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ABSTRACT

The usual Jordan canonical form for matrices is extended first to nilpotent
elements of the socle of a nondegenerate Jordan algebra and then to elements of a
nondegenerate Jordan algebra which is reduced over an algebraically closed field.
© Elsevier Science Inc., 1997

1. INTRODUCTION

As presented in [8], there are two classical approaches to canonical forms
of matrices. We can get the Jordan form of a matrix having all its characteris-
tic roots in the base field, either by using elementary methods of linear
algebra, or as a consequence of the structure of finitely generated modules
over a euclidean domain. In this paper we present a new approach to
canonical forms that could be considered more intrinsic. We begin by stating
the key result for nilpotent matrices in a way that it is suitable for our

purposes.
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Let a €.4#,(F) be a nonzero nilpotent matrix. Then there exist r orthogo-
nal idempotents ¢, ..., e, in .#,(F) such that a = a; + --- +a,, where each

a; € e, #,(F)e; is indecomposable and n, >n, > - >n,> 1 with n,
being the index of nilpotence of a;. Moreover, any other such decomposition
of a has the same invariants n;, > n, > - > n,.

It is then natural to ask oneself whether thlS result can be extended to
nilpotent elements of more general algebras than that of the full algebra of
matrices over a field.

As it will be clear later, a nilpotent will have a Jordan canonical form if its
“rank” is finite, but elements having finite rank are precisely those elements
in the socle. On the other hand, since all the notions involved in the result are
symmetric, we can deal with Jordan algebras.

Finally, a Jordan canonical form is provided for any element of a
nondegenerate Jordan algebra which is reduced over an algebraically closed
field —in particular, for elements of the socle of a Jordan normed algebra
over the complex field.

2. PRELIMINARIES AND NOTATION

All the algebras we consider here are over a ring of scalars ® containing
3. A (nonassociative) algebra | with product x -y satisfying

@ %
@ =* (y x) = (x*-y) - x (Jordan identity)

is called a (linear) Jordan algebra. The reader is referred to the books [10, 11,
21] for basic results and notation on Jordan algebras. For an expository survey
of the theory of Jordan algebras the reader is referred to [18]. Every
associative algebra A gives rise to a Jordan algebra A* under the new
multiplication defined by

£y = 4y + o).

Jordan algebras which are subalgebras of a Jordan algebra A" are called
special Jordan algebras. For every associative algebra A with involution
* : A — A the set of all hermitian elements H(A, *) ={a € A:a = a*}isa
subalgebra of A, and therefore special.

Every Jordan algebra which is not special is called an exceptional Jordan
algebra. Let C be a Cayley-Dickson algebra over a field K (C is an
8-dimensional alternative algebra obtained by doubling a quaternion algebra
by the Cayley-Dickson process). Then the set H(C) of all 3 X 3 matrices in
C which are hermitian under the involution X* = X' is a simple 27-dimen-
sional exceptional Jordan algebra.
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In order to obtain identities in Jordan algebras is very useful the following
theorem due to Shirshov and Macdonald.

Any polynomial identity in three variables with degree at most 1 in one
variable, and which holds in all special Jordan algebras, holds in all Jordan

algebras.

Throughout the paper we will use this theorem without making mention
of it. Another important result is Shirshov and Cohn’s theorem.

Any Jordan algebra generated by at most two elements is special, indeed
it has the form H(A, *) for an associative algebra A.

We write U, to denote the quadratic U-operator U,y = 2x-(x-y) —
x®-y, and

{x’ y’ z} = %(Ux+zy - ny - Uzy)

Recall that | is said to be nondegenerate if U, = 0 implies 2 = 0 for a € J.
Since Ub = aba for a special Jordan algebra A*, we have that A" is
nondegenerate if and only if A is semiprime.

Any Jordan algebra J gives rise to a Jordan pair (], J), so we can borrow
results from the theory of Jordan pairs (the standard reference for Jordan
pairs is [13]).

The socle of a nondegenerate Jordan algebra J, defined as the sum of all
minimal inner ideals of J, will be denoted by Soc(J). For semiprime A,
Soc{ A™) = Soc( A)*, and if A has an involution * then Soc(H(A, *)) =
H(Soc( A), #) [2, Proposition 2.6]. The notion of socle was introduced in [20]
for Jordan algebras, and extended later to more general Jordan structures [7,
5, 14]. Here we recall that the socle is a (von Neumann) regular ideal which is
a direct sum of simple ones. Moreover, by the Litoff theorem for Jordan
algebras [1], for every finite subset {ay,...,a,} € Soc(]), there exists an
idempotent e € Soc(J) such that {a,...,a,} € U,J, with U,J] being a
nondegenerate unital Jordan algebra with finite capacity, which is simple
whenever [ is [17]. Then U,J will be called a Litoff envelope of {a,, ..., a,}.

Following [16], the rank of an element x € J, rank(x), is the supremum

of the lengths of all finite chains

[xdclx]c - clx,]
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of principal inner ideals [x,;] = U, | where x; belongs to the inner ideal
(x) = ®x + [x] generated by x, and the length of such a chain is the
number of strict inclusions.

Recall that any regular element x € | gives rise to an idempotent (x, y)
in the Jordan pair sense, that is, U,y = x and U, x = y. Following [16], two
regular elements u and v are said to be orthogonal (u L v) if u =c,,
v = d,, are parts of orthogonal Jordan pair idempotents (see [13] for defini-
tion) ¢ =(c,,c_) and d =(d,,d_). Note that any usual idempotent,
e=¢e? gives rise to a Jordan pair idempotent (e, ¢), and that if ¢ and f are
orthogonal idempotents in the socle of a nondegenerate Jordan algebra, then
for any x € [e] and y € [f] one has x L y.

The following properties of the rank function will be used in what follows.

PROPOSITION 2.1.  Let | be a nondegenerate Jordan algebra. Then

(1) a €] is in the socle if and only if a has finite rank;

(2) rank(a + b) < rank(a) + rank(b), and the equality holds whenever
alb;

(3) rank(U,b) < min{rank(a), rank(b)};

(4) rank({a, b, c}) < 2rank(b) for a, b, ¢ € Soc(]).

Proof. The proof of (1) and (2) follows from [16, Proposition 3(2), (4),
and (7)]; (3) is a consequence of [16, Corollary 1(a) of Theorem 3]. Finally,
(4) follows from (2) and (3) together with the identity

{x.9,2} = 3(Uroy — Uisy),
which works in linear Jordan algebras. [ |

Given a € Soc(]), an idempotent e € Soc(J) will be called a support of
a if (1) a € U,] and (2) e is minimal among all the idempotents of the socle
satisfying (1). It follows from the Litoff theorem for Jordan algebras that
every a € Soc(]) has a support e.

3. JORDAN CANONICAL FORM FOR NILPOTENT ELEMENTS

Let a be a nilpotent element in a Jordan algebra J. Then n is the index of
nilpotence of a if " = 0 but a” ! # 0.
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LEMMA 3.1.  Let | be a nondegenerate Jordan algebra and a € Soc(]) a
nilpotent element of index of nilpotence n. Then

(D [0] =[a"] c[a"" '] € --- clal, where the inclusions are strict;
(@) rank(a**!) < rank(a*) for 1<k <n - ;
(3) n — 1 < rank(a).

Proof. (1): Since [a**']ca*] for 1 <k <n — 1, we need only to
verify that the inclusions are strict. Suppose on the contrary that [a*] =[d*T"]
for some 1 <k <n — 1. Since every element in the socle is regular, a* =

Uyb = Ug+ic for some b, ¢ € J. Then

a" "l =gF-a" 17K = (Upsic) -a" 1% = {a**),¢,a") =0

>

which is a contradiction.
Assertions (2) and (3) follow from (1). [ ]

DEFINITION 3.1. Let | be a nondegenerate Jordan algebra. An element
a € Soc(J) will be called indecomposable if it cannot be written as a sum
a =a, +a, where 0 # g, € [¢,], i = 1,2, with ¢, e, orthogonal idempo-
tents in the socle. Otherwise we will say that a is decomposable.

REMARK 3.1. Clearly, every indecomposable element ¢ in | remains
indecomposable in every Litoff envelope U,J of {a}. Later it will be shown
that if a nilpotent is indecomposable in some Litoff envelope, then it is
indecomposable in ], and hence in every Litoff envelope.

PROPOSITION 3.1. Let | be a nondegenerate Jordan algebra and a €
Soc(J) a nonzero nilpotent element of index of nilpotence n. If rank(a) =
n — 1, then a is indecomposable.

Proof. Let a = a, + a, be a decomposition of a where each «a; belongs
to [e;], for e,, e, orthogonal idempotents in the socle. By Peirce relations,
0 = a" = a] + a} implies that each a; is nilpotent with index of nilpotence
n; < n. Moreover, one of them, say a,, has index of nilpotence n, = n.
Hence, by Proposition 2.1(2) and Lemma 3.1(3),

n — 1 = rank(a) = rank(e,;) + rank(a,) >2n - 1+n, -1

implies n, = 1, so @, = 0 and a is indecomposable, as required. ]
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Our next task, the most difficult part of the paper, will be to prove the
converse of Proposition 3.1. We start with a technical result which is the key
induction step in the successive straightening of an arbitrary “generalized
inverse” b for a"~! (where @ is a nilpotent element of a nondegenerate
Jordan algebra of index of nilpotence n) into a generator ¢ of a family of
matrix units in Theorem 3.1 below.

LEMMA 3.2. Let | be a Jordan algebra, and a € | a nonzero nilpotent
element of index of nilpotence n. Suppose that, for fixed 0 <s <n — 1,
there exists b € | such that Uy,a" ' =b and U,d* =0 for s+ 1<k <
n — 1. Then there exists ¢ € | such that U,a""' = ¢, Uak =0 fors <k <
n—1and U 'c = U 'b.

Proof. By Shirshov and Cohn’s theorem, we work in the subalgebra of |
generated by ¢ and b which has the form H(A, #), so we may assume we
are in a unital associative algebra with symmetric elements a, b such that

a" =0, a" "l # 0, ba""'b =b,
ba*'b =0 (s+1<k<n-1). (3.1)

We claim that the symmetric (therefore Jordan) element ¢ = u bu® satisfies
the required properties, where in general for s <k <n —1

up = 1— 3a""'"*ba*.

We have
du, = =ufdd  (j>k). (3.2)
Then we have
a"ea" ! = (a"u,)b(uta"")
=a""'ba"t by (32)],
ca" e = (u,b)uta""'u (but)
= (u,p)a" " (bu})  [by(32)]
=ubuf  [by(3.1)]

=cC.
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Now for k > s,
cake = (u,b)u*a*u (bu*)

= u,(ba*b)u* [by (3.2)]

and for k = s, by the definition of u,,
ufa’u, = u¥(a* — 3a" " 'ba’)
=a' — 1a*ba" "' — ta" " 'ba’ [by (3.2)],
$0
ca’c = u (buta*ub)u*
= u [ba'b — §(ba'ba"'b + ba"~'ba’b)|u’
=u[ba'b — }(ba*b + ba’b)]u* =0  [by (3.1)].

[ ]
As motivation for Theorem 3.5, we show the following two examples.

ExaMpPLE 3.1. This result due to Malcev (see [12, p. 366]) provides a
natural motivation for the first part.

Let a be a nilpotent linear transformation in a finite-dimensional vector
space V over a field K, which is self-adjoint relative to a nondegenerate
symmetric inner product { -, » on V. Then V is an orthogonal direct sum of
subspaces V, where V, has a base {z,, az;, ..., a" 'z} such that

(z,,a% 'z)=0a,#0 and (z,,a/z,) =0 (0<j<n,—1).
1 1 1 1 ] 1

It is not difficult to see that the above geometric conditions are equivalent to
the following algebraic ones [relative to the Jordan algebra | =
H(End,(V), #), * being the adjoint involution]:

Ua ' =g, Uad =0 (0<j<n,—1) (3.3)
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for ¢, the self-adjoint operator defined by c;v = a; ' (v, 2,)z, (v € V). Note
that ¢, is a rank one nilpotent element. This use of rank one nilpotents is the
key to our approach to the Jordan canonical form.

ExaMPLE 3.2. We compute the Jordan canonical form of an indecom-
posable nilpotent element in a simple special Jordan algebra ] = A*, where
A is a simple associative algebra with minimal one-sided ideals. But first we
need some definitions and notation.

Following [9], let (X, Y,<-,+)) be a pair of dual vector spaces over an
associative division algebra A, where X is a left vector space, Y a right vector
space, and {-,-) a nondegenerate bilinear form over A. An operator
a: X - X is adjointable if there exists a* :Y — Y, necessarily unique, such
that (xa, y) = {x, a*y). Notice that we write the mappings of a left vector
space on the right (thus composing them from left to right), and the
mappings of a right vector space on the left (thus composing them from right
to left), so by our convention, if @, b are adjointable, so is ab with (careful!)
(ab)* = a*b*. We denote by % (X) the ring of all adjointable linear
operators of X, and by #,(X) the ideal of those operators having finite rank.
The rings #;(X) are precisely those simple rings containing minimal one-
sided ideals [9]. One can see that such rings are algebras over ® wherever A
is a ®-algebra. For x € X, y € Y write y ® x to denote the adjointable
linear operator defined by

'(y®x)=(x",y)x (x' €X)
with adjoint (y ® x)*y’ = y{x, y'). Note that (y ® x)a = y ® xa for all
operator a, and oy ® x) = a#y ® x for all adjointable a.
Let a € | = #;(X)" be a nilpotent of index of nilpotence n. For x € X
such that xa"~ ! # 0, the vectors x, x4, ..., xa"~ ! are linearly independent.

Take 4y € Y such that (xa" ™', y) = 1 and { xa*, y)>)=0for0<k<n-—1L
Then

(" g ()" Py, y)
is a system dual to
{x,xa,..., xa" "}
[{xa’, (a*)y) = 6i,n_1_j]. Hence, for ¢ == y ® x we have

Ua"!'=c, Ua*=0 (0<k<n-—-1).
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If we consider the unit matrices (relative to the vectors x,,...,x,_, for
x; = xa') e,, = """ 'ca’, then the element

n—1 n—1 nel-r n—1
e=Te.= T (") yex= X (a1 0,0)
r=0 r=0 r=0

is an idempotent in J. Moreover, if a is indecomposable then

n—1

n—1
a=ea= Y, (a#)"_ky ® xa* = Y {a" 7%, ¢c,d"}.
k=1 k=1

Now we show that a similar decomposition holds in arbitrary Jordan
algebras.

THEOREM 3.1.  Suppose that | is a nondegenerate Jordan algebra and
a € Sod(J) a nonzero nilpotent of index of nilpotence n. Then there exists
b € Soc(J) such that (a"~ ', b) is an idempotent, and U,a* = 0 for 0 <k
<n-1

Moreover, given 0 # ¢ € | such that Ua" ! =cand Ucak =0,0<k<
n — 1, we have:

(1) The element

is a nonzero idempotent of Soc(J), and a = a, + a, (with respect to the
Peirce decomposition relative to ), with

n—1

ay= Y {a" % ¢ d} #0.
k=1
If additionally a is indecomposable, then:
(2) One has
n—1
a= Y {a" % cd}eU].
k=1
(3) One has

rank(a™) =n—~m  for 1<m<n-1.

In particular, rank(a) = n — 1 if and only if a is indecomposable.
(4) e is a support of a, and every support of a has rank equal to n.
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' Proof. By regularity of a"~1, there exists b, € J such that (a"~", b,) is
an 1dempotent in the Jordan pair sense. Suppose now that, for fixed2 < r < n,
we have constructed b,_, € J such that (¢"" ', b,_,) is an idempotent and
Uh a¢=0forn—(r—D<k<n-1 Then byLemma32 there exists
b, e] such that (¢"~', b,) is an idempotent and U, a* = 0 for n — r < k <
1"~"1. Hence, by recurrence, there exists b = b, € J such that (a"~ ', b) is
an ﬂémpotent and Uya* =0for0 <k <n— 1.

By Shirshov and Cohn’s theorem, we may assume we are in a Jordan
algebra H(A, %), where A is a unital associative algebra with symmetric
elements a and c.

(1): The (nonsymmetric) elements e,, = a" """ lca® for r,s €{0,.

n — 1} are a family of n* matrix units. In particular, the ¢,, are orthogonal
idempotents: ¢, e, = a" ™' T'cal "1 *cd' equals 0 if j > K (by a" = 0)orif
]<k(bycac—0fors<n—l) while if j = k it equals a" ! 7ca' = ¢

(by ca""'c = ¢), so the element
n—1 1n—1
e = Z {an—l—r’ c, ar} _ (an—l-rcar + arcan—l—r)
r=0 2 r=0

]
| =
e ——
=
™
S
3
+
2
01
h(\
)
e —
-1
o1
S
;

n—1 n—1
ae=a) e =a E a" " lea”
r=0 r=0
=Y a¢" "ca” =ea (since " = 0)

by symmetry, so @ = a, + a, (Peirce decomposition of a relative to e),
where

n—1
a, =ae = ea = 3(ae + ea) = 3 Y (a" Tca” + a’ca""")
r=1
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Now we claim that a, is nonzero. Indeed, computing ca,, we get

n—1 1n-1
ca,=c Yy {a* ",c,a"} == ). (ca” "ca” + ca"ca®"")
r=1 2 r=1

n 1

= 3(ca" 'ca + ca" 'ca) (as cate = 0if k <n — 1)

=ca+0
because ca™” ‘¢ = ¢, which is nonzero.

(2): Since a is indecomposable in every Litoff envelope (Remark 3.1), we
may assume, without loss of generality, that | is unital. Hence, a = a, + a,
(with a, # 0) implies @ = a, € U,], as required.

(3): We see first that the rank of ¢"~! is one. Suppose otherwise that
rank(a"~') > 1. By the first part of the theorem, there exists b € Soc(])
such that (a"~',b) is an idempotent and Uya* =0 for 0 <k <n — 1L
Hence, by [16, Corollary 1 of Theorem 3], rank(bh) = rank(a"~') > 1, so
b =b, + b,, where b, and b, are parts of nonzero orthogonal idempotents
(b,,d,) and (b, d,) [16, Proposition 1]. By Peirce relations relative to
orthogonal Jordan pair idempotents (see [13, p. 44D, Ud,b = Ud‘bi =d,
Uyd, = U, d; = b,, and

Ubid"_1 = UbUd‘Uba"_l = UbUdib = Ubdi = bi'
Moreover, since U,a* = 0 for 0 < k < n — 1, b, = U, d, implies
Ubiak=0 for 0<k<n-1.

Hence, by (2) applied to both ¢ = b, # 0 and ¢ = b, # 0,

n-1
a= Y {a" % b,d}
k=1
n—1 n—1
=Y {a"’k,bl,ak} + Z {a""‘,bz,ak} =q+a,
k=1 k=1

which is a contradiction. Therefore rank(a"~') = rank(b) = 1, as required.
We shall now prove that rank(e) = n — 1. By Lemma 3.1(3), rank(a) >
n — 1. To prove the reverse inequality, we must distinguish two cases.
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If n — 1 = 2m is even then, by (2),

a= Y 2{a"" % b,d"}.
k=1

Hence, by Proposition 2.1(2) and (4), rank(a) < 2m rank(b) = 2m =n — L.
If n —1=2m + 1is odd, then

m
a= Y, 2{a""* b,d*} + Uwmib.
k=1

Again, by Proposition 2.1(2), (3), and (4),

rank(a) < 2m rank(b) + rank(b) =2m + 1 =n — 1.
Finally, by Lemma 3.1(2),

1 = rank(a" ') < rank(a""?) < -+ < rank(a) =n — 1

implies rank(¢™) =n —m, forl<m <n - L

(4): By (2), a € U,] and hence, by Proposition 2.1(3), rank(e) > rank(a)
= n — 1. But actually rank(e) > rank(a), since otherwise by [16, Corollary 1
of Prop. 3], rank(e) = rank(a) would imply a invertible in U,J, which is a
contradiction because a is nilpotent. So rank(e) > n. The reverse inequality
can be verified as in (3), since by (1),

n—1
e= Y {a""'"",b,a"}.
r=0

Hence, a € U,] with rank(a) =n — 1 implies that e is a support of a.
Otherwise let u be an idempotent such that a € U,J with U,] strictly
contained in U,J. Then rank(u) = n — 1 and again, by [16, Corollary 1 of
Proposition 3}, ¢ is invertible in U, J, which is a contradiction. Suppose now
that f is another support of a. Since a remains indecomposable and with the
same rank in Uy J, we may replace | by U] in the statement of the theorem
and thus obtain, by (1) and (2), an idempotent ¢ € U;J such that a € U, ] C
U] with rank(e) = n. Hence f = ¢ has rank equal to n, which completes
the proof. [ |
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COROLLARY 3.1.  Let | be a Jordan algebra and a € So(J) a nonzero
nilpotent element. For any Litoff envelope U, ] of a, a is indecomposable in |
if and only if a is indecomposable in U, J.

Proof. By Remark 3.1, we need only to show that if a is indecomposable
in U,J then a is indecomposable in J. But this is a consequence of
Proposition 3.1 and Theorem 3.1(3) for m = 1, taking into account that both
notions, index of nilpotence and rank, are the same in | and any Litoff
envelope U,J. The first is trivial, and the second follows from the fact that
principal inner ideals of U,J are those principal inner ideals [x] of J such
that x € U, ]. ]

Everything is ready to prove the main result of this paper, namely, the
existence and uniqueness of a Jordan canonical form for any nilpotent
element in the socle of a nondegenerate Jordan algebra.

THEOREM 3.2. Suppose that | is a nondegenerate Jordan algebra and
a € Soc(]) a nonzero nilpotent of index of nilpotence n. Then:

(1) There exist e, e, ..., €, orthogonal idempotents in Soc(]J) such that
a = a, + a, + -+ +a, (Jordan canonical form of a), where, for each i, e, is
a support of a;, and a; is a nonzero indecomposable nilpotent of index of

nilpotence n;, n =n, 2 ny, > - 2 n,.

(@) Ifa=b, + b, + -+ +b, is another Jordan canonical form of a with
indices of nilpotence n = m; > my, > -+ > m,, thenr = s and n, = m, for
ali=1,...,r

(3) The idempotent e = e, + e, + - +e, is a support of a, and every
support of a has rank equal to n, + ny + -+ +n,.

Proof. (1): Existence of the Jordan canonical form. We will induce on
the rank k of a. If k = 1, then a is indecomposable by Proposition 2.1(2), so
suppose that the result is true for any nilpotent of rank <k — 1 and let
rank(a) = k. If a is decomposable, then a = a, + a, where each a, is a
nonzero element in U, J, with e, ¢, orthogonal idempotents in the socle of
J. By Proposition 2.1(2), rank(a) = rank(a,) + rank(a,), and hence rank(a,)
< rank(a), i = 1,2, because q, is nonzero. Then, by the induction hypothe-
sis, each g; has a Jordan canonical form a,=a; +ay+- . Since, by
Corollary 3 1, every indecomposable mlpotent inU, ] is actua]ly mdecompos—
able in J,

a=a tay;=a;, tay,+- - ta, tay tay+t- - +a,,

provides a Jordan canonical form for a, as required.
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(2): Uniqueness of the Jordan canonical form. Let

a=a + - +a (n=n;,2 - 2n,>1)

r

be a Jordan canonical form of a. We claim that the sequence n = n; > -+
> n, > 1 is uniquely determined by a. This follows from the fact that there
is an explicit formula for the n,’s, or equivalently for the multiplicities p, (the
number of n;’s which equal k):

py = rank(a*~!) — 2 rank(a*) + rank(a**?),

which can be verified by using Proposition 2.1(2) and Theorem 3.1(3).

(3): Since ¢, is a support of g, fori = 1,...,n, taking e = ¢, + -+ +e,,
we obtain a support of a. Indeed, a € U,J with rank(e) = rank(e,)
+ --- +rank(e,) = n, + - +n, [n, being the index of nilpotence of g,
(Theorem 3.1(4))], and if a € U,.J for some e’ € U,], then [applying (1) to
U, J]1 we obtain [since the Jordan canonical form of a is the same in any
Litoff envelope (Corollary 3.1)] f=f, + - +f, € U,.] with rank(e) =
rank(f) < rank(e’) and hence ¢ = ¢'.

Finally, any other support of a has the same rank as e (by Corollary 3.1
again). [

REMARK 3.2. If ] is unital, we can extend the Jordan canonical form of a
nilpotent element ¢ = @, + -++ +a, in the socle of ], possibly by adding zero
elements, to get a =a, + - +a, + a,,, + - +a,, so that the unit ele-
ment 1 of | is a sum 1 =¢, + -+ +e, of nonzero orthogonal idempotents
with each ¢; € UJ.1<j<t

REMARK 3.3. Since the socle of a nondegenerate Jordan algebra |
satisfies dec on principal inner ideals (see [3] or [14]), any a € Soc(]) has a
Fitting decomposition [15, Theorem 1], that is, there exists a unique idempo-
tent e € Soc(J) such that a = g, + g, € ], ® ], in the Peirce decomposi-
ton J=],®],,, ®], of | with respect to e, where q, is invertible in
J. = U,J and g, is nilpotent. This result, together with Theorem 3.2, reduces
the study of the elements of the socle to two particular types: (1) locally
invertible elements, and (2) indecomposable nilpotent elements. The first
ones, which were studied in [6], occur also in [4] in the extensions of
Zel'manov’s theorem for Goldie Jordan algebras to local orders.
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4. REDUCED JORDAN ALGEBRAS

Let | be a Jordan algebra over ®. An element ¢ € ] is called reduced if
U,J € ®c. By [19, (1.3)], the linear span Red(]) of all reduced elements is an
ideal of J. We call | reduced if J = Red(J). If ® = F is a field and [ is
nondegenerate, then a nonzero element ¢ € J is reduced if and only if
U,] = Fc and so a minimal inner ideal. Hence Red(J) € Soc(J) and every
nonzero reduced element generates a simple ideal. By [5, (2.5)], for a
nondegenerate Jordan algebra | over a field F, Soc(J) = Red(J) if and only
if every simple component of Soc(J) contains a nonzero reduced element.
Moreover, in such case, every minimal inner ideal of | is generated by a
reduced element. We also recall [5, (2.6)] that any nondegenerate Jordan
algebra which is either finite-dimensional over an algebraically closed field or
a (possibly infinite dimensional) complex normed Jordan algebra coinciding
with its socle is reduced.

Although the proof of the following lemma only requires well-known
standard arguments, it is included for completeness.

LEMMA 4.1.  Let ] be a unital nondegenerate Jordan algebra over a field
F, and let a € | be a nonzero algebraic element with minimum polynomial
m(x) € Flx]. Suppose that m(x) = p(x)q(x) for p(x) and q(x) relatively
prime monic polynomials of degree > 1 in F[x]. Then

(1) 1 = e + f where e and f are nonzero orthogonal idempotents in the
associative subalgebra Fla] generated by a;

(2) a=b + cwithb € U,] and c € U;]J. Moreover, p(x) and q(x) are
the minimum polynomials of b and ¢ in the unital Jordan algebras U, ] and
U; ] respectively.

Proof. Since any Jordan algebra is power associative, the subalgebra
Fla] generated by a and 1 is isomorphic to F[x]/(m(x)), which is well
known to be the direct sum of F[x]/(p(x)) and F[x]/(g(x)), so Flal is the
direct sum of F[b] and Flc], 1 =e + f with ¢ =b + ¢, the minimum
polynomials of b, ¢ being p, q (as the cosets of x in the quotient mod p
or q). [ |

Suppose now that J is a nondegenerate Jordan algebra which is reduced
over an algebraically closed field F, and let a € J. As pointed out in Remark
3.3, a has a Fitting decomposition a = a; + a, associated to a unique
idempotent e € J, that is, a, is invertible in U,] and a, € J,(e) is nilpo-
tent. Moreover, by Theorem 3.7, a, has a Jordan canonical form



166 A. FERNANDEZ LOPEZ ET AL.

= Zg + *** +z, with indexes of nilpotence ng; > -+ > ny, > 1. On
the other hand, U ] is a unital reduced Jordan algebra over F, and hence, by
the structure theorem of these algebras [10, p. 203, Theorem 8], every
element of U, ], in particular a,, is algebraic over F. Let m(x) = (x — )"
*+(x — ;)™ be the minimum polynomial of @, in U, ], where @, # a; for
i #jand r; > 1. Since a, is invertible in U, J, the spectral values {a, ..., a;}
are nonzero. Then, by Lemma 4.1, e = ¢, + *-- +¢; is a sum of nonzero
orthogonal idempotents (e, is the spectral idempotent relative to the spectral
value a;), and a) = by + -+ +by, where each b, € U, J, with (x — ;)" the
minimum polynomial of b, in U, J. Thus z, := b, ~ ae; is nilpotent of index
of nilpotence r;. Now we have by Remark 3.2 that each ¢; = ¢, + -~ +e¢,, is

a sum of nonzero orthogonal idempotents and z; =z, + -=* +z,, with
zi] € U, | nilpotent of index of mlpotence n,J, nl1 > 2n, 21 0G=
k Finally, b, = aje; + 2,4+ -+ +ae,, Altogether we have

proved

THEOREM 4.1. Let | be a nondegenerate Jordan algebra which is re-
duced over an algebraically closed field F. Then every element a € | has a
Jordan canonical form a =zy + - +z4, + ey + 2+ toye, +
Zy,, o Foge + 2 + o toge, + 7y, where

(1) ay = zqy + -+ +2,,, is a Jordan canonical form of the nilpotent part
a, of a,

(2) the e;; are nonzero orthogonal idempotents with e = Le;; the Fitting
idempotent of a,

@) {ay, ..., &} is the spectrum of the locdlly invertible part a, € U,]
given by the Fitting decomposition,

(4) foreachi=1,....k, e, =e¢, + - +e,
relative to the spectral value «;, and

(5) foreachi=1,....kandj=1,...,1, 2, € Ue‘j] is nilpotent with
index of nilpotence n;;, n, > -+ =0, > 1.

is the spectral idempotent

]’

COROLLARY 4.1. Let | be a nondegenerate Jordan algebra which is
reduced over an algebraically closed field F. If | does not contain any nonzero
nilpotent element, then every a € | is diagonalizable, that is, a = a e,
+ - tage, where 0# o, €F and {e,,..., e} are nonzero orthogonal
idempotents.

We are indebted to the referee for the careful reading of our manuscript
and for his interesting suggestions.
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