ; F a contrary to the factp p p
that dim T s 2.

XŽ . w Ž .xSince K a acts nontriangulably on L it is immediate from 18, 5.1
Ž .that all G j g F have the same dimension, whenever i k 0.i, ibqja p

Our next lemma employs the notation of Section 4.

Ž .LEMMA 5.7. Suppose L, T , a g S . The following are equï alent:1

Ž .1 r s 0.˜
˜Ž . Ž .2 TR S s 2.

Ž . Ž Ž .. Ž .3 a C T / 0, where A s A G .A 0 00

Ž . Ž . Ž . Ž .Proof. a The implication 2 « 1 has been proved in Lemma 4.5 3 .

˜Ž . Ž .b Suppose r s 0 and TR S s 1. Then G acts faithfully on its˜
˜ ˜ Ž2.� Ž . Ž . Ž . 4unique minimal ideal S and S s sl 2 , W 1; 1 , H 2; 1 . Thus T acts as

˜ ˜ Ž2.Ž .a 2-dimensional torus on S, so S ( H 2; 1 necessarily holds.
˜We now observe that Der S is Z-graded and T is of degree 0 with

˜respect to this grading. Moreover, G is a graded subalgebra of Der S.
Ž .Theorem 3.3 shows that the grading is given by a a , a -grading of1 2

Ž .A 2; 1 . We now apply Corollary 3.4.
Since the grading is nontrivial we have a / 0 or a / 0.1 2

˜ Ž .If I is nonsolvable, then S contains S m A r ; 1 since the latter is the0
Ž .unique minimal ideal of G ( G by Proposition 5.5 2 . As either r G 1 or0 0

Ž2. ˜Ž . Ž Ž ..S ( H 2; 1 by Proposition 5.5 5 we obtain that S is nonsolvable of0
dimension ) 2 p. Corollary 3.4 shows that no such grading exists. Thus I

Ž .is solvable. Then the roots on G are contained in F a Lemma 5.6 .0 p
Ž1.Ž .Suppose the grading of G is of type 2 cf. Corollary 3.4 . Then G (0

Ž . UW 1; 1 acts restrictedly on G. Therefore D G consists of ad-nilpo-ig F 0, iap

tent elements of G. Also it is immediate from our remarks in Section 1
U w x Ž . Žw x.that for every i g F either G , G s 0 or a x, y / 0 for allp 0, ia 0, yia

nonzero x g G , y g G . This contradicts the assumption that0, ia 0, yia
XŽ .K a is nontriangulable. We proceed similarly for the gradings of type 3.

Ž1.The gradings of type 4 have the property that G acts nilpotently on G.0
XŽ .Again this contradicts the assumption that K a is nontriangulable.

Ž . Ž ..c Suppose a C T / 0. Then the p-envelope of A in Der GA 00
Ž .contains an element t g T with a t / 0. As A is an ideal in G , this0 0

XŽ .implies Ý G ; A . Lemma 5.2 1 yields the existence of t in thei/ 0 0, ia 0
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XŽ .intersection of T and the p-envelope of A in Der G satisfying a t s 0,0
Ž X. Xg t / 0 for all g g G . As a consequence, T is contained in the p-en-

Ž . Ž .velope of A in Der G. Then G s A G q C T . Since G has 2 F -inde-0 G p

˜Ž . Ž Ž .. Ž Ž ..pendent roots, so does A G . But then TR S m A r ; 1 s TR A G s 2˜
˜Ž . w xwhence TR S s 2 26, Lemma 4.2 .

Ž . Ž Ž ..d Suppose r s 0 and a C T s 0. Set˜ A0

SS [ D A w p x j

N i / 0, m g G , j ) 0 ,½ 51 i , m

SS [ D A w p x j

N m g G
X , j ) 0 ,½ 52 0, m

SS [ D A w p x j

N i / 0, j ) 0 ,½ 53 0, ia

w x jp
SS [ D A l C T N i g Z, j G 0 .Ž .Ž .½ 54 i A

Then D 4 SS is a weakly closed set. Clearly, SS consists of ad-nilpotentis1 i 1
elements. According to Lemma 5.3 the same holds for SS . Clearly,2
ad SS consists of nilpotent transformations, and the same is true forG 3a 4ad SS by the present assumption. Thus D ad SS is a weakly closed setG 4 is1 G ia a

Ž .of nilpotent transformations. Let SS denote the p-envelope of A G in
4Ž . Ž . Ž .Der A G . One has SS s span D SS q Ý A G . Therefore T l SSis1 i m g G m

4Ž . Ž . Ž .s T l span D SS . Consequently, ad T l SS s 0 , whence T l SS ;is1 i Ga

ker a . On the other hand, we have already shown that r s 0 implies that˜
˜Ž Ž . Ž . w xTR A G s TR S s 2. Now Corollary 1.5 of 25 shows that 2 s

Ž Ž .. Ž .TR A G s TR T l SS , SS , contradicting the previous inclusion.

6. THE BLOCK]WILSON INEQUALITY

In this section we shall at last prove the Block]Wilson inequality
Ž .n a F 2 for all standard tori and all roots. In order to obtain this result

we take a closer look at triples in S .1

Ž .LEMMA 6.1. Suppose L, T , a g S . If I is sol̈ able, then r s 0 and˜1
Ž .n a F 2.

Ž . Ž .Proof. a According to Lemma 5.6, G s G a . If r / 0 then Lemma˜0 0
Ž Ž ..5.7 shows that a C T s 0. But then A is nilpotent by Jacobson’sA 00 ˜theorem on weakly closed nil sets. As S ; A , this contradicts Proposi-0 0

tion 4.7.

Ž . Ž . ab It remains to prove that n a F 2. First suppose that I s Mg g
X w x X

Xfor all g g G . Then Ý L , I ; H . Also G , G ; G by Lemmag g G yg g a y1 1
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Ž .5.6, so that G s I l L q L rL by definition of I . But then1 Ž1. Ž2. Ž2.

w xC T s A , A l C T ; C T l ker a .Ž . Ž . Ž .A y1 1 A A0 0 0

Ž .Lemma 5.7 now shows that r / 0, contradicting part a of this lemma.˜
Thus there is g g G

X with I / M a. Then Ý L rM a is ag g ig F Ž0., gqia gqiap
Ž̃ .nonzero K a -module.

ŽSuppose that L ; L . Then L ; L for all j g F by Lemmag Ž0. gqja Ž1. p
.5.6 . As a consequence, the Lie subalgebra of L generated by L actsgqja

nilpotently on L. We conclude from Lemma 3.7 that dim L rK F 1.gqja gqja
Also, Proposition 1.3 shows that n F 2. Thusgqja

dim L rM a F dim L rR F 2 dim L rK q ngqja gqja gqja gqja gqja gqja gqja

F 4 - p.
Ž .Now we can use Proposition 1.3 to observe that n a F 2.

Finally, suppose that L o L . Then Ý L rM a is a properg Ž0. ig F Ž0., gqia gqiap

˜ a ˜Ž . Ž .K a -submodule of Ý L rM . Thus the latter is K a -reducible.ig F gqia gqiap
Ž .Proposition 1.3 yields n a F 2.

We now investigate the case that I is nonsolvable.

Ž .LEMMA 6.2. Suppose L, T , a g S and r / 0. Then˜1

˜ Ž2. ˜Ž . Ž . Ž . � Ž . Ž .41 S ( H 2; 1 , A s I q L rL , S ( S g sl 2 , W 1; 1 ,0 Ž1. Ž1. 0
and r s r ;˜

Ž .2 A has 2 F -independent roots;0 p

Ž . X3 G ; G ;y1

Ž . Ž . Ž . Ž . Ž .4 G s 0 , G s 0 , and M G s G ; G a .y3 y2 y2

˜Ž . Ž . Ž .Proof. 1 Since A ( S m A r ; 1 is an ideal of G and I q L rL˜0 0 0 Ž1. Ž1.
Ž . Ž Ž ..( S m A r ; 1 is the unique minimal ideal of G Proposition 5.5 2 , there0

˜Ž . Ž .is an embedding S m A r ; 1 ¨ S m A r ; 1 . Proposition 4.8 shows that˜0
Ž2.˜ ˜Ž . � Ž . Ž .4S ( H 2; 1 , S g sl 2 , W 1, 1 and that A is a minimal ideal of G .0 0 0

˜Ž . Ž . Ž .But then A s I q L rL whence S m A r ; 1 ( S m A r ; 1 and˜0 Ž1. Ž1. 0

S ( S m A r ; 1 r S m A r ; 1Ž . Ž .Ž . Ž .Ž .1

˜ ˜ ˜( S m A r ; 1 r S m A r ; 1 ( S .Ž . Ž .˜ ˜Ž . Ž .Ž .10 0 0

By dimension reasons, we obtain r s r .̃

Ž . Ž . Ž .2 If A s A m is contained in a 1-section, then part 1 of this0 0
lemma in combination with Lemma 5.3 and Corollary 5.4 shows that I is
solvable. But then Lemma 6.1 proves r s 0, a contradiction.˜

Ž . Ž . X3 As r s r / 0 Proposition 5.5 7 yields G ; G .˜ y1

Ž . Ž . Ž Ž .. Ž .4 As a I l H s 0 Lemma 5.2 4 and A s I q L rL by0 Ž1. Ž1.
Ž . Ž Ž ..part 1 of this lemma one concludes that a C T s 0. Proposi-A0
Ž . Ž .tion 4.8 3 , 4 give the result.
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˜ ˜We recall that F and DD are defined in Remark 4.2.

Ž . ULEMMA 6.3. Suppose L, T , a g S . If r / 0, then there exist k g F˜1 p
˜Ž .Ž . Ž .and u g K such that p (F u f W r ; 1 . If r s 1 then˜ ˜ka 2 Ž0.

˜Ž .Ž Ž .. Ž . Ž .dim p (F LL a s 2, LL a is sol̈ able, and n a F 2.2 Ž0. Ž0.

XŽ .Proof. Since K a acts nontriangulably on L and A has 2 F -inde-0 p
˜ X Ž1.Ž . Ž Ž ..pendent T-weights by Lemma 6.2 , F K a acts nonnilpotently on

˜ Ž .S m A r ; 1 . By the Engel]Jacobson theorem there are i, j g F such that˜0 p
˜ ˜Žw x. Ž .F K , K acts nonnilpotently on S m A r ; 1 . As H acts triangulably˜ia ja 0
on L, we may assume that i / 0.

X ˜ X ˜Ž .Ž Ž ..Set DD [ p (F K a ; DD. Recall from Remark 4.2 that2

X X X
F̃ K , K ; F Id m DD , Fh m A r ; 1 q Id m DD , DD .Ž .˜Ž .ia ja ia 0 ia ja

X ˜ XŽ . Ž . Ž . Ž Ž ..Since K a acts nilpotently on L a and Fh m A r ; 1 ; F L a , DD˜0 0
X ˜Ž .acts nilpotently on A r ; 1 . Therefore Id m DD acts nilpotently on S m˜ 0

Ž .A r ; 1 . Let˜

X w X X xBB [ Id m DD j Id m DD , DDD Daa aa baž / ž /
a/0 a , b/0

Xj Id m DD , Fh m A r ; 1 .Ž .˜D aa 0ž /
a/0

w X Ž .xClearly, BB is a weakly closed set. If D Id m DD , Fh m A r ; 1 con-˜a/ 0 aa 0
sists of ad -nilpotent elements, then the Lie subalgebra spanned by BBG 0 ˜ ˜Ž . Žw x.acts nilpotently on S m A r ; 1 . But then F K , K would act nilpo-˜0 ia ja

˜ Ž .tently on S m A r ; 1 , contrary to the choice of i, j. Thus there are˜0
U ˜w Ž .Ž . Ž .xk g F and u g K , such that Id m p (F u , Fh m A r ; 1 acts non-˜p ka 2 0

˜ ˜Ž . Ž .Ž . Ž .nilpotently on S m A r ; 1 . This implies p (F u f W r ; 1 .˜ ˜0 2 Ž0.
˜ ˜ ˜Suppose r s 1. As t g DD, one has dim DD G 2. Suppose dim DD G 3.˜ 0

˜ ˜ ˜ ˜Ž . Ž . Ž . Ž .Then either DD ( sl 2 or DD ( W 1; 1 as DD is transitive . If DD ( sl 2
˜ XŽ . Ž .or Ft is an improper torus of DD ( W 1; 1 , then DD s 0 , while in case0

˜ XŽ . Ž . Žthat t is a proper torus of DD ( W 1; 1 , then DD ; W 1; 1 cf. the0 Ž0.
.discussion preceding Remark 1.1 . As this contradicts the first part of this

˜ ˜ ŽŽ .lemma, dim DD s 2, i.e., DD s Ft [ Fu. Remark 4.2 shows that ker p0 2
˜ .Ž Ž .. Ž . Ž .l F LL a ; Fh q Fd m A r ; 1 . The latter is abelian whence˜Ž0. 0

˜ XŽ . Ž . Ž . Ž . Ž .LL a is solvable. As ker p (F l K a ; I a q L by Lemma 6.2Ž0. 2 Ž1.
Ž . Ž .and I a acts triangulably on L Corollary 5.4 we derive that n s nka yka

s 1 and n s 0 if k / "k .k a

Ž . Ž .LEMMA 6.4. Let L satisfy 5.1 , 5.2 . Let I be nonsol̈ able. Assume that
Ž . Ž .r / 0, G s 0 , G ; G a .y3 y2

Ž . Ža . Ž . Ž .1 If L s M q L a , then G s 0 .Ž0. Ž0. y2

Ž . Ž .Ž1.2 If G a acts nilpotently on G , then dim G F 1.0 y2 y2
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Proof. Set V [ Ý X L . The present assumption implies that V ;mg G m

Ž . Ž .L , while Proposition 5.5 7 yields L a l L ; L .Žy1. Žy1. Ž0.

Ž . w x Ž . Ž .1 Set N [ L , V l L a . Clearly, N is an ideal of L a .Ž0. Ž0.
Also, for each g g G

X,

aL , L s L , M ; H .g Ž0. , yg g yg a

Therefore the Engel]Jacobson theorem shows that N acts nilpotently on
Ž .L a .

We aim to prove that L s L . So assume for a contradiction thatŽy1.
Ž .L / L . Then G ; F a is nonempty, so there is a subspace W ; L aŽy1. y2 p

w x Ž . Ž .; L such that W o L and N, W ; L l L a s L l L a .Žy2. Žy1. Žy1. Ž0.
Let g , d g G

X. If g q d g G
X then

aW , M , L ; V ; L .g d Žy1.

If g q d g F a thenp

a a a w xW , M , L ; W , M , L q M , W , Lg d g d g d

a; W , L , V l L a q M , LŽ . ÝŽ0. g dqja
jgFp

w x; W , N q L , L ; L .Ž0. Žy1. Žy1.

Consequently, for g g G
X,

a a aW , M , L ; W , M , L q W , M , L aŽ .Ýg Žy1. g d g
X

dgG

; L q V ; L .Žy1. Žy1.

The maximality of L in combination with the assumption that L / LŽ0. Žy1.
Ž .forces L s n L , while we just showed thatŽ0. L Žy1.

aW , M ; n L s L .Ž .Ý g L Žy1. Ž0.
X

ggG

Recall that in the present case I s L s M a for all g g G
X. Thus weg Ž0., g g

w x Xhave proved that W, I ; Ý I ; I for all g g G . Consequently,g g F gqiap

Ž .W ; n I s L , contradicting the choice of W. Thus L s L .L Ž0. Žy1.

Ž . Ž .2 Suppose G / 0 . Then G contains a common eigenvectory2 y2
Ž . Ž . Ž .u / 0 for G a by Engel’s theorem . Let u g L a be an inverse image0
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w Ž . x Ž . Ž .of u. Then L a , u ; Fu q L a l L s Fu q L a . ThenŽ0. Žy1. Ž0.

Fu q L , Fu q L ; u , L q L , u q LŽ0. Žy1. Žy1. Ž0. Žy1.

w x; u , V q u , L a q LŽ .Ž0. Žy1.

; V q Fu q L a q L ; Fu q L ,Ž .Ž0. Žy1. Žy1.

Ž . Žwhence Fu q L ; n Fu q L . If Fu q L / L then n Fu qŽ0. L Žy1. Žy1. L
.L / L. The maximality of L now forces u g L , a contradiction.Žy1. Ž0. Ž0.

Consequently, L s Fu q L and dim G s 1.Žy1. y2

Ž . Ž .LEMMA 6.5. Suppose L, T , a g S . If n a ) 2, then r s 2 and a is˜1
non-Hamiltonian.

Proof. According to Lemma 6.1, I is nonsolvable.

Ž . Ž .Ž2. Ž Ž ..a Suppose first that r s 0. Then S ( H 2; 1 Proposition 5.5 5 .
Ž Ž ..Since rad LL is p-nilpotent Proposition 5.5 1 , one can compute nŽ0. ia

Ž .Ž2.dealing with LL rrad LL ; Der H 2; 1 . We identify the image of I inŽ0. Ž0.
Ž .Ž2. Ž .Ž2. Ž .Ž2. ŽDer H 2; 1 with H 2; 1 , and T with its image in Der H 2; 1 this is

Ž . Ž ..possible in view of Proposition 5.5 1 , 4 . Then T is a 2-dimensional torus
Ž .Ž2. w Ž .xin Der H 2; 1 . According to 5, 1.18.4 we may assume that

T s Fz  [ Fz  ,1 1 2 2

� 4 Ž . Ž .Ž2. Ž .where z g x , 1 q x i s 1, 2 . Then T l H 2; 1 s FD z z . Thei i i H 1 2
Ž .Ž2. Ž .description of Der H 2; 1 is given in Section 3. As a T l II s 0

Ž Ž ..Lemma 5.2 4 , one has

py1
i iLL rrad LL a ; FD z zŽ .Ž . Ž .ÝŽ0. Ž0. H 1 2

is1

q Fz py1 q Fz py1 q F z  q z  .Ž .1 2 2 1 1 1 2 2

Since z py1 and z py1 are in the same root space with respect to T , all1 2 2 1
w Ž i i . Ž j j .xother root spaces are 1-dimensional, and D z z , D z z s 0 for allH 1 2 H 1 2

Ž .i, j, it is now clear that n a F 2.
Ž . Xb We therefore have r / 0. Let g g G l G . Since g is a weighty

of LrL , the vector space W [ Ý L rM a is nonzero. Due toŽ0. ig F gqia gqiap

Ž̃ .Proposition 1.3, W is an irreducible K a -module. On the other hand,
X a ˜ ˜Ž . Ž Ž . .W [ Ý L rM is a K a -submodule of W as K a ; L ,ig F Ž0., gqia gqia Ž0.p

X Ž . X Ž . aand W / W since L o L . Thus W s 0 , whence L s M for allg Ž0. Ž0., g g

g g G l G
X.y
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Ž .By Proposition 5.5 7 , yg is a weight of LrL as well. Thus yg gŽ0.
X a ˜G l G , and L s M by the above. The simplicity of S yieldsy Ž0., yg yg

˜ ˜ ˜ Xw x Ž Ž ..S , S s S . Recall that G ; G Proposition 5.5 7 . Consequently,y1 1 0 y1

w xC T s A , A l C T ; G , GŽ . Ž . ÝA y1 1 A y1, g 1, yg0 0
ggGy1

; C T l ker a .Ž .A0

Ž . Ž .Now Lemma 5.7 yields r / 0. So Lemma 6.2 3 applies and gives G s 0 ,˜ y3
Ž .G ; G a .y2

Ž .c Lemma 6.3 shows that r / 1. Therefore r s 2.˜ ˜
Ž . Ž Ž .. Xd Note that r s r s 2 Lemma 6.2 1 . Let g g G be such that˜

Ž . X Ž .L / 0 . If g g G then g g G l G s G . The result of b yieldsŽ0., g y y y1
a Ž Ž ..L s M . If g f G then yg f G as well Proposition 5.5 7 . HenceŽ0., g g y y

w x ŽL , L ; L and L , L ; I l H ; H by definition of I andg yg Ž0. g yg a

Ž .. a Ža .Lemma 5.2 4 . So in any case, L s M . Consequently, L s M qŽ0., g g Ž0.
Ž . Ž . Ž .L a and Lemma 6.4 yields G s 0 . Thus L a ; L .Ž0. y2 Ž0.

˜Ž Ž Ž ...Suppose a is Hamiltonian. We have proved that p F L a ;2
˜ ˜Ž Ž Ž ... Ž . Ž . Ž .p F LL a s DD ; W 2; 1 . Combining Proposition 5.5 2 , 4 and2 Ž0.

˜Ž . Ž Ž .. ŽCorollary 5.4 one easily observes that ker p (F l LL a s I q2 Ž0.
˜ ˜.Ž .. Ž ..rad LL a ; I a q rad LL is solvable. Therefore DDrrad DD is ofŽ0. Ž0.

˜Žm. Ž2.Ž .Hamiltonian type. Set D [ F DD . Then Drrad D ( H 2; 1 . Asm) 0
Ž .Ž2. w x Ž . ŽH 2; 1 has no subalgebra of codimension 1 11 , rad D ; W 2; 1 forŽ0.

Ž . . Ž .rad D q D l W 2; 1 is a subalgebra of D . But then D l W 2; 1 is aŽ0. Ž0.
proper subalgebra of D of codimension F 2 which contains rad D. A
similar argument shows that there are d , d g D such that d ' 1 2 i i
Ž Ž . . Ž .mod W 2; 1 . But then rad D s 0 . Thus D is a transitive subalgebraŽ0.

Ž . Ž .Ž2.of W 2; 1 isomorphic to H 2; 1 .
We have two filtrations of D at our disposal. The first is the filtration

Ž . Ž .with D [ D l W 2; 1 , where D is viewed as a subalgebra of W 2; 1 .Ž i. Ž i.
� Ž a1 a2 . 4 Ž .The second one, D [ span D x x N a q a y 2 G i i G y1 is² i: H 1 2 1 2

Ž .Ž2.induced by the isomorphism D ( H 2; 1 and the canonical filtration of
Ž .Ž2. Ž .Ž2.H 2; 1 . As D has codimension 2 in D, D s H 2; 1 s D is theŽ0. Ž0. Ž0. ²0:

Ž .Ž2. w xunique maximal subalgebra of codimension 2 in H 2; 1 11 . Therefore
both filtrations are standard filtrations associated with the same pair

˜Ž . Ž .D , D , and hence coincide. The description of K a given in Section 1Ž0.
shows that for i / 0

˜p (F K s K D ; D ; W 2; 1 .Ž . Ž . Ž .Ž . Ž .12 ia ia Ž1.
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Therefore,

Ž .1X
F̃ K a ; Fh [ Fd m A 2; 1 [ F Id m W 2; 1Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž . Ž .1 20

˜Ž . Ž .cf. Remark 4.2 . Since the latter acts nilpotently on S m A 2; 1 , and
˜ Ž .S m A 2; 1 has 2 F -independent roots, one obtains the contradiction thatp

XŽ .K a acts triangulably on L.

Ž .PROPOSITION 6.6. Suppose L, T , a g S . If r / 0, then I is nonsol̈ -˜1
able, r s 1, and a is a non-Hamiltonian proper.˜

Ž .Proof. a Lemma 6.1 shows that I is nonsolvable.

˜Ž . Ž .Ž . Ž .b Suppose r s 2 and p ( F T ; W 2; 1 . Note that˜ 2 Ž0.
˜Ž .Ž . Ž . Ž .p (F T / 0 Remark 4.2 . According to Lemma 6.3 there is u g K2 k a

˜Ž .Ž . Ž .such that p (F u f W 2; 1 . We now shall switch T by using u and2 Ž0.
some j g L , as is described in Section 2.F

Ž Ž .Suppose T is not standard this means that C T acts nontriangulablyu L u
. w x Ž .on L . Reference 17, Theorem 1 yields that p s 5 and L ( g 1; 1 is

˜isomorphic to the Melikian algebra of dimension 125. However, as S (
Ž2. r 2 2˜˜Ž . Ž . Ž . Ž .H 2; 1 by Lemma 6.2 1 , dim L G dim G G dim S p s p y 2 p )

˜ ˜Ž . Ž .125. Since u g K Corollary 2.9 gives K a s K a . Thereforeka u, j
X ˜ Ž1. ˜ Ž1. XŽ . Ž . Ž . Ž . ŽK a s K a s K a s K a acts nontriangulably on L cf.u, j u, j

Ž .. w Ž Ž ..xLemma 5.1 2 . Suppose T is rigid. Then 18, 8.1 3 implies that dim Lu
2 Ž .F 2 p . As above this yields a contradiction. As a consequence, L, T , au u, j

Ž . Ž .satisfies 5.1 ] 5.4 .
Ž . Ž .As u g K a ; L one obtains E L s L . In particular, L isŽ0. u, j Ž0. Ž0. Ž0.

˜ Ža u, j . Ž .a maximal subalgebra of L containing M Corollary 2.9 . Note that
Ž . Ž .g g G L, G _F a if and only if g g G L, T _F a . As I is an ideal ofp u, j u p u, j

Ž . Ž .L the definition of I yields I s E I s I L, T , a . ThereforeŽ0. u, j u u, j

Ž . Ž .L, T , a satisfies 5.5 . Since the parameter r depends on the choice of˜u u, j

L only, it does not change after switching from T to T .Ž0. u
˜Ž .Ž . Ž .Thus in what follows we may assume that p (F T o W 2; 1 .2 Ž0.

Ž .c In the present case Remark 4.2 tells us that

F̃ T s F h m 1 [ F Id m 1 q x  .Ž . Ž . Ž .Ž .0 AŽG. 1 1

˜Recall that h is a toral element in S . In view of Proposition 5.5 we0 0
˜ UŽ . Ž .identify T and F T . Let b g T be such that b h m 1 s 1 and0

˜Ž Ž . . Ž . w x Ž .b Id m 1 q x  s 0. Then G b s S m F x q C T .AŽG. 1 1 2 G

˜ Ž . � 4Suppose that S ( sl 2 . Then there exists a generating set u , u of1 2
˜Ž .A 2; 1 , such that the grading of S is as in case 3 of Corollary 3.4. Hence

Corollary 3.6 yields that b is proper Hamiltonian and Fh is a proper0
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˜ Ž .torus of S. We leave it to the reader to check that every s g SL Fu [ Fu1 2
Ž .Ž2.gives rise to a homogeneous automorphism of H 2; 1 with respect to

Žu.Ž .the present grading. Thus we may assume that h s D u u . Then0 H 1 2
S̃ m F contains elements

Žu. ˜ Žu. ˜D u m 1 g S m 1 , D u m 1 g S m 1 ,Ž . Ž .Ž . Ž .y1 , yb y1, bH 1 H 2

Žu. 2 ˜ Žu. 2 ˜D u u m 1 g S m 1 , D u u m 1 g S m 1 .Ž . Ž .Ž . Ž .1, b 1, ybH 1 2 H 1 2

As
Žu. Žu. 2 Žu.D u , D u u s 2 D u u s 2h ,Ž . Ž .Ž .H 1 H 1 2 H 1 2 0

Žu. Žu. 2 Žu.D u , D u u s y2 D u u s y2h ,Ž . Ž .Ž .H 2 H 1 2 H 1 2 0

one has L / R . Moreover,Ž0., " b " b

Žu. w xD u m F x ; G ,Ž .H 1 2 y1, yb

Žu. w xD u m F x ; G .Ž .H 2 2 y1, b

Therefore,

dim L rR s dim L rL q dim L rR G p q 1 G 6." b " b " b Ž0. , " b Ž0. , " b " b

As b is proper, Lemma 1.4 yields

n G dim L rR y 2 dim L rK G 6 y 4 s 2." b " b " b " b " b

Ž .Then n b ) 2.
Ž .Suppose that S ( W 1; 1 and Fh is a proper torus of S. Then Corol-0

˜Ž .lary 3.6 implies that b is proper Hamiltonian. Since dim S m 1 s 1y1, ib

one has dim G s p for all i / 0. Thereforey1, ib

dim L rR G dim L rL s p G 5ib ib ib Ž0. , ib

and

dim L rR F 4 q nib ib ib

U Ž Ž . .for all i g F cf. Lemmas 1.1 5 and 1.4 . Thusp

n b G dim L rR y 4 G p y 1 p y 4 ) 2.Ž . Ž . Ž .Ž .Ý ib ib
UigFp

Ž .Suppose that S ( W 1; 1 and Fh is an improper torus of S. As above, b0
˜Ž .is Hamiltonian. By Corollary 3.4 5 , Fh is an improper torus of S. Put0

˜ ˜ ˜K S [ x g S m 1 N b x , S m 1 s 0 .Ž . Ž . Ž .ib yib½ 5ž /ib
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˜ ˜ UŽ . Ž .According to Lemma 1.1 6 one has dim S rK S s 3 for all i g F .ib ib p
˜ ˜Ž .This implies that Ý S o K S forcingj) 0 j, yib yib

˜ ˜S m 1 , S m 1 / 0Ž .Ž . Ž .y1 , ib 1, yib

U ˜ ˜Žwfor all i g F . Moreover, since Fh is improper in S , one has b S mp 0 0
˜ U. Ž . x.1 , S m 1 / 0 for all i g F . Therefore, dim L rR G 20, ib 0, yib p Ž0., ib ib

U U˜ w xwhenever i g F . Since S m F x s G for all i g F one ob-p y1, ib 2 y1, ib p
tains that

dim L rR s dim L rL q dim L rR G p q 2 G 7ib ib ib Ž0. , ib Ž0. , ib ib

for all i g FU. On the other hand, dim L rR F 6 q n by Lemmas 1.1p ib ib ib

Ž .and 1.4. Thus n b G p y 1 ) 2.
Ž .As a consequence, in all cases b is Hamiltonian and n b ) 2. We now
Ž . Ž b .take b instead of a and construct the new ideal I s I L, T , b [ I .

Lemma 6.5 yields that b is non-Hamiltonian. This contradiction proves
that r - 2.˜

Ž . Ž . Ž .d We conclude that r s 1. Then r s 1, G s 0 , G ; G a ,˜ y3 y2
X Ž . Ž .and G ; G Lemma 6.2 . According to Lemma 6.3, G a is solvable.y1 0

Ž .Ž1.Using the Engel]Jacobson theorem it is not hard to see that G a acts0
Ž . Ž . Ž .nilpotently on G a . Since ka / 0 is a root of G a Lemma 6.3 ,0 0

Ž .Ž1. Ž . Ž .G a acts nilpotently even on G a . Now Lemma 6.4 2 yields dim G0 y2
Ž . Ž .F 1. Consequently, L a is a T-invariant solvable subalgebra of L a ofŽ0.

codimension F 1. Then a is solvable, classical, or proper Witt.

We are now in the position to prove our first main theorem.

THEOREM 6.7. Let L be a simple Lie algebra o¨er an algebraically closed
Ž .field F of characteristic p ) 3. Suppose that TR L s 2 and let T denote a

2-dimensional standard torus in the semisimple p-en¨elope L of L. Thenp
Ž . Ž .n a F 2 for all a g G L, T .

Ž .Proof. Let L, T , a be a minimal counterexample to the theorem.
˜ Ža . Ž . w xThen M / L by Lemma 5.1 1 . Rigid tori are defined in 18, Sect. 8 . By

w Ž Ž ..x w Ž .x Ž .18, 8.1 4 , T is nonrigid. So it follows from 18, 6.3 that L, T , a
Ž . Ž .satisfies 5.1 ] 5.4 . Let L and I ; L be as in Section 5. In a first stepŽ0. Ž0.

Ž .we shall prove that TR I F 1.
Ž .Suppose TR I ) 1. Then LL rII is p-nilpotent whence T ; II. There-Ž0.

w x Ž1. Ž1. Ž1.
Xfore Ý K ; I and Ý T , L ; II s I . Consequently, I si/ 0 ia g g G Ž0., g

I. Let J denote a maximal ideal of I. Then J is an ideal of II. Let JJ be
Ž .the inverse image of rad IIrJ in II, and let p : II ª IIrJJ denote the

canonical epimorphism. As JJ Ž`. ; J / I one has I o JJ. According to
Ž .Lemma 5.2 3 , JJ is p-nilpotent. Therefore JJ s rad II and JJ is a re-
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Ž .stricted ideal of II because the p-closure of JJ is solvable as well . It
Ž . Ž .follows that p II is a semisimple p-envelope of p I .

Ž . Ž .Since JJ is p-nilpotent, one has T l JJ s 0 . Thus p T is a standard
Ž .torus of dimension 2 in the semisimple p-envelope p II of the simple Lie

Ž . w Ž .x Ž .algebra p I of absolute toral rank 2 25, 1.5 . Since Ý K L, T ; I,i/ 0 ia

Ž Ž .. Ž Ž . Ž ..then p Ý K L, T ; Ý K p I , p T . Theni/ 0 ia i/ 0 ia

RK p I , p T l p K L, T ; p RK L, T .Ž . Ž . Ž . Ž .Ž . Ž . Ž .ia ia ia

Ž . Ž . Ž .As ker p is p-nilpotent, ker p l K L, T ; RK L, T . Thereforeia ia

n L, T s dim K L, T rRK L, TŽ . Ž . Ž .ia ia ia

s dim p K L, T rp RK L, TŽ . Ž .Ž . Ž .ia ia

F dim p K L, T rRK p I , p T l p K L, TŽ . Ž . Ž . Ž .Ž .Ž . Ž .ia ia ia

F dim K p I , p T rRK p I , p TŽ . Ž . Ž . Ž .Ž . Ž .ia ia

s n p I , p TŽ . Ž .Ž .ia

U Ž Ž . Ž . .for each i g F . We have now proved that p I , p T , a is a counterex-p
Ž .ample to the theorem. As dim p I - dim L this contradicts our choice of

Ž . Ž .L, T , a . Consequently, TR I F 1.
Ž .Thus L, T , a g S . But then Lemma 6.5 shows that r s 2, contra-˜1

dicting Proposition 6.6. This contradiction shows that there is no counter-
example.

7. GRADED SIMPLE LIE ALGEBRAS

Let G be a Lie algebra of endomorphisms of a vector space V. Then

CC Ž1. G [ w g Hom V , G N w u ¨ s w ¨ u ;u , ¨ g V� 4Ž . Ž . Ž . Ž .V F

Ž .is called the first Cartan prolongation of the pair V, G . Clearly, G acts on
Ž1.Ž .CC G in the natural fashionV

gw ¨ s g , w ¨ y w g¨Ž . Ž . Ž . Ž .

w xwith the obvious choices of g, w, ¨ . In Lemmas 4.1, 4.2, 4.3.3, 4.4 of 20
the following has been proved:

Ž .PROPOSITION 7.1. Let G : gl V be an irreducible Lie algebra of linear
Ž1.Ž Ž ..transformations of a finite dimensional ¨ector space V, and w g CC gl V .V



LIE ALGEBRAS OF SMALL CHARACTERISTIC 275

Ž .Suppose that B ; End V is a G-in¨ariant commutatï e subalgebra.

Ž .1 For f g End V, ¨ g V, the mapping

j : V ª gl V , j ¨ [ w f ¨ , f y f ( w ¨ , fŽ . Ž . Ž . Ž .Ž .f f

Ž1.Ž Ž ..is contained in CC gl V .V

Ž . Ž1.Ž .2 Let w g CC G , andV

c [ p (w : V ª Der B ,

where p is the canonical homomorphism p : G ª Der B. If rk V ) 1, thenB
c is B-linear. Suppose that V ( B has rank 1 o¨er B. Let JJ be a G-in¨ariant

Ž1.Ž .subspace of CC G , andV

J [ span w V N w g JJ .� 4Ž .

Ž . Ž .Then p J is a B-in¨ariant ideal of p G .
Ž . w Ž . x3 Suppose w V , B ; B. Then

w f 2 ¨ q 2 fw f ¨ q f 2w ¨ s 0 ; f g B , ¨ g V .Ž . Ž . Ž .Ž .Ž .

Note that the irreducibility of the G-module V implies that B is
Ž w Ž . Ž .x.G-simple and V is a free B-module see 20, 1.4 , 1.2 . In particular,

rk V is well-defined. We apply this proposition in the following situation.B
ˆLet G denote the universal p-envelope of G, and let K be a restricted

ˆsubalgebra of G of finite codimension. Assume that V is a finite dimen-0
Ĝsional K-module. Then ind V is a finite dimensional G-module. There isK 0

a G-module isomorphism

;Ĝ ˆ ˜ind V ª Hom u G , V ,Ž .Ž .K 0 uŽK . 0

˜where V s V m F is defined by the Frobenius twist s of the extension0 0 s
ˆ ˆŽ . Ž . w x Ž Ž . .u G : u K 13 . Now Hom u G , F carries a commutative algebrauŽK .

structure given by

ˆ ˆfg u s Ý f u g u , f , g g Hom u G , F , u g u G ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž1. Ž2. uŽK .

ˆ ˆ ˆŽ . Ž . Ž . Ž .where D : u G ª u G m u G , D u s Ýu m u is the natural comul-Ž1. Ž2.
ˆ ˆ ˜Ž . Ž . Ž Ž . .tiplication of u G ( U G . Moreover, Hom u G , V is auŽ K . 0

ˆŽ Ž .. .Hom u G , F -module, and G respects this module structure, that is,uŽK .

D fg s Df g q f DgŽ . Ž . Ž .
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ˆ ˆ ˜Ž Ž . . Ž Ž . . Ž wfor all D g G, f g Hom u G , F , g g Hom u G , V see 18,uŽK . uŽK . 0
x .Sect. 2 for more detail . Set

ˆB [ Hom u G , F .Ž .Ž .uŽK .

w x m Ž .Due to 19 there are m g N, n g N such that B ( A m; n , the action
Ž .of G on B induces a Lie algebra homomorphism p : G ª W m; n , and

Ž . Ž .p G is a transitive subalgebra of W m; n . In particular, B is G-simple.
ˆÝn dim G r Ki w xNote that p s p . By 31 there is an isomorphism of vector

spaces
;ˆ ˜ ˜Hom u G , V ª V m A m; n ,Ž .Ž .Ž .uŽK . 0 0

such that the module structure on the left induces a Lie algebra homomor-
phism

˜G ª gl V m A m; n [ F Id m W m; n .Ž . Ž .Ž .Ž .ž /0

The latter can be explained as follows.
Ž . Ž . Ž .Let D g G. Then D u m f s D u m 1 f q u m D f by the above.

Ža. ˜Ž . Ž .Write D u m 1 s Ý S u m x with S g End V . As D acts ona a a 0
Ža. ˜Ž . w xA m; n by special derivations 19 we get D s ÝS m x q Id m D ga

˜Ž . Ž . Ž . Ž .gl V m A m; n q Id m W m; n . Clearly, in this realization, p G s0
Ž . Ž . Ž .p G , and p G is a transitive subalgebra of W m; n .2 2

Ž .PROPOSITION 7.2. Let g ; gl V be an irreducible Lie algebra of linear
transformations of a finite dimensional ¨ector space V. Assume that V is
induced, that is,

ĝ ˜ ˜V s ind V ( Hom u g , V ( V m A m; n ,Ž . Ž .ˆŽ .K 0 uŽK . 0 0

� Ž .where g denotes the unï ersal p-en¨elope of g. Set J [ span w V N w gˆ
Ž1.Ž .4CC g . ThenV

Ž . Ž . Ž .1 p J is A m; n -in¨ariant;2

Ž . Ž .2 if J ; ker p , then J is A m; n -in¨ariant;2
Ýn dim ĝ r KiŽ . Ž .3 if J / 0 , then dim g G p s p .

Ž . Ž . Ž1.Ž .Proof. In Proposition 7.1 2 set B s Id m A m; n and JJ s CC g toV
Ž . Ž Ž .. Ž . Ž1.Ž .obtain 1 . Next assume that p w V s 0 for all w g CC g , i.e.,2 V

˜ Ž1.Ž . Ž . Ž . Ž .suppose that w V ; gl V m A m; n for all w g CC g . Then0 V

fw u m g ¨ m h s fw ¨ m h u m g s w ¨ m h u m gfŽ . Ž . Ž . Ž . Ž . Ž .
s w u m gf ¨ m h ,Ž . Ž .

Ž . Ž . Ž . Ž .whence fw u m g s w u m gf for all f g A m; n . This proves 2 .
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Ž . Ž . Ž . Ž .Suppose J / 0 . As p J is p g -invariant and p g is transitive,2 2 2
Ž . Ž . Ž . Ž .either p J o W m; n or p J s 0 .2 Ž0. 2

Ž . Ž . Ž . Ž . Ž .In the first case 1 yields dim p g G dim A m; n . If p J s 02 2
Ž .then the transitivity of p g implies that J contains an element of the2
Ža. ˜Ž . Ž .form S m 1 q Ý S m x , S g gl V . Now 2 shows that dim J G0 a) 0 a a 0

Ž .dim A m; n .

Ž .LEMMA 7.3. Let g be an irreducible Lie subalgebra of gl V such that
Ž .grrad g ( W 1; 1 . Suppose that rad g is abelian and isomorphic, as a

Ž . Ž . Ž .W 1; 1 -module, to a submodule of the canonical W 1; 1 -module A 1; 1 . If
Ž1.Ž . Ž .CC g / 0 , then dim V F p and the extensionV

g s W 1; 1 [ rad gŽ .

splits.

Ž . Ž .Proof. 1 Suppose rad g s C g .

Ž .a Assume that the extension does not split. Recall that g has a
basis E , . . . , E , Id such that1 py2

¡ j y i E , y1 F i q j F p y 2,Ž . iq j~ 3E , E si j j y j Id, i q j s p , 2 F i , j F p y 2,Ž .¢
0, otherwise

Ž .2 First observe that the monomials

Ea2 ( . . . ( Eapy 2 , 0 F a , . . . , a F p y 1,2 py2 2 py2

are linearly independent. In order to prove this statement, order the
Ž . Ž .admissible tuples a s a , . . . , a lexicographically, and suppose that2 py2

Ž .for some b s b , . . . , b2 py2

Eb2 ( . . . ( Ebpy 2 g FEa2 ( . . . ( Eapy 2 .Ý2 py2 2 py2
a-b

Using the commutator relations above one easily derives a contradiction.
Ž1.Ž .Now let w g CC g . Set f [ E , and let B be the associative algebraV py2

Ž . Ž1.Ž Ž .. Ž .generated by E . By Proposition 7.1 1 , j g CC gl V , where j ¨py2 f V f
w Ž Ž .. x w Ž . xs w f ¨ , f y f ( w ¨ , f for all ¨ g V. Note that

j ¨ g g , E q E ( g , E ; FE q FE q F IdŽ .f py2 py2 py2 py3 py2

q FE ( E q FE2 .py2 py3 py2
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w Ž . x Ž .But then j V , B ; B, and Proposition 7.1 3 yields thatf

j f 2 ¨ y 2 f (j f ¨ q f 2 (j ¨ s 0Ž . Ž . Ž .Ž .Ž .f f f

for all ¨ g V. It follows that

3 2 2w f ¨ , f y 3 f ( w f ¨ , f q 3 f ( w f ¨ , fŽ . Ž . Ž .Ž .Ž . Ž .
3y f ( w ¨ , f s 0.Ž .

w Ž rŽ .. x w xObviously w f ¨ , f g g , E ; FE q FE q F Id for all r Gpy2 py3 py2
0. Thus the above remark on the linear independence of the monomials in

Ž . w Ž . xE applied to monomials of degree F 4 implies that w ¨ , f g F Id fori
rŽ .all ¨ g V. Now substituting ¨ by f ¨ shows that there are a g F suchr

w Ž rŽ .. xthat w f ¨ , f s a Id. Putting this into the above equation and againr
w Ž . xusing the independence of the monomials we obtain that w V , f s 0 for

w Ž . x Ž .all ¨ g V. Therefore w V , E s 0 .py2
� Ž . Ž1.Ž .4On the other hand, J [ span w V N w g CC g is a g-invariant sub-V

Ž . Ž .space of g. This forces J ; C g s F Id. Now suppose w / 0 and w ¨ s
Id. For every u g V one has

u s w ¨ u s w u ¨ g F¨ ,Ž . Ž . Ž . Ž .

yielding dim V s 1. This contradiction proves that the extension splits.

Ž . Ž . Ž .b Note that W 1; 1 acts nilpotently on W 1; 1 . The irre-Ž1.
Ž .ducibility of V implies that there is an eigenvalue function l : W 1; 1 ªŽ1.

Ž . Ž .F such that E y l E Id is nilpotent for every E g W 1; 1 .Ž1.

Ž .Suppose l E / 0. Then one observes that the monomials in Epy2 i
Ž . Ž . Žexposed in a still are linearly independent. One proceeds as in a with

. Ž1.Ž . Ž .minor simplifications to prove that CC g s 0 .V

Ž . Ž .c Suppose there is i with 1 F i F p y 3 such that l E / 0.0 0 i0
Ž . Ž . w x 2By part b , l E s 0. Now 6 shows that dim V G p and V is inducedpy2

Žfrom a 1-dimensional representation of a subalgebra K of g see alsoˆ
ĝ 2w x. Ž .34 , that is, V ( ind F . Proposition 7.2 3 shows that dim g G p , aK l

contradiction.
Ž . Ž .d As a consequence, W 1; 1 acts nilpotently on V. In view ofŽ1.

w x6 we conclude that dim V F p.
Ž . Ž .2 Suppose rad g / C g . Let l : rad g ª F denote the eigenvalue

ĝ lw Ž .x Ž . �lfunction on rad g. By 34, 5.7.6 , V s ind V where g [ x g g Nˆ ˆg lˆ
Žw x. 4 � Ž . 4 ll x, rad g s 0 and V [ ¨ g V N x¨ s l x ¨ ; x g rad g . If g s gˆ ˆl

w xthen g , rad g acts nilpotently on V, and the irreducibility of V gives
w x Ž . lg , rad g s 0 . As this is not true in the present case one has g / g.ˆ ˆ
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Ž . l lProposition 7.2 3 now yields that dim grg s 1. But then dim grg s 1ˆ ˆ
Ž l l. l lwhere g s g l g . As rad g ; g this implies that g rrad g (ˆ
Ž . l w l lx l lW 1; 1 . Therefore g is solvable. As g , g ; g , g is solvable asˆ ˆ ˆŽ0.

well. Therefore V is induced from a 1-dimensional subrepresentation of
l ĝ dim ĝ r KK [ g , that is, V ( ind F . As above dim V s p s p.ˆ K l

w xWe now apply 27 to conclude that the extension splits.

Ž .Ž .Remark 7.1. Part 1 a of the proof of Lemma 7.3 is due to Skryabin
Ž .unpublished . We are most thankful to him for permitting us to reproduce
it here.

LEMMA 7.4. Let L s [s
X L be a finite dimensional graded Lie alge-iisys

Ž . Ž . Ž X . Ž .bra satisfying g1 ] g3 s , s ) 0 . Suppose that L rrad L ( W 1; 1 and0 0
Ž .rad L is abelian. If rad L is isomorphic as a W 1; 1 -module to a nonzero0 0

Ž . Ž .submodule of A 1; 1 , then dim L F p and the extension L s W 1; 1 [y1 0
rad L splits.0

Ž .Proof. Let L be a minimal counterexample. Let M L denote the
Ž .maximal ideal of L contained in Ý L . As LrM L satisfies thei-y1 i
Ž . Ž .assumptions of this lemma, the minimality of L implies M L s 0 .

Let LX denote a nonzero L -submodule of L and let Q be the1 0 1
subalgebra of L generated by L q L q LX . As Q satisfies the assump-y1 0 1
tions of this lemma, the minimality of L gives L s Q. But then L is an1
irreducible L -module and L s Li for all i ) 0. Moreover, if x g L0 i 1 j
Ž . w x Ž . w xj F 0 and x, L s 0 then x, L s 0 for all i ) 0. Thus ann L1 i L 1j

Ž .generates an ideal I j of L contained in Ý L . If j - y1 thenk F j k
Ž . Ž . Ž . Ž . Ž . Ž . Ž .I j ; M L s 0 . By g3 , ann L s 0 . Suppose I 0 / 0 . The pres-L 1y1

ent assumption on L shows that every nonzero ideal of L contains0 0
Ž . Ž .C L s F1. But as F1 acts nontrivially on L it acts as F Id . By g3 ,0 y1 Ly1

Ž .F1 acts on L as F Id as well. As a consequence ann L s 0 . Thus we1 L L 11 0

have proved

w xx , L s 0 « x s 0 ; x g L , j F 0.Ž .1 j

Ž . Ž .Thus the reverse grading of L also satisfies g1 ] g3 . Therefore we may
assume that sX F s.

X Ž .First, suppose that p ¦ s . Let z g C L be the element acting on L0 y1
as yId. It is easy to see that ad z s i Id for all i. In particular,L Li i

ad z s ysX Id / 0. As every nonzero ideal of L contains z, thisX XL L 0ys ys

means that L acts faithfully on every irreducible L -submodule of L X .0 0 ys
Ž . sXŽ .XLet V be such a submodule. Now I [ ad L L is a nonzero ideal ofy1 s

L whence0

sX

Xw x w x0 / V , I s ad L V , L .Ž . Ž . Ž .y1 s
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w x Ž .X XTherefore V, L / 0 . But then L gives rise to nonzero elements ofs s
Ž1.Ž . Ž .CC L . By Lemma 7.3, L s W 1; 1 [ rad L splits and dim V F p. LetV 0 0 0

Ž .l : W 1; 1 [ rad L ª F denote the eigenvalue function associated withŽ1. 0
ad ,Ly1

ad E y l E Id is nilpotent for all E g W 1; 1 [ rad L .Ž . Ž . Ž .1L L 0y1 y1

Ž Ž .. X Ž .It is easy to check using g2 that ad E y sl E Id acts nilpotentlyX XL Lys ys

on L X .ys
L̂X 0w Ž .x Ž .lRecall that p ¦ s . By 34, 5.7.6 , V s ind V is induced from aL̂ l0ˆl ˆ ˆl ˆ� Žw x. 4subrepresentation of L [ x g L N l x, rad L s 0 . If L s L then0 0 0 0 0

Ž . w x Ž .rad L s C L . As dim V F p we conclude from 6 that l E s 0 for all0 0
Ž Ž . Ž ..Ž1.E g W 1; 1 [ C L .Ž0. 0
ˆl ˆ ˆ ˆlIf L / L then a dimension argument gives dim L rL s 1, dim V s 1.0 0 0 0 l

ˆlBut then L l L has codimension 1 in L and contains rad L . Thus0 0 0 0
ˆl Ž . Ž . Ž Ž .L l L s W 1; 1 [ rad L and again l E s 0 for all E g W 1; 10 0 Ž0. 0 Ž0.

.Ž1. Ž .[ rad L . Thus in both cases Q [ W 1; 1 [ rad L acts triangulably0 Ž0. 0
on L , so that L has a 1-dimensional Q-submodule Fu. Then L is ay1 y1 y1
homomorphic image of indL0 Fu, and dim L F pdim L0 r Q s p.Q y1

Next, suppose p N sX. Let W be an irreducible L -submodule of L X .0 ys q1
Ž X . XClearly, ad z s ys q 1 Id whence L acts faithfully on W.XL ys q1 0ys q1

Ž . sXy2 Ž .XAs L is L -irreducible, one has ad L L s L . Then1 0 y1 s y1 1

X Xs y2 s y2
X X X Xw xad L L , L s L , ad L LŽ . Ž . Ž .Ž .y1 ys s y1 ys y1 s y1

w X xs L , L / 0Ž .ys 1

w x Ž .X Xby earlier remarks, yielding L , L / 0 . As L is L -irreducible,ys s y1 y1 0
w x w x Ž .X X XL , L s L . Finally, if W, L s 0 , thenys s y1 y1 s y1

X X X Xw x w x w x0 s L , W , L s W , L , L s W , L .Ž . ys s y1 ys s y1 y1

Ž . jŽ .But then Q [ Ý , ad L W is an ideal of L which contains L q LjG 0 1 y1 1
Ž Ž . Ž . .by g1 ] g3 applied to both the grading and the reverse grading . In this

Ž .Xcase Q q L s L by the minimality of L. Then L s 0 , a contradic-0 ys
Ž1.Ž .Xtion. As a consequence, L gives rise to nonzero elements of CC L .s y1 W 0

Now proceed as in the former case.

We are now in a position to derive our first structure theorem on graded
simple Lie algebras. The proof relies on Lemma 7.4 and recent results of

w xSkryabin 20 .

THEOREM 7.5. Let L s [s
X L be a simple graded Lie algebra satisfy-iisys

Ž . Ž . Ž X .ing g1 ] g3 s, s ) 0 , and let LL be the p-en¨elope of L in Der L.0 0
Ž .Suppose TR L s 2, and let T ; LL be a 2-dimensional standard torus.0
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Ž .Assume rad LL / 0 . Then one of the following occurs.0

Ž . Ž .a dim L s dim L s 1, L ( W 1; 2 ;0 y1

Ž . Ž . Ž . Ž .b L s W 1; 1 [ A 1; 1 , where A 1; 1 is an abelian ideal. More-0
Ž . Ž .o¨er, dim L s p and W 1; 1 q A 1; 1 acts nilpotently on L ;y1 Ž1. Ž1. y1

Ž . Ž . � Ž . Ž .4 Ž .c L s S [ C L , where S g sl 2 , W 1; 1 , dim C L F 1, and0 0 0
dim L F p;y1

Ž . Ž .Ž2. Ž . Ž . Ž .d H 2; 1 ; L rC L ; H 2; 1 and dim C L F 1. If0 0 0
dim L - p4 and all 2-dimensional tori of LL are standard with respect toy1 0

w X X x X XL, then L , L acts nilpotently on L, where L and L are the0, Ž0. 0, Ž1. 0, Ž0. 0, Ž1.
Ž .Ž2. Ž .Ž2.preimages of H 2; 1 and H 2; 1 in L , respectï ely.Ž0. Ž1. 0

Ž . w Ž . xProof. a First suppose that L is solvable. By 20, 7.4 ; 35, part II; 120
Ž . Ž .dim L s dim L s 1, and L ( W 1; n for some n. As TR L s 2 we0 y1

w xhave n s 2 28 .

Ž .b From now on we assume that L is nonsolvable. Consider the0
Ž .case rad L / C L . Let r denote the representation of L on L . By0 0 0 y1

w Ž .x20, 6.5 , r maps rad L isomorphically onto a L -invariant commutative0 0
subalgebra B ; End L , and there is an algebra isomorphisms B (y1
Ž . mA m; n for suitable m and n g N such that the image of L in0

Ž . Ž .Der A m; n coincides with W m; n . If m s 0 then B s F Id, whence
w x Ž .L , rad L ; ker r s 0 . This contradicts the assumption that rad L /0 0 0
Ž .C L . Thus m G 1.0

Ž . Ž .Since r rad L contains F Id one has TR L F dim T y 1 s 1. But0 0
then

1 F m s TR W m; 1 F TR W m; nŽ .Ž . Ž .Ž .
s TR L rker p ( rŽ .Ž .0 2

F TR L y TR ker p ( rŽ . Ž .Ž .0 2

F 1 y TR ker p ( rŽ .Ž .2

Ž Ž .. w xwhence m s 1, n s 1, and TR ker p ( r s 0 25 . As a consequence,2
Ž . w x Ž .ker p ( r is nilpotent 25 . This shows that ker p ( r ; rad L . As2 2 0
Ž . Ž . Ž .W m; n ( L rker p ( r is simple, ker p ( r s rad L . Thus0 2 2 0

Ž . Ž .L rrad L ( W 1; 1 , rad L is abelian, and rad L is a W 1; 1 -submodule0 0 0 0
Ž . Ž . Ž .of A 1; 1 . Since rad L / C L one obtains rad L s A 1; 1 . As rad L0 0 0 0

acts faithfully on L we also have dim L G p. Lemma 7.4 now showsy1 y1
that the extension splits and dim L s p. From this one concludes thaty1
Ž . Ž . w x Ž .W 1; 1 q A 1; 1 acts nilpotently on L 27 . Thus we are in case bŽ1. Ž1. y1

of the theorem.
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Ž . Ž .c Next assume that rad L s C L . By our assumption, rad LL /0 0 0
Ž .0 . If rad LL acts nilpotently on L , it annihilates L , and then it is0 y1 y1

Ž . Ž .easy to derive from g1 ] g3 that rad LL annihilates all L . As LL is0 i 0
homogeneous of degree 0 this is impossible.

Therefore rad LL contains a toral derivation d which annihilates L0 0
and acts on L as yId. Then d is the degree derivation of L withy1

Ž .respect to the present grading. We conclude that 0 - TR L rrad L F0 0
Ž . � Ž . Ž .4 Ž .Ž2.dim T y 1 s 1. Therefore either L rC L g sl 2 , W 1; 1 or H 2; 10 0

Ž . Ž . Ž w Ž . x. Ž .; L rC L ; H 2; 1 cf. 25, 4.2 ; 38; 17, Theorem 2 . Also, dim C L0 0 0
F 1 as L is L -irreducible.y1 0

Ž . Ž . Ž . Ž . Ž 2Ž Ž . .If L rC L ( sl 2 then L ( sl 2 [ C L for H sl 2 , F s0 0 0 0
Ž .. Ž .0 . L being an irreducible sl 2 -module, this implies dim L F p.y1 y1

Ž . Ž .If L rC L ( W 1; 1 then Lemma 7.4 shows that the extension splits0 0
Ž .and that dim L F p. Thus in both of these cases we are in case c of they1

theorem.
Ž .Ž2. Ž . Ž . 4Finally, suppose that H 2; 1 ; L rC L ; H 2; 1 , dim L - p ,0 0 y1

and that every 2-dimensional torus in LL is standard with respect to L.0
X Ž .Ž2. XLet L be the preimage of H 2; 1 in L and L the preimage of0 0 0, Ž i.

Ž .Ž2. XH 2; 1 in L . First suppose that all Cartan subalgebras of L actŽ i. 0 0
triangulably on L . Then Lemma 3.8 yields the claim. Now suppose thaty1
LX contains a Cartan subalgebra h which acts nontriangulably on L . Let0 y1
T be the maximal torus of the p-envelope h of h in LL . If dim T s 21 0 1

Ž . Xthen T is standard with respect to L by assumption , so that h s L l1 0
Ž .C T acts triangulably on L.L 1
Therefore dim T s 1. Then d f T for otherwise T s Fd and h would1 1 1

act nilpotently on L . But h is a Cartan subalgebra of LX and LX is not0 0 0
nilpotent. Then T s T q Fd is a 2-dimensional torus of LL , and again2 1 0

X Ž .h s L l C T acts triangulably on L.0 L 2

Ž .Next we consider some cases where rad LL s 0 .0

PROPOSITION 7.6. Let L s [s
X L be a graded simple Lie algebraiisys

Ž . Ž . Ž X .satisfying g1 ] g3 s, s ) 0 , and let LL be the p-en¨elope of L in Der L.0 0
Ž .Suppose that TR L s 2 and

Ž . Ž .2 2H 2; 1 ; LL ; Der H 2; 1 .Ž . Ž .0

Ž .Then, for e¨ery 2-dimensional standard torus T ; LL , one has C T l0 L
Ž .L / 0 .y1

Ž .Proof. a Suppose LL contains a 2-dimensional torus T for which0
Ž . Ž . Ž .Ž2.C T l L s 0 . Recall that Der H 2; 1 has absolute toral rank 2L y1

w Ž .x Ž .5, 1.18.4 . By Corollary 2.11, we may assume that T s F 1 q x  [1 1



LIE ALGEBRAS OF SMALL CHARACTERISTIC 283

U ŽŽ . . Ž .Fx  . Define « , « g T by letting « 1 q x  s « x  s 1 and2 2 1 2 1 1 1 2 2 2
ŽŽ . . Ž .« 1 q x  s « x  s 0. Note that2 1 1 1 2 2

i ij j1 q x  , D 1 q x x s i y 1 D 1 q x x ,Ž . Ž . Ž . Ž .Ž . Ž .1 1 H 1 2 H 1 2

i jj jx  , D 1 q x x s j y 1 D 1 q x xŽ . Ž . Ž .Ž . Ž .2 2 H 1 2 H 1 2

py1 py11 q x  , 1 q x  s y 1 q x  ,Ž . Ž . Ž .1 1 1 2 1 2

py1 py11 q x  , x  s yx  ,Ž .1 1 1 12 2

py1 py1x  , 1 q x  s y 1 q x  ,Ž . Ž .2 2 1 2 1 2

py1 py1x  , x  s yx  .2 2 1 12 2

˜ ˜X ˜ ˜X� 4Put k s « q « , G s F « [ F « _ 0 , and G s G_F k . Let b g G , so1 2 p 1 p 2 p
mthat b s m« q n« and m / n. If n / 0, put a s . Then a / 1. Using1 2 n

Ž . � ŽŽthe formulas above one easily checks that LL b s T q span D 1 q0 H
.aiq1 iq1. 4 Ž . �x x N y1 F i F p y 2 for n / 0, and LL b s T q span D1 2 0 H

ŽŽ . i 41 q x x N 0 F i F p y 1 for n s 0. A plain computation now shows1 2
˜X Ž .that, for each b g G , the 1-section LL b is isomorphic to a split central0

Ž .extension of W 1; 1 .
Ž .Ž2.Now L is a faithful restricted H 2; 1 -module. So Theorem 3.1 saysy1

that either L or LU is isomorphic toy1 y1

X i jA 2; 1 rF [ span x x N i , j / p y 1, p y 1 rF ,Ž . Ž .Ž . � 41 2

Ž . Žwith the action of LL induced by that of W 2; 1 which contains0
Ž .Ž2.. UDer H 2; 1 . Therefore all weight spaces of L and L with respecty1 y1

˜X Uto T are 1-dimensional, each b g G , is a T-weight of both L and L ,y1 y1
U Žand 0 is not a T-weight of L this follows from a straightforward dualityy1
˜X ˜X .argument and the fact that G s yG .

U Ž .Given a restricted LL -module V and m g T , Let V m denote the sum0
of the weight spaces [ V ; V. It is immediate from our precedingimig F p
remark that

dim L b s dim LU b s p y 1Ž . Ž .y1 y1

˜Xfor every b g G .

Ž . Ž .Ž2.b As L is a nonzero ideal of LL , it contains H 2; 1 and is0 0
T-invariant. On the other hand, each T-invariant subalgebra of

Ž .Ž2. Ž .Ž2. Ž .Der H 2; 1 containing H 2; 1 is restricted by Jacobson’s identity . As
Ž . Ž . Ž .C LL s 0 the unique p-structure of LL is induced by that of0 0

Ž .Ž2. X Ž . ŽDer H 2; 1 . Therefore LL s L . Put L [ L l H 2; 1 recall that0 0 0 0
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Ž . Ž .Ž2.. X XH 2; 1 is an ideal of codimension 1 in Der H 2; 1 . As T o L , L is a0 0
restricted ideal of codimension 1 in L , and the restricted quotient algebra0

X w x ŽL rL is toral. Now L , L s L for L is simple, and [ L is0 0 y1 1 0 ii- 0
. Žgenerated by L . Composing the map L = L ª L given by Liey1 y1 1 0

. Xbrackets with the canonical epimorphism L ª L rL ( F one obtains a0 0 0
Ž Ž ..Ž1. Ž .pairing b : L = L ª F. As Der H 2; 1 ; H 2; 1 , the pairing b isy1 1

� Ž .L -invariant. As L is L -irreducible the subspace x g L N b x, L s0 y1 0 y1 1
4 � Ž . 40 is zero. Put E s x g L N b L , x s 0 . Then E is an L -submodule1 y1 0

of L , and L rE ( LU as L -modules.1 1 y1 0

Ž . Ž .Ž2.c We claim that the ideal H 2; 1 ; L annihilates E. Suppose0
ww x x Ž . Ž w xthe contrary. Then L , E , E / 0 as the nonzero ideal L , E ; Ly1 y1 0

Ž .Ž2..contains H 2; 1 . From the description of L given above it followsy1
Ž .Ž2.that L remains irreducible when restricted to H 2; 1 . Let G denotey1

the Lie subalgebra of L generated by L and E. Then G carries ay1
Ž .Z-grading induced by that of L. Let M G denote the maximal ideal of G

contained in [ G . Let G denote the p-envelope of G in Der L. Byi pi- 0
Jacobson’s formula,

G ; G [ Der L,Ýp 0, p i
i/0

w xwhere G denotes the p-envelope of G in Der L. As G s L , E is0, p 0 0 y1
Ž .. ŽŽ . .an ideal of H 2; 1 , so is G whence T l G s F 1 q x  y x  . As0, p p 1 1 2 2

E is L -stable, T normalizes G . From this it is immediate that G0 0 p
w Ž .x Ž .contains no 2-dimensional tori 4, 1.7.1 . As G is nonnilpotent, TR G s 1

Ž w x. Ž .by 25 . Therefore G [ GrM G is nonnilpotent as well.
w x Ž .By 35 , G is semisimple and contains a unique minimal ideal A [ A G .

ww x x Ž . Ž .As L , E , E / 0 , one has A / 0 . Thus we are in the nondegener-y1 1
ate case of Weisfeiler’s theorem. So there are a simple graded Lie algebra
S s [ S and m g N such thatiig Z

A s S m A m; 1 , A s S m A m; 1 .Ž .Ž . i i

w x Ž .Ž2.Clearly, A is an ideal of L , E whence contains H 2; 1 and may be0 y1
Ž .Ž2.viewed as a subalgebra of Der H 2; 1 . Therefore, A is a semisimple Lie0

algebra. This implies that m s 0 and A is simple. Also A s G , soy1 y1
that dim A G 2 p2 y 4. On the other hand, A is a simple Lie algebra of

Ž .toral rank 1 as a homomorphic image of a subalgebra of G . This,
w x Ž w x .however, contradicts 17, Theorem 2 see 38 for the case p ) 7 . This

contradiction proves the claim.

Ž . Ž .Ž2.d Since H 2; 1 annihilates E, all T-weights of E belong to F k .p
U ˜XŽ Ž .. Ž . Ž .As L ( L rE by b , this implies that, for every b g G , L b rC Ty1 1 1 E

U Ž . Ž .Ž1. Ž .( L b . Thus the L b -module L b has 2 composition factors,y1 0 1
U Ž . Ž . Ž .Ž1. Žnamely, L b of multiplicity 1 and the trivial L b -module F ofy1 0
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. Ž . Ž .some multiplicity . We now claim that L b ; rad L b . Suppose the"1
Ž .contrary. Clearly, the 1-section L b carries a canonical graded Lie

algebra structure induced by that of L, i.e.,

L b s[ L b .Ž . Ž .ig Z i

Ž . Ž .Being invariant under the action of Aut L b , the radical of L b is a
Ž .graded subspace of L b , that is,

rad L b s [ L b l rad L b .Ž . Ž . Ž .iig Z

w x Ž . Ž .Therefore, the quotient algebra L b [ L b rrad L b is also graded:

w x w x w xL b s [ L b , L b [ L b rL b l rad L b .Ž . Ž . Ž .i i i iig Z

w x w x Ž .By our supposition, either L b or L b is nonzero. As L b s1 y1 0
Ž .Ž1. Ž Ž .. Ž .Ž1. Ž . Ž Ž ..L b [ C L b and L b ( W 1; 1 by our discussion in a we0 0 0

w x Ž . walso have L b ( W 1; 1 . Now the classification of 1-sections given in 18,
x Ž .Ž2. w x Ž .Lemma 1.2 implies that H 2; 1 ; L b ; H 2; 1 . But then the present

w x Ž . Ž . Žgrading of L b is induced by an a , a -grading of W 2; 1 see Theorem1 2
. w x Ž .3.3 . As L b ( W 1; 1 we must have either a / 0, a s 0 or a s 0,0 1 2 1

Ž .a / 0 by Corollary 3.4 . No generality is lost by assuming that a / 0.2 2
w x Ž . w x Ž .Then L b / 0 implies a N k. But we know that either L b / 0 ork 2 1

w x Ž . � 4L b / 0 . This forces a g "1 . Now it is immediate from Corollaryy1 2
Ž . w x w x3.4 2 that both L b and L b are nonzero. Moreover, using the1 y1

Ž .formulas established in the course of the proof of Corollary 3.4 2 one
w x w xeasily observes that the L b -module L b is p-dimensional irreducible.a2 w xThis, however, contradicts the fact that each composition factor of L b "1

Ž .is either p y 1 -dimensional or trivial.
Ž . Ž . Ž .e Thus we have established that L b ; rad L b . Clearly this"1

w Ž . Ž .x Ž Ž ..means that L b , L b ; C L b . It follows from our discussion iny1 1
˜XŽ . Ž .a and d that dim L s dim L s 1 whenever b g G . Since they1, b 1, b

Ž .pairing b : L = L rE ª F is nondegenerate and T-invariant, b re-y1 1
˜Xmains nondegenerate when restricted to L = L , where b g G .y1, b 1, yb

Ž . Žw x.As Ý L ; rad L b we must have b L , L si/ 0 " 1, i b y1, i b y i b
˜ UŽw x.b L , L s 0 for all b g G9, i g F . In other words, L ; K1, ib yib p "1, ib ib

U ˜Xfor all i g F , b g G . Our preceding remark implies that L o RK .p "1, ib ib
˜XŽ .This means that n b G p y 1 G 4 for each b g G contradicting Theo-

rem 6.7. This contradiction proves the proposition.

PROPOSITION 7.7. Let L s [s
X L be a graded simple Lie algebraiisys

Ž . Ž . Ž X .satisfying g1 ] g3 s, s ) 0 , and let LL be the p-en¨elope of L in Der L.0 0
Ž .Suppose TR L s 2 and there is a 2-dimensional torus T ; LL such that0

Ž .C T ; Ý L . Assume thatL iG 0 i

L ( S m A m; n q Id m DD,Ž .0 S
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Ž .where S is a simple Lie algebra with TR S s 1, m / 0, and DD is a transitï e
Ž .subalgebra of W m; n . Then

Ž . � Ž . Ž .4 Ž .1 S g sl 2 , W 1; 1 , m s 1, n s 1, and DD s W 1; 1 .
Ž . Ž .2 An element h g S m A 1; 1 is either p-nilpotent or else acts in¨ert-

ibly on e¨ery L -composition factor of L [ Ý L , which is not annihilated0 y i- 0 i
Ž .by S m A 1; 1 .

Ž . w Ž . x Ž .3 S m A 1; 1 , L s 0 .y2

Ž . Ž .Proof. a Let I ( S m A m; n be the unique minimal ideal of LL and0
W a L -composition factor of L which is not annihilated by I. Note that0 y
there is such a composition factor because otherwise I would annihilate

Ž .L contrary to g3 . In Theorem 3.2 set G s LL . That theorem shows thaty1 0
for some choice of a S-module U and r g N there are compatible
mappings

;
c : I [ W ª S [ U m A r ; 1 ,Ž . Ž .

C : LL ª Der S [ U m A r ; 1 [ F Id m W r ; 1 ,Ž . Ž . Ž .Ž . Ž .Ž0 0 S[U

such that

C T s F h m 1 [ F d m 1 q Id m t ,Ž . Ž . Ž .0 S[U 0

Ž . Ž .where h g S, d g Der S [ U , t g W r ; 1 . By assumption 0 is not a0 0 0
Ž .Ž .T-weight of W. So W is not as in 2 a of Theorem 3.2. Suppose

Ž .Ž2. Ž .Ž .S ( H 2; 1 . Then we are in case 2 b of the theorem. As m / 0 we
have r / 0, so that t s 0 and Fh [ Fd N is a 2-dimensional torus in0 0 S

Ž .Der S. Now let J ( S m A r ; 1 denote the unique maximal ideal of I. InŽ1.
the present case T stabilizes J and acts as a 2-dimensional torus on
IrJ ( S.

Now recall that by assumption

L ( S m A m; n [ F Id m DDŽ . Ž .Ž .0 S

; S m A m; n [ F Id m Der A m; n .Ž . Ž .Ž . Ž .S

As S is a restricted Lie algebra,

ad LL ; S m A m; n [ F Id m Der A m; n .Ž . Ž .Ž . Ž .Sm AŽm ; n. 0 S

Ž .Since T stabilizes J ( S m A m; n , the above shows that T injects intoŽ1.
Ž .S. Since TR S s 1 this is impossible.

Ž .Ž . � Ž . Ž .4Thus we are in case 2 c of Theorem 3.2. Therefore S g sl 2 , W 1; 1 .
Moreover, every h g I is either p-nilpotent or acts invertibly on W.



LIE ALGEBRAS OF SMALL CHARACTERISTIC 287

Ž . Ž .b We now specialize W by setting W [ L . It follows from ay1
Ž .that LL s I q C S m F . Remark 1.2 shows that the S-module U is0 LL0

restricted, semisimple, and isogenic. Moreover, 0 is not a Fh -weight of U0
Ž . Ž .since h is not p-nilpotent . If S ( W 1; 1 , then necessarily0

U ( U X [ . . . [ U X , U X ( A 1; 1 rFŽ .
Ž Ž .this follows from the classification of the restricted irreducible W 1; 1 -

w x. Ž .modules 6 . Since Fh is a torus of W 1; 1 we may assume that either0
Ž . w x 2h g Fx or h g F 1 q x  7 . Set g s F [ Fx [ Fx  . Then h g g0 0 0

and U X is g-irreducible.
Ž .Thus in any case there is a subalgebra g ( sl 2 of S m F ; I contain-

ing h m 1 such that L is a restricted semisimple isogenic g-module.0 y1
w xBut then L s L , L is generated as a g-module by the zero weighty2 y1 y1

w xspace with respect to h m 1 38 .0

Ž . Ž .c We now show that I ? L s 0 . So suppose for a contradictiony2
Ž . Xthat V [ I ? L / 0 . Let V be a maximal LL -submodule of V. As I isy2 0

perfect, V s I ? V whence I acts non-trivially on VrV X. We claim that
Ž .there is a subspace Q ; L such that g ? Q s 0 and L s Q [ V asy2 y2

Ž .g-modules recall that g ; I, so that V is g-stable . As g acts trivially on
1Ž .L rV, it suffices to show that the first cohomology group H g , V isy2

1Ž . Ž .zero. This in turn follows from a stronger statement that H g , W s 0
for each composition factor W of the g-module L , which is proved asy2
follows.

Ž .Let V i denote the irreducible restricted g-module with highest weight
� 4 Ž .i g 0, 1, . . . , p y 1 . It follows from b that the g-module L is isomor-y1

Ž . � 4phic to a number of copies of V r for some odd r g 0, 1, . . . , p y 1 . Let
Ž . Ž .Q i denote the projective cover of V i in the left module category of the

Ž . w xrestricted enveloping algebra u g . By 1

V r m V r ( V 2 r [ V 2 r y 2 [ . . . [ V 0Ž . Ž . Ž . Ž . Ž .
if 2 r - p and

V r m V r ( Q 2 p y 2 r y 2 [ Q 2 p y 2 r [ . . . [ Q p y 1Ž . Ž . Ž . Ž . Ž .
[ V 2 p y 2 r y 4 [ V 2 p y 2 r y 6 [ . . . [ V 0Ž . Ž . Ž .

Ž w x.if 2 r ) p. It is well known see, e.g., 1 that for k F p y 2 the projective
Ž . Ž . Ž .cover Q k has two composition factors, namely V k and V p y k y 2 .
Ž . Ž . Ž .Also, Q p y 1 s V p y 1 . It follows that V p y 2 is not a composition

Ž . Ž . w xfactor of the g-module V r m V r . But L s L , L is a homo-y2 y1 y1
Ž . Ž . Ž .morphic image of a number of copies of V r m V r . Therefore V p y 2

is not a composition factor of the g-module L . On the other hand, it isy2
1Ž Ž .. Ž .well known that H g , V i s 0 unless i s p y 2. This proves the claim.
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As L s Q [ V as g-modules, there exists a g-epimorphism L ªy2 y2
X Ž .VrV . So the concluding remark of b now implies that h m 1 acts0

X Ž . Žnoninvertibly on VrV . This, however, contradicts a in view of the fact
Ž X. Ž .. Ž .that I ? VrV / 0 proving that I ? L s 0 .y2

Ž . Ž .d Write L s U m A m; n , and sety1

w xU [ u g U N h , u s iu ,� 4i 0

w xL [ x g L N h m 1, x s yix ,� 41, yi 1 0

G [ Fh m A m; n q Id m DD,Ž .0

Ž . Ž . w Ž . Ž .xwhere i g F . Note that U s 0 by a . Also, U m A m; n , U m A m; np 0 i i
Ž .s 0 for each i / 0, as h m 1 annihilates L . Pick a nonzero u g U ,0 y2 i

Ž . Ž .and set V [ Fu m A m; n . Then V is canonically a A m; n -module.
Ž .Identify A m; n with its image B in End V. For x g L set w s1, yi x

Ž . Ž1.Ž .ad x N : V ª G. It follows from our preceding remark that w g CC G .V x V
Then in the notation of Proposition 7.1

w xp (w f s p x , u m f for all f g A r ; 1 .Ž . Ž . Ž .Ž .x 2

� 4 � Žw x. 4Set JJ [ w N x g L and J [ p x, u m f N x g L . Proposi-i x 1, yi i 2 1, yi
Ž .tion 7.1 2 shows that J is a B-invariant ideal of DD. Next observe that thei

w xsimplicity of L gives L s L , L . It follows that0 1 y1

w xDD s p L s p L , LŽ . Ž .Ý2 0 2 1, i y1, yi
i/0

Ž . Ž .is A m; n -invariant. Since DD is a transitive subalgebra of W m; n it
Ž . Ž .contains elements  q E i s 1, . . . , m with E g W m; n . As DD isi i i Ž0.

Ž . Ž .A m; n -invariant this implies that DD s W m; n . Note that

m

n s TR DD F TR L y TR I F 1Ž . Ž . Ž .Ý i 0
is1

w x Ž .25 . Then m s 1, n s 1 and DD s W 1; 1 .

XŽ .8. TRIANGULARITY OF K a

Ž .We now return to the investigation of the triples L, T , a satisfying
Ž . Ž .5.1 ] 5.4 . From now on we assume that

Ž .8.1 L is not a Melikian algebra
Ž . Ž . Ž .and introduce S , the class of those triples L, T , a satisfying 5.1 ] 5.4 ,2

Ž .8.1 for which dim L is minimal.
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Ž . Ž .LEMMA 8.1. Each L, T , a g S satisfies 5.5 .2

Proof. Adopt the notation of Section 5. We follow mutatus mutandis
Ž .the proof of Theorem 6.7. If TR I ) 1, then LL rII is p-nilpotent whence0

w x Ž1. Ž1.
XT ; II. Therefore, Ý K ; I and Ý T , L ; II s I , so that,i/ 0 ia g g G Ž0., g

in particular, I s I Ž1.. Let J be a maximal ideal of I. Let JJ be the inverse
Ž .image of rad IIrJ in II, and let p : II ª IIrJJ denote the canonical

Ž`. Ž .epimorphism. As JJ ; J / I one has I o JJ. According to Lemma 5.2 3 ,
JJ is p-nilpotent. As J ; JJ we have JJ s rad II. In particular, JJ is a

Ž .restricted ideal of II. It follows that p II is a semisimple p-envelope of
Ž . Ž . Ž .p I . As JJ is p-nilpotent, one has T l JJ s 0 . Thus p T is a standard

Ž .torus of dimension 2 in the semisimple p-envelope p II of the simple Lie
Ž .algebra p I of absolute toral rank 2. Given a 2-dimensional torus

Ž . Ž .T ; p II there is a 2-dimensional torus T ; II such that p T s T . By1 1 1 1
w x17, Theorem 1 , T is standard with respect to L. Employing the root1

Ž Ž . Ž .space decomposition of I resp., p I with respect to T resp. T one1 1
Ž . Ž Ž .. Ž .obtains that C T s p C T . It follows that C T acts triangula-p Ž I . 1 I 1 p Ž I . 1

Ž . Ž . w xbly on p I . Hence p I not a Melikian algebra 17, Lemma 4.1 .
Ž . Ž .As ker p is p-nilpotent, ker p l K a acts nilpotently on L. As

Ž . Ž . X UL, T , a satisfies 5.3 there are g g G and i, j g F such thatp

w xp
g K , K / 0ž /ia ja

Ž . Ž .by the Engel]Jacobson theorem . From this it follows that p Ý Ki/ 0 ia

Ž . Žgenerates a nontriangulable subalgebra of p I since otherwise
.XÝ I ; ker p and then I ; ker p by definition of I .mg G m

Ž . Ž Ž . Ž .. Ž .One has p Ý K ; Ý K p I , p T for Ý K ; I . Byi/ 0 ia i/ 0 ia i/ 0 ia

w x X Ž .18, Corollary 8.7 there are a 2-dimensional torus T ; p II and a root
Ž Ž . X . Ž Ž . X X . Ž . Ž .a g G p I , T such that p I , T , a satisfies 5.1 ] 5.4 . There-
Ž Ž . X X.fore p I , T , a g S contradicting the minimality of dim L. Thus2

Ž .TR I - 1.

As a consequence of this lemma, S ; S , and the results of Section 52 1
Ž .apply to every triple L, T , a of S .2

Ž .LEMMA 8.2. For each L, T , a g S one has r s 1.˜2

Ž .Proof. If r / 0 then r s 1 Proposition 6.6 . Now suppose r s 0. We˜ ˜ ˜
Ž .recall from Sections 4 and 5 that G s gr L, G s GrM G , and

˜ ˜ ˜A G s S ; G ; Der S, TR S s 2Ž . Ž .

˜Ž Ž . .the statement on TR S is due to Lemma 5.7 .
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˜ ˜Ž . Ž .a We first show that S s G. Let S , G , G denote the p-en-p p 0 p
˜ ˜ w x Ž .velopes of S, G, G in Der S. By Skryabin’s theorem 20 , TR G F 20

˜ ˜Ž . Ž . w xyielding TR G s TR S s 2. This means that G rS is p-nilpotent 4 .p p
As LL preserves the components L of the filtration of L which gaveŽ0. Ž i.

˜rise to G, there is an epimorphism F : LL ª G whose kernel is p-nilpo-Ž0. p
˜ Ž .tent. Note that F T is a 2-dimensional torus of G , so by the abovep

˜ ˜ ˜ ˜Ž .observation F T ; S . We identify T and its image in S . As S is anp p

˜ ˜ Ž Ž ..ideal of G, one has G s S q F C T . As T is a standard torus on LL
˜Ž .and S is nontrivially graded , it clearly has the same property as a torus

˜ ˜ X X ˜Ž Ž .. Ž .on S. It is not hard to see that F K a , L, T ; K a , S, T . It follows
˜Ž . Ž . Ž . w xthat S, T , a satisfies 5.1 ] 5.3 . According to 18, Corollary 8.7 there are

X ˜ X ˜ XŽ .a 2-dimensional standard torus T ; S and a root a g G S, T such thatp
˜ X X ˜Ž . Ž . Ž .the triple S, T , a satisfies 5.1 ] 5.4 . If S is a Melikian algebra then

˜ ˜ ˜ ˜w xDer S ( S 14 whence G s S. If S is not a Melikian algebra then
X X˜ ˜ ˜Ž .S, T , a g S forcing dim S s dim L. In this case dim S s dim G, and2

˜again G s S.
Ž .b Suppose I is nonsolvable and r / 0. According to Proposition

� Ž . Ž .4 Ž .5.5, S g sl 2 , W 1, 1 and I s I q L rL ( S m A r ; 1 is the uniqueŽ1. Ž1.
minimal ideal of G s G . Since G has a unique minimal ideal I, there is0 0 0
a realization

S m A m; n ; G ; Der S m A m; n q F Id m W m; nŽ . Ž . Ž . Ž .0 S

Ž . Ž . Ž .such that p G is a transitive subalgebra of W m; n Theorem 1.6 . In2 0
Ž .the present case Der S ( S whence G s S m A m; n q F Id m DD,0 S

Ž .where DD is a transitive subalgebra of W m; n . By Proposition 7.7,
Ž . Ž . Ž .G s S m A 1; 1 q F Id m W 1; 1 . As TR G s 2 and T is a torus of0 S 0

ŽG of maximal dimension, T acts on G as a 2-dimensional torus other-p 0
Ž .wise a 2-dimensional torus in the p-envelope of G and C G span a0 T 0

.3-dimensional torus of G . According to Theorem 2.6 there is a realization

T s F h m 1 [ F Id m t ,Ž . Ž .

Ž .where Fh and Ft are maximal tori of S and W 1; 1 , respectively. It is now
XŽ . Ž . Ž .easy to check that K a , G , T ; Fh m A 1; 1 q F Id m W 1; 1 acts0 Ž2.

X X˜ Ž Ž .. Ž .triangulably on G . On the other hand, F K a , L, T ; K a , G , T0 0
XŽ Ž . .acts nontriangulably on G otherwise K a , L, T would be triangulable .

X˜ Ž Ž ..But G has 2 F -independent roots, and hence F K a , L, T acts nontri-0 p

angulably on G as well. This contradiction shows that the case we0
consider is impossible.

Ž . ŽŽ . Ž ..c Suppose I is nonsolvable and r s 0. By Proposition 5.5 4 , 5 ,
Ž .Ž2. Ž .Ž2.S ( H 2; 1 , and H 2; 1 is the unique minimal ideal of LL rrad LL .Ž0. Ž0.
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Ž Ž .. Ž .Ž2.As rad LL is p-nilpotent Proposition 5.5 1 , T acts on H 2; 1 as aŽ0.
Ž . Ž .2-dimensional standard torus. By Proposition 7.6, C T l G / 0G y1

contradicting the choice of L .Ž0.

Ž . Ž .d Suppose I is solvable. Then G s G a , G s0 0 y 1
X Ž . Ž .Ý G with b g G Lemma 5.6 . As T l ker a ; rad G ,ig F y1, ybqia 0 pp
Ž . Ž1.Theorem 7.5 applies. In case a of Theorem 7.5, L ; L acts nilpo-Ž0. Ž1.

Ž .tently on L. In case b of Theorem 7.5, T is conjugate to Fh [ F1 where
Ž . w xFh is a maximal torus in W 1; 1 18, Theorem 3.3 . If Fh is an improper

XŽ . Ž . Ž .torus of W 1; 1 then K a , G , T s A 1; 1 is abelian. If Fh is a proper0
XŽ . Ž . Ž . Ž .torus of W 1; 1 , then K a , G , T s W 1; 1 q A 1; 1 acts triangulably0 Ž2.

XŽ . Ž . Ž .on G Theorem 7.5 . In case c of Theorem 7.5, one has K a , G , T sy1 0

Ž . Ž . Ž .C G or else T induces a proper torus of G rC G ( W 1; 1 . In the0 0 0
X XŽ . Ž . Ž . Ž .latter case, K a , G , T s W 1; 1 [ C G , and again K a , G , T0 Ž2. 0 0

Žacts triangulably on G , as dim G F p this is immediate from resultsy1 y1
w x.of 6 .

Ž .In case d of Theorem 7.5 we observe that

3dim G F dim L rR F 9p - p .Ýy1 ybqia ybqia
igFp

Ž .Choose t g T l ker a such that b t s 1. Then ad t s d is the de-0 0 G 0
Ž .gree derivation of the graded Lie algebra G. Let p : G ª0 p

Ž2. Ž2.Ž Ž .. Ž .Der G rC G ( H 2; 1 denote the canonical epimorphism. By the0 0
Ž . Ž . Ž Ž .present assumption p G ; H 2; 1 one identifies H 2; 1 and its image0

Ž .Ž2.. Ž .Ž2.in Der H 2; 1 . As d g T , T acts on H 2; 1 as an at most 1-dimen-
Ž2. Ž2.Ž Ž .. Ž . Ž .sional torus. If p C T l H 2; 1 acts nilpotently on H 2; 1 , thenG 0

Ž .Ž2. Ž .H 2; 1 would be nilpotent by the Engel]Jacobson theorem . Thus this
Ž .Ž2.space contains a nonnilpotent element, and as H 2; 1 is a restricted

Ž2.Ž . Ž .subalgebra in Der H 2; 1 , it contains a toral element t. Then p T s Ft.
X X Xw p xw x w x Ž .Let t g T l ker p be a toral element. Then t , G s t , G s 00 0

whence tX g ker a s Fd . Therefore t w p x y t g T l ker p s Fd , and T s
Ž2.Ž . Ž .Ft [ Fd . Note that t acts trivially on H 2; 1 rH 2; 1 . We obtain that

Ž .2X Xp K a , G , T s K H 2; 1 , Ft .Ž .Ž .Ž . ž /0

XŽ2. ˜Ž . Ž Ž ..Let G denote the preimage of H 2; 1 in G . Therefore, F K a0, Ž1. Ž1. 0
; G .0, Ž1.

Ž .If G contains a 2-dimensional torus T which is nonstandard with0 p 1
respect to G, then the preimage of T in LL contains a 2-dimensional1 Ž0.

˜torus T which is nonstandard with respect to L. Since this contradicts one1
Ž .of the initial assumptions on L, all 2-dimensional tori of G are0 p

standard with respect to G. But then G acts triangulably on G0, Ž1. y1
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˜ XŽ Ž .. Ž Ž ..Theorem 7.5 d . This yields that F K a acts triangulably on G .y1
XŽ .From this one easily derives that K a acts triangulably on L. This

contradiction proves that r / 0 in all cases.˜
˜ Ž . Ž . ŽIn what follows we normalize F T s F h m 1 [ F kd m 1 q˜0

. Ž Ž .. Ž .Id m t according to Remark 4.2. Since a A G s a I s 0, weAŽG. 0 0
have m s a in Remark 4.2. Then

a h m 1 s 0, b h m 1 s 1Ž . Ž .0 0

a kd m 1 q Id m t / 0, b kd m 1 q Id m t s 0.˜ ˜Ž . Ž .AŽG. 0 AŽG. 0

Ž .One may choose t as a toral element of W 1; 1 , i.e., t s zr with0 0 x
� 4z g x, 1 q x .

Ž . Ž .LEMMA 8.3. Assume L, T , a g S . Then I is nonsol̈ able, S ( W 1; 1 ,2
dim L s p for all m g G

X, and dim L F p q 3 for all i / 0. If b is a Wittm ia

root, then dim L s p for all i / 0.ia

Ž .Proof. a Since r s 1 by Lemma 8.2, Lemma 6.1 shows that I is˜
nonsolvable.

˜Ž . Ž . Ž .b Suppose S is not isomorphic to W 1; 1 . Then S ( S ( sl 20
Ž .Lemma 6.2 .

˜ ˜Ž . Ž . Ž .If t f W 1; 1 then Lemma 4.9 shows that DD ( W 1; 1 or D ( sl 2 .0 Ž0.
Ž . Ž .But then G a is not solvable cf. Remark 4.2 , contradicting Lemma 6.3.0

Ž .Suppose t g W 1; 1 . By Lemma 6.3, there is u g K such that0 Ž0. ka
˜Ž Ž .. Ž .p (F u f W 1; 1 . Fix j g L . We now switch to the torus T by u2 Ž0. F

˜Ž . Ž .Ž .see Section 2 . It is immediate from Jacobson’s identity that p (F T2 u
Ž . XŽ .o W 1; 1 . By Corollary 2.9, K a , L, T acts nontriangulably on L.Ž0. u, j u
˜ Ža u, j . ˜ Ža .Ž .As M s E M ; L , the data S, r do not change after theu, j Ž0.

Ž . Ž .switching. Since L s 0 , L / 0 , L contains T -sandwiches. SoŽy3. Ž py2. u
Ž .L, T , a g S , and substituting T by T we are in the former case,u u, j 2 u
again obtaining a contradiction.

Ž . X Ž . Ž . Ž Ž ..c Let m g G . Since M G ; G a Lemma 6.2 4 , one has
Ž . Ž .dim L s dim G . As m h m 1 / 0 by definition of a we conclude thatm m 0

˜Ž . Ž . Ž . Ždim L s dim A G . Recall that F T s F h m 1 [ F kd m 1 q Id m˜m m 0
. � 4zr x with z g x, 1 q x . From this it is easy to derive that all root

XŽ2.Ž . Ž . Ž .spaces of A G ( H 2; 1 m A 1; 1 corresponding to the roots in G are
of dimension p.

˜Ž . Ž .d Let m s ia / 0. Note that DD ( G a rA is 2-dimensional0 0
Ž1.Ž . Ž . Ž .Lemma 6.3 , and G a ; A a q Ý G . Since I acts trivially on0 0 j/ 0 0, ja

Ž Ž .. Ž . Ž .G Lemma 6.2 4 and all G , j / 0 act nilpotently on G ; G a ,y2 0, ja y2
Ž . Ž Ž ..we obtain that G a acts triangulably on G cf. Lemma 6.2 1 . By0 y2
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˜Ž . Ž .Lemma 6.4, dim G F 1. Next we recall that G ; Der S m A 1; 1 qy2
Ž . Ž .Ž2.F Id m W 1; 1 . Using the description of Der H 2; 1 given in Section 3

˜ŽŽ . Ž ..we conclude that dim G F dim Der S m A 1; 1 q 1 F p q 2. Conse-ia ia

Ž .quently, dim L s dim G F p q 3. It is straightforward that G L, T sia ia

� 4F a q F b _ 0 .p p

Ž . Ž . Ž w p x.e Let x g L , k / 0, and set R [ Fx q rad L b . As b x sk b

Ž .0, we have that ad x is nilpotent. Therefore, R is a nilpotent ad T -in-R
Ž .Ž1. Ž1.variant subalgebra of L. If R q T s R q Ý R acts nonnilpo-j/ 0 j b

w Ž .xtently on L, then 18, 5.1 shows that dim L s dim L s p for allia iaqb

Ž Ž .. Ž1.i / 0 by c . Thus we may assume that R q Ý R acts nilpotentlyj/ 0 j b

on L. Since this is true for all x g D L , the Engel]Jacobsonk / 0 k b

w Ž . Ž .xtheorem implies that T q L b , rad L b acts nilpotently on L.
Ž . Ž . UNote that dim HrH l rad L b s 1. It follows from c that F b lp

a Ž Ž .Ž1..G / B. Therefore ÝL / ÝM , hence a H l L b / 0. Fixy1 j b j b

Ž .Ž Ž .Ž1..j / 0 such that a q j b H l L b / 0.0 0
U Ž .Pick k g F and let W denote a composition factor of the T q L b -p

Ž . Ž .module Ý L . Let D : T q L b ª gl W denote the correspond-jg F k aqj bp
Žw Ž . Ž .x. Žing representation. Now D T q L b , rad L b is an ideal of D T q

Ž .. Ž .L b which by our assumption acts nilpotently on W, hence is 0 . Thus
Ž Ž .. Ž Ž Ž ...rad D T q L b s C D T q L b . If the central extension does not

split then there are x g L , y g L for some i / 0 such that1 ib 1 yib

Žw x. Ž Ž Ž ... Ž . Ž .D x , y g C D T q L b acts invertibly on W. Now FD x q FD y1 1 1 1
Žw x.q FD x , y constitutes a Heisenberg algebra. The representation theory1 1

of this algebra yields dim W s dim W for all k / 0.k a k aqb

Ž .Ž1.Suppose the central extension splits and W is a nontrivial L b -mod-
Ž Ž Ž ..Ž1.. Ž . Ž Ž .Ž1.. Ž .ule. Then C D L b s 0 whence D L b ( W 1; 1 . There are

Žw x.x g L , y g L for some i / 0 such that FD x , y constitutes a2 ib 2 yib 2 2
Ž . Žw x. Ž Ž Ž .. Ž .Cartan subalgebra of W 1; 1 and FD x , y q C D L b s D H . The2 2

Ž . Žw x.representation theory of W 1; 1 yields that D x , y is semisimple and2 2
Ž . Ž w xall its eigenvalues are of the same multiplicity d s d W see 18, p. 444

. Ž .Žw x.for more detail . Moreover, dim W s d unless ka q j b x , y s 0k aqj b 2 2
w x18, p. 445 . It follows dim W s dim W s d.k a kŽaqj b .0

Now suppose that the central extension splits and W is the trivial
Ž .Ž1.L b -module. Then W s W for some g . The above also shows thatg

U U Ž .g f F a j F a q j b .p p 0
Summarizing we obtain that dim L s dim L s p. This provesk a kŽaqj b .0

the lemma.

Ž .LEMMA 8.4. Suppose S / B. Then there exists L, T , a g S such2 2
that

˜Id m drdx g F L a ,Ž .Ž .Ž0.

F̃ T s Fh m 1 q F kd m 1 q Id m xdrdx and k / 0.Ž . Ž .0
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Ž . Ž X X.Proof. a Let L, T , a be an arbitrary triple in S . By Lemma 8.1,2
one has r s 1, so that there is a realization˜

˜A G s S m A 1; 1 ,Ž . Ž .
˜ X
F T s Fh m 1 q F kd m 1 q Id m zdrdx ,Ž . Ž .˜0

� 4 Ž .where z g x, 1 q x and k g F see Remark 4.2 .˜ p
˜Ž . Ž . Ž .By Lemma 6.3 there is u g K j / 0 with p (F u f W 1; 1 .ja 2 Ž0.

X ˜ XŽ .Switching T by use of a suitable multiple of u gives p (F T s2 lu
˜ X ˜alu, jŽ Ž .. Ž .p (F E T ; W 1; 1 . Now Corollary 2.9 shows that M s2 lu, j Ž0.

˜ Ža . X XŽ . Ž . Ž .E M ; L and K a s K a acts nontriangulably on L.lu, j Ž0. lu, j

Since L is assumed to be non-Melikian every 2-dimensional torus in L isp
Ž X.standard with respect to L. Moreover, T [ E T stabilizes the filtra-lu, j

Ž .tion of L. It follows from Lemma 6.2 that L s L and L / 0 .Žy2. Ž py2.
Hence there are T-homogeneous sandwich elements. Thus in what follows
we may assume that

F̃ T s Fh m 1 q F kd m 1 q Id m xdrdx .Ž . Ž .0

˜Ž . Ž . Ž .b By Lemma 6.3, there is u g K j / 0 with p (F u fja 2
Ž . Ž .W 1; 1 . There are f , f , f g A 1; 1 such thatŽ0. 1 2 3

F̃ u s h m f q d m f q Id m f drdxŽ . 0 1 2 3

Ž .cf. Remark 4.2 . Then

˜ ˜0 / ja kd m 1 q Id m xdrdx F u s kd m 1 q Id m xdrdx, F uŽ . Ž . Ž .

s h m xdrdx f q d m xdrdx f q Id m xdrdx f y f drdx.Ž . Ž . Ž .Ž .0 1 2 3 3

Ž .As f has nonzero constant term and xdrdx f g Ff , one obtains3 3 3
Ž .xdrdx f s 0, that is, f g F. Adjusting u we assume that f s 1. But3 3 3

Ž .then the above computation also yields ja kd m 1 q Id m xdrdx s y1
and f s l x py1, f s lX x py1 for some l, lX g F. By Jacobson’s formula,1 2

w xpX py1F̃ lh q ld m x q Id m drdxŽ .Ž .0

pX pp pŽ py1.s l h q l d m x q Id m drdxŽ .Ž .0

py1X py1q lh q ld m drdx xŽ . Ž . Ž .0

s y lh q lXd m 1.Ž .0

X X py1˜ Ž . Ž .Consequently, ld g F T , forcing l s 0. Since Fh m x g G a we0 0
Ž .obtain Id m drdx g G a .0
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Ž . ˜c It remains to prove that k / 0. Set t s kd m 1 q Id m xdrdx.
Ža . Ž . w xSuppose L / M q L a . Since L , L ; H l I ; ker aŽ0. Ž0. Ž0., yg Ž0., g

X X w xfor g g G , there is g g G l G such that L , L o H . Lemmay Ž0., yg g a

Ž . Ž . Ž .6.2 4 yields g g G . Since L a l L ; L cf. Lemma 6.2 , the Liey1 Žy1. Ž0.
Ž .multiplication of L yields a L a -invariant bilinear mappingŽ0.

D
X : L = L ª L a .Ž .Ý ÝŽ0. , ygqia Žy1. , gqja Ž0.ž / ž /

igF jgFp p

Properties of the graded algebra G ensure that

L , L q L , L ; I q L .ÝŽ1. Žy1. Ž0. , ygqia Ž0. Ž1.
igFp

X Ž .Thus D induces a G a -invariant bilinear mapping0

D : G = GÝ Ý0, ygqia y1, gqjaž / ž /
igF jgFp p

ª G r S m A 1; 1 q F Id m drdx ( TrT l ker aŽ .Ž .0

Ž Ž . Ž .one should take into account Proposition 5.5 2 , Lemma 6.2 1 , and
˜ X ˜.Lemma 6.3 . By choice of g we have D / 0. So there are e g S , e g S ,0 y1

� 4 Ž a X b.and a, b g 0, . . . , p y 1 such that D e m x , e m x / 0. We may as-
sume that e, eX are eigenvectors of h , so that0

c a aqch m x , e m x s yg h m 1 e m x ,Ž .0 0

˜ a aw xt , e m x s ae m x ,
X Xc b bqch m x , e m x s g h m 1 e m x ,Ž .0 0

˜ X b X bw xt , e m x s b y k e m x .Ž .

Ž . Ž .Since g h m 1 / 0 and D is invariant under Fh m A 1; 1 one can move0 0
the factor x a from the left side to the right side of D. Thus we may assume

˜w Ž .x Ž .that a s 0. Also, Id m drdx, F T ; S m A 1; 1 q F Id m drdx˜ ˜S S
whence

0 s Id m drdx ? D e m 1, eX m x l s D e m 1, leX m x ly1 ,Ž . Ž .Ž . Ž .S̃

� 4for each l g 0, . . . , p y 1 . Thus the assumption D / 0 necessarily implies

D e m 1, eX m x py1 / 0.Ž .
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˜ ˜We now determine eigenvalues with respect to t. Since t annihilates
Ž X py1.D e m 1, e m x , we obtain

˜ X py10 s t ? D e m 1, e m xŽ .Ž .
˜ X py1 ˜ X py1w x w xs D t , e m 1 , e m x q D e m 1, t , e m xŽ . Ž .

s p y 1 y k D e m 1, eX m x py1 .Ž . Ž .

Consequently, k s y1.
Ža . Ž . w xNext, assume that L s M q L a . Then L , L ; H forŽ0. Ž0. Ž0., yg g a

X Ž .all g g G . Lemma 6.4 1 yields L s L . Therefore for an arbitraryŽy1.
X Ž . Ž . Ž .g g G , the bilinear mapping Ý L = Ý L ª L a in-ig F gqia jg F ygqja Ž0.p p

Ž .duced by the multiplication on L gives rise to a G a -invariant pairing0

D : G = GÝ Ýg y1, gqia y1, ygqiaž / ž /
igF igFp p

ª G r S m A 1; 1 q F Id m drdx ( TrT l ker a .Ž .Ž .0

˜ Ža . XSince M ; L there is g g G such that D / 0. One now proceedsŽ0. g

w x w X py1 x˜ ˜as in the former case. As t, e m 1 s yk e m 1 and t, e m x s
Ž . X py1p y 1 y k e m x one obtains now p y 1 y 2k s 0, i.e., k s y1r2.

Ž .LEMMA 8.5. Suppose L, T , a g S is as in Lemma 8.4. Then for each2
Ž . Ž . Ug g G_ F a j F b there exists s g g F such thatp p p

dim L rR s 2 q d ,ig ig i , sŽg .

whene¨er i g FU.p

Ž .Proof. a With the notation of the previous lemma,

k˜ ˜˜G b s S m F q Ft , G b s S m x .Ž . Ž .0 0 y1 y1

w Ž . Ž .x Ž . Ž Ž . .Since k / 0 this implies G b , G b ; G b l S m A 1; 1 sy1 1 0 Ž1.
Ž . Ž . Ž Ž .. w Ž . Ž .x0 . As L b ; L Lemma 6.2 4 we conclude that L b , L b ;Žy1. Ž1.

Ž . Ž . Ž .L b . Therefore L b is an ideal of L b which acts nilpotentlyŽ1. Ž1.
on L. In particular, L ; R for all i.Ž1., ib ib

Ž . Ž . Ž . Ž .Since dim L b rrad L b F dim L b rL b F 2 p, b cannot beŽ1.
Ž . Ž .˜Hamiltonian. On the other hand, G b s S m F q Ft and S ( W 1; 10

Ž .Lemma 8.3 . So b is Witt. Now Lemma 8.3 shows that dim L s p for allg

g g G.
2 Ž .Next we consider the p -dimensional L b -modules Ý L , wherejg F iaqj bp

� 4 Ž .i g 1, . . . , p y 1 . Suppose all these modules are irreducible. As L bŽ1.
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Ž .acts nilpotently on L, it annihilates all these irreducible L b -modules.
Ž . Ž . Ž .This in turn implies that L b is an ideal of L. Hence L b s 0 .Ž1. Ž1.

But then dim L s 2 contradicting Lemma 8.3. So one of the aboveb

modules is reducible. Let W denote a composition factor of a reducible
Ž . Ž .module Ý L which has weight ia / 0, and let D : L b ª gl Wjg F iaqj bp

denote the corresponding representation. By construction dim W - p2.
Ža .˜ Ž . Ž .Note that ker D ; M ; L . But then ker D s L b , since G b hasŽ0. Ž1. 0

Ž .˜only two nonzero ideals, namely, S m F and Ft. Thus ker D ; R b .
w Ž . Ž .xAccording to 28, III.3 , III.2 ,

Ž .1L b rker D ( W 1; 1 [ A 1; 1 , rad L b ; ker D ,Ž . Ž .Ž . Ž . Ž .

w Ž Ž . Ž . . Ž Ž ..xand D W 1; 1 [ A 1; 1 , D L b consists of nilpotent transforma-Ž2. Ž2.
tions of W. In view of the natural embeddings

˜W 1; 1 ( S ¨ L b rL b l rad L bŽ . Ž . Ž .Ž . 0 Ž0. Ž0.

¨ L b rrad L b ( W 1; 1Ž . Ž . Ž .

we must have

L b s L b q rad L b .Ž . Ž . Ž .Ž0.

Ž .Now suppose that b is proper. Then T maps onto a torus in W 1; 1 [Ž0.
˜Ž . Ž Ž . Ž . Ž . Ž ..A 1; 1 note that T ( F T is contained in G b ( L b rL b .0 Ž0. Ž1.

w Ž Ž . Ž . . Ž Ž ..xSince D W 1; 1 [ A 1; 1 , D L b consists of nilpotent transforma-Ž2. Ž2.
Žtions on W, we conclude that Ý dim L rR F 3 one should take intoi/ 0 ib ib

.account that W has 2 F -independent T-weights . This contradicts thep
˜ Ža .Ž . Ž . Ž .assumption that dim L b rM b G dim G b s p y 1.y1

w Ž . Ž . xThus b is improper. In this case, W 1; 1 , A 1; 1 s F1 for allib yib

i g FU. This means that M Ža . ; ker D. But then a previous inclusion givesp ib

M Ža . s L l ker D s R , henceib ib ib

M Ža . s L for all i / 0.ib Ž1. , ib

Ž . XŽ . w Ž .xb Since K a acts nontriangulably on L, 18, 5.1 applied to
Ž . Ža .R s K a and the module Ý M rL proves thatjg F ibqja Ž1., ibqjap

M Ža . s L ; j g F , ; i g FU .ibqja Ž1. , ibqja p P

˜Ž .c Let g g ib q ja , i, j / 0. Let b be the restriction of b to
Fh m 1 ( Fh . It follows from our discussion above that L ; R ;0 0 Ž2., g g

Ža .M s L . Thus to determine R we are to deal with G . Observe thatg Ž1., g g 1

s˜ � 4G s S m x , where s g 0, . . . , p y 1 and s q k ' j mod p .Ž .˜1, g 1, ib
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s˜ ˜w x Ž .If s / 0, then S m x , G ; S m A 1; 1 , and the algebra on the˜1, ib y1 0 Ž1.
right acts nilpotently on G . Consequently,y1

L s R whenever j k k mod p .Ž .Ž1. , g g

Ž . Ž . Ž .Recall that b is improper Witt and L b s L b q rad L b . There-Ž0.
˜ ˜ ˜Žw x.fore b S , S / 0 for all i / 0. Then Fh is an improper torus of˜ ˜0, ib 0, yib 0

˜ Ž2. ˜ ˜ ˜Ž . Ž Ž .. Žw x.S ( H 2; 1 by Corollary 3.6 2 . Therefore b S , S / 0 for˜ ˜1, ib y1, yib
U Ž Ž ..all i g F this is immediate from Lemma 1.1 6 .p

˜ ˜Now suppose g s ib q ka . Then G s S m 1, G s S˜ ˜1, g 1, ib y1, yg y1, yib

Žw x.m 1 whence b G , G / 0. It follows that1, g y1, yg

L « R whenever j ' k mod p .Ž .Ž1. , g g

As a consequence, for g s ib q ja , i, j / 0, one has

dim L rR s dim L rL s 2rg rg rg Ž1. , rg

if rj k k , and

dim L rR s dim L rL q dim L rR s 3rg rg rg Ž1. , rg Ž1. , rg rg

Žif rj ' k one should take into account that dim L rL s 1 forŽ i., g Ž iq1., g

� 4 Ž . Ž . Ž .i g y1, 0, 1 . Now put s ib q ja [ krj. Then s ib q jg / 0 as k / 0 .

Our final result in this note is the following

THEOREM 8.6. Let L be a simple Lie algebra o¨er an algebraically closed
Ž .field F of characteristic p ) 3. Suppose TR L s 2, and let T denote a

2-dimensional torus in the semisimple p-en¨elope L of L. If L is not ap
XŽ . Ž .Melikian algebra, then K a acts triangulably on L for all a g G L, T .

Ž Y Y .Proof. Suppose the theorem is not true. Let L, T , a be a counterex-
ample with L having minimal dimension. Observe that all 2-dimensional

wtori of L are standard, for L is not a Melikian algebra. By 18, Corollaryp
x X X X8.7 there is a torus T and a root a such that L contains T -homoge-

XŽ X.neous sandwich elements and K a still acts nontriangulably on L. In
Ž .other words, S / B. Choose L, T , a g S according to Lemma 8.4.2 2

Ž .Then Lemma 8.5 applies. Let g g G_ F a j F b and definep p

d [ dim L rR , 1 F i F p y 1.i ig ig

Ž .By Lemma 8.5, d s 2 q d . Due to Theorem 6.7, n g F 2. If g isi i, sŽg .
py1 Ž .solvable, then d s n F 1; if g is classical, then Ý d F 4 q n g F 6;1 g is1 i

py1 Ž .if g is proper Witt, then Ý d F 4 q n g F 6; if g is improper Hamil-is1 i
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tonian, then d G 3 for all i. Therefore neither of these cases occurs. Thusi
g is either improper Witt or proper Hamiltonian.

Suppose g is improper Witt. Then

py1

2 p y 1 q 1 s d F 2 p y 1 q n g ,Ž . Ž . Ž .Ý i
is1

Ž . XŽ .whence n g / 0. Therefore K g acts nontriangulably on L, yielding
Ž . Ž .L,T , g g S . By Lemma 8.2, r g s 1. But then Proposition 6.6 shows˜2
that g is proper, a contradiction.

w xSuppose g is proper Hamiltonian. Since dim L s p s dim L g forig ig
Ž . Ž . w Ž . Ž .Ž`.xall i / 0 Lemma 8.3 , we have rad L g ; H. But then rad L g , L g

Ž . Ž .Ž`. Ž Ž .Ž`.. Ž .Ž2. py1s 0 whence L g rC L g ( H 2; 1 . Moreover, dimÝ Ljs0 bqjg
Ž . Ž . 4 Ž .F p q 3 q p y 1 p - p cf. Lemma 8.3 . Corollary 3.10 applies forc-

ing

d s dim L rK F 2 for all i .i ig ig

Again this is impossible and gives the final contradiction.

We mention that, under the assumptions of Theorem 8.6, one has
Ž . Ž .K s RK for all roots a g G L, T , that is, n a s 0 and, in the notationa a

w Ž .xof 4, 5.6.5 no exceptional roots exist.
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