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ABSTRACT

In this paper we characterize the largest exchange ideal of a
ring R as the set of those elements x € R such that the local ring of
‘R at x is an exchange ring. We use this result to prove that if R and
S are two rings for which there is a quasi-acceptable Morita context,
then R is an exchange ring if and only if S is an exchange ring, ex-
tending an analogue result given previously by Ara and the second
and third authors for idempotent rings. We introduce the notion of
exchange associative pair and obtain some results connecting the
exchange property and the possibility of lifting idempotents mo-
dulo left ideals. In particular we obtain that in any exchange ring,
orthogonal von Neumann regular elements can be lifted modulo
any one-sided ideal.
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1. THE LARGEST EXCHANGE IDEAL OF A RING

The exchange property for modules was introduced in [1] by Crawley and
Jonsson and, roughly speaking, it is the necessary property to have suitable versions
of the Krull-Schmidt Theorem even when the modules do not decompose as direct
sums of indecomposables. Following [2] we say that an associative unital ring R
is an exchange ring if Ry has the exchange property. Warfield proved that this
property is left-right symmetric. A useful characterization of exchange rings was
obtained independently by Goodearl [3] and Nicholson [4]. Namely, a unital ring
R isan exchangering if and only if for each x € R there exist anidempotente € R
and elements r, s € R such that e = rx = 5 + x — sx. This characterization was
adapted by Ara in [5] to give the definition of an exchange ring without unit (5,
Lemma 1.1). As in the unital case, the definition is left-right symmetric, and it gives
exchange properties for suitable module decompositions [see (5, Theorem 1.2)].

From now on, unless specified, R will denote a not necessarily unital ring.

We will say that R is an exchange ring [see (5)] if for every element x € R
the equivalent conditions in the next lemma are satisfied.

Lemma1.1(5, Lemmal.1). LetR bearing andlet R’ be aunital ring containing
R as atwo-sided ideal. Then the following conditions are equivalent for an element
x eR:

i) There exists > = e € Rwithe —x € R'(x — x?),
ii) there exist ¢* = e € Rx and ¢ € R such that (1 —e) —c(1 —x) €
J(R),
iii) there exists > = e € Rx such that R' = Re + R'(1 — x),
iv) there exists e = e € Rx suchthat 1 —e € R'(1 — x),
V) thereexistr,s € R,e> =e € Rsuchthate =rx = s+ x — sx.

[J(R') denotes the Jacobson radical of R'.]

Note that R being an exchange ring does not depend on the particular unital
ring where R is embedded as an ideal [look at condition (v) in Lemma 1.1]. Other
characterizations of the exchange property for not necessarily unital rings can be
found in [5].

The following definition was introduced by the second and third authors
jointly with Ferndndez Lépez and Garcia Rus in [6] in the setting of associative
pairs [see Section 3 for the definition of associative pair]. The use of the local
rings at elements of a ring [or associative pair] allows to exchange information
between them [the ring -or the associative pair- and its local rings at elements].
For an element x in a ring R we define the local ring of R at x, and denote it by
R, as the additive subgroup xRx, endowed with the product

XYX = XZX 1= XYXZX.
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This notion had appeared in a paper of Meyberg [7], although in a different way:
Let x be an element in aring R. The additive group R with the x-homotope product

a«b=axb
q

becomes a ring called the homotope of R at x and is denoted by R*. The set
Ker(x) = {a € R | xax = 0}

is an ideal of R*. Meyberg’s local rings are the quotients R* /Kerx for x € R,
but it is easy to see that the mapping a + Ker(x) + xax is an isomorphism from
R* /Ker(x) onto R,.

Recall that an element x € R is said to be von Neumann regular (in R) if
there exists y € R such that x = xyx. If x is a von Neumann regular element,
then R is a unital ring and x is the unit [x . xax = xyx . xax = xyxaxa = xax
and xax . x = xax . xyx =xaxyx =xaxq]. In particulgr, if e is an idempotent
of R then' R. is the squbring eRe of R.

Let Z be an ideal of R and x an element in R. The x-homotope product is
well-defined on Z and xZx can be regarded as an ideal of the local ring R, of R at
x. These two rings, denoted by Z* and Z,., will be called the generalized homotope
of 7 at x and the generalized local ring of T at x, respectively [see (6) for this last
definition].

An exchange ideal of aring R is an ideal of R which is exchange as a ring.
In (8, Theorem 1.4) the authors characterize the exchange rings as those rings R
such that for every element x € R the local ring of R at x, i.e. R, is an exchange
ring. In this section we study in depth the exchange elements of a not necessarily
unital ring R, understood as those x € R such that R, is an exchange ring. We
prove that the largest exchange ideal of a ring [with respect to inclusion], denoted
by €(R), consists of the exchange elements of the ring /R. Hence R is an exchange
ring if R = €(R) [the existence of €(R) was proved in (8, Theorem 3.5)].

Lemma 1.2. Let R be a ring, let I be a two-sided ideal of R and y € 1. Then
1, is an exchange ring if and only if R, is an exchange ring.
Proof: We notice that R, /Z, is a nilpotent ring and since nilpotent rings are

radical, the result follows from (5, Corollary 2.5). O

For a ring R we denote by R, its unitization, that is, R; = R & Z with
componentwise addition and multiplication defined by (x, n)(y, m) = (xy +ny +
mx,nm) forall x, y € R and n, m € Z. Note that R is an ideal of R;.

Proposition 1.3. Let R be a ring and let T be a two-sided ideal of R. For an
element x € R the following conditions are equivalent:

1) ZIx is an exchange ring,
il) xZis an exchange ring,

MARCEL DEKKER, INC.

270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

) 1


pulsa aceptar


910 COMPANY CABEZOS, GOMEZ LOZANO, AND SILES MOLINA

iii) ZxZ is an exchange ring,
iv) Z, is an exchange ring,
v) ZI% is an exchange ring.

If x € 1 then the previous conditions are equivalent to each of the following ones:

i) Z,x is an exchange ring,
ii") xZ, is an exchange ring,
iii") ZyxZ, is an exchange ring.

Proof: Consider the following ring homomorphisms:

0. Ix—> I, VYv:xI—> I, n:T'— I,
YX B> Xyx Xy > xyx y = xyx

We have that Zx /Ker(¢), xZ/Ker(y) and Z* /Ker(n) are isomorphic to Z,. More-
over Ker(¢), Ker(y) and Ker(n) are nilpotent ideals of Zx, xZ and Z"* respectively.
Since nilpotent ideals are 7 -regular, (i), (ii), and (v) are equivalent to (iv) by virtue
of (5, Corollary 2.5).

(iii) = (i). By (8, Proposition 1.3) the left ideal (Zx)? of the exchange ring
TxZ is an exchange ring. Moreover Zx /(Zx)? is a nilpotent ring and by (5, Corol-
lary 2.5) Zx is an exchange ring.

(i) =(iii). Let y = )", rixs; be an element in ZxZ, and let 7, %, § be the
following elements of M,,(R):

rl r2 rn X O ... O sl 0 “e . 0
_ 0 0 0] _ 0 x 0] _ s5 0 0
=1 s -0 pX= s s 0 ST s e
o o0 --- 0 00 ... x s, 0 --- 0
The map
p Ly > My(Dxs
u H— ME]] ’
where
1 0 0
0 0 0
En=]|. . .
00 0

is a ring isomorphism so Z, is an exchange ring if and only if M,,(Z )5 is an
exchange ring. By hypothesis Zx is an exchange ring and, by (5, Theorem 1.4),
M, (Ix) = M, (Z)x is an exchange ring. Now by (8, Proposition 1.3) M, (Z)rx,
which is a left ideal of the exchange ring M,,(Z )%, is an exchange ring. If we apply
(i) < (ii) we obtain that 7xM,,(Z) is an exchange ring and, by the right-handed
version of (8, Proposition 1.3), 7xs M,,(Z ), which is aright ideal of rx M,,(Z), is an
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exchange ring. Using (i) < (iv), we see that M, (Z )75 is an exchange ring. Finally,
since (Zx1), is an ideal of Z,, (Zx1), is an exchange ring. Now (8, Theorem 1.4)
applies to get that ZxZ7 is an exchange ring.

Finally, notice that if x € 7 then the rings Zx, xZ, and ZxZ7 are ideals of Z; x,
xZ,and Z,xZ, respectively. Moreover Zx /Zx,xZ, /xZ,and Z,xZ; /ZxT are nilpo-
tent rings, so by (5, Corollary 2.5), (i) < (i'), (ii) < (ii’), and (iii) < (iil’). O

Theorem 1.4. Let R be a ring, x € R and L an ideal of R. Then:

i) €(R)={x € R| R, is an exchange ring}.
i) e@)=ZNe(R).
i) €@)=Z,Ne(Z) =7, Ne(R).

Proof:

i) If x € €(R), then by (8, Theorem 1.4) €(R), is an exchange ring and
by Lemma 1.2 R, is an exchange ring. Conversely, if R, is an ex-
change ring for an element x € R, then R;xR is an exchange ring
by Proposition 1.3. Since R xR is a two-sided ideal of R we have
Ri1xR € €(R) whence x € €(R).

ii) Foranyy € Zwehavey € €(Z)if and only if [by (i)] Z, is an exchange
ring which is equivalent [by Lemma 1.2] to R, being an exchange ring.
This is in turn equivalent to y € €(R) (by (i)).

iii) By (i), xyx € e(Zy) if and only if (Z ).y, = Zx,, is an exchange ring,
which is equivalent by (ii) to xyx € e(R)NZ, = e(@)NZ,. O

Corollary 1.5. Foraring R
€(R) = {x e R|J, is an exchange ring for some ideal [J of R containing x}.

Proof: By Theorem 1.4 (i) x € €(R) if and only if R, is an exchange ring, and,
by Lemma 1.2, R, is an exchange ring if and only if J, is an exchange ring for
some ideal [ of R containing x. O

Although the following result can be obtained as a corollary of Theorem 1.4,
we give here and independent proof which was suggested to us by the referee.

Proposition 1.6. Let R be a ring and 1 be the ideal of R generated by a subset
X of R. Then I is an exchange ring if and only if X C €(R).

Proof: Assume that X C €(R). Let Z = Zx cx RxR. Since €(R) is an ideal of
R we have 7 C €(R) and in fact it is an ideal [of €(R)]. Thus, since €(R) is an
exchange ring we get that 7 is exchange.

Conversely, if 7= )" _,RxR is exchange, then RxR is exchange for any
x € X. By Proposition 1.3, R1xR; is exchange. Since R;xR is an ideal of R
[x € R], we get that x € €(R). Since x was arbitrary, this proves that X C €(R),
as desired. O
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A natural extension of property (iv) in Lemma 1.1 can be proved for [not
necessarily unital exchange rings], which leads to a result on lifting orthogonal
idempotents modulo a left ideal in any exchange ring. This result was already
known for unital rings [see (4, Proposition 1.12)].

Proposition 1.7. Let R be an exchange ideal of a unital ring R’ and suppose
that [ for some natural ] x1, ..., Xy € R, Xq41 € R aresuchthatl = x; +--- +
Xy + Xgqq1. Then there exist orthogonal idempotents ey, ...,eq € R, eqr1 € R
suchthat 1l = ey + -+ ey + €1, Withe; € Rx; fori € {1,...,a} and ey €
RIXOH_] .

Proof: The case @ = 1 follows from (iv) of Lemma 1.1.

Suppose that @ > 2 and that the result is true fora — 1 and let xy, ..., xy €
R, x4+1 € R suchthat 1 = x; + -+ + x4 + Xo41. Since R is an exchange ring,
(iv) in Lemma 1.1 applied to x = x; + --- + x, € R shows that there exists an
idempotent f € R(} ;_; x;))suchthat 1 — f € R'(1 = X1, x;) = R'xg41-

Lety € Rbesuchthat f =y Y & x;i =Y o yxi =Y, yxif = f2. By
(5, Proposition 1.3), fR f is an exchange ring and by the induction assumption,
there exist orthogonal idempotents fi, ..., fy in fRf such that f => "7, f;
and f; € fRfyx; f. Write f; = fy; fyx; ffory; e R,i €{l,...,a}, and define
e; = f;yifyx;. Then,fori, jin{l, ..., a},and using that f; = ff; = f; f, we get

eie; = (fiyi fyxi)(f;yi fyx;)) = fifyifyxiffiyifyx; = fif;iyi fyx;,

whichis 0ifi # j and ¢; if i = j. Hence, ey, ..., e, are orthogonal idempotents

ande; € Rx;.Lete =Y i e;.Sincee; f = fiyi fyxif = fifyifyxif = fifi =
fiweget(1—e)=(1—e)1— f) € R'xq4s1, and this completes the proof. O

As a consequence of this result we obtain the lifting theorem for orthogonal
idempotents, whose proof is omitted because it is similar to that of (4, Proposi-
tion 1.12), using Proposition 1.7 in place of (4, Proposition 1.11).

Let £ be a left ideal of a ring R. For elements x, y € R we will write
x = y(mod L) whenx —y € L.

Proposition 1.8. Let R be an exchange ring, L a left ideal of R and let xy, . . .,
Xq be orthogonal idempotents modulo L, that is, x; = xiz(mod L) for each i and
x;x; = 0(mod L) foralli # j. Thenthere exist orthogonal idempotentsey, ..., eq
in R such that e; € Rx; and e; = x;(mod L) for each i.

2. EXCHANGE MORITA RINGS

Let R and S be two rings, xNs and sMp two bimodules, and (—, —) :
NxM—TR,[—,—]: M x N — S two maps. Then the following conditions
are equivalent:
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i) (E 1;) is a ring with componentwise sum and product given by:

riom\(r2 nm\ _ (rin+@,m)  rny+ns
my sy J\my s2)  \ mra+simy [my,np] +s152)°
ii) [—,—] is &S-bilinear and R-balanced, (—, —) is R-bilinear and
S-balanced and the following associativity conditions holds:

(n,m)n’ =n[m,n’] and [m,nlm' =m@m,m).

[—, —] being S-bilinear and R-balanced and (—, —) being R-bilinear
and S-balanced is equivalent to having bimodule maps ¢ : N ®s M —
Rand ¢ : M @z N — S, given by

g @m)=(n,m) and Y(mn)=[m,n]
so that the associativity condition above reads
em@m;n’ =ny(m®n’) and Y(m @ n)ym' = me[m, n].

A Morita context is a sextuple (R, S, N, M, ¢, ) satisfying the conditions given
above. The associated ring is called the Morita ring of the context. By abuse of
notation we will write sometimes (R, S, N, M) instead of (R, S, N, M, ¢, ) and
will suppose R, S, N, M contained in the Morita ring associated to the context
[see also (9) for the theory of nonunital Morita rings].

Theorem 2.1. Let (R, S, N, M) be a context and A the associated Morita ring.
Then

€(A) = {x € A| A, isanexchange ring for i, j € {1, 2}},

where A1, Axn, A1z and Ay denote, R, S, N, and M, respectively, and x;; is the
(i, j)-component of x.

Proof: By Theorem 1.4 (i), if -Ax,-/ is an exchange ring, then x;; € €(A), hence
X =Xy + X2+ x21 + x2 € €(A).

Conversely, let x be an element in €(A) and write x = x1; + X2, + X12 + X21.
Fori, j € {1,2},

xiij;ijiijij = x,-jAj;x,-jAjixijAjixij = xijAjixAjixAjixij C 6(./4)

Therefore Ay, = xijyxij Axijyx;; € €(A) and x;;yx;; € €(A) by Theorem 1.4
(i) for every y € A.

By Theorem 1.4 (iii), Ay, yx; = €(Ax,yx,;), Which implies A,y is an ex-
change ring. By condition (i) in Theorem 1.4, x;; yx;; € €(A) and we have shown
x;jAx;j € €(A). By Theorem 1.4 (iii), A, = €(A,,), which implies that A, is
an exchange ring. O
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In classical Morita theory it is shown that two rings with identity R and
S are Morita equivalent (i.e., R-mod and S-mod are equivalent categories) if
and only if there exists a Morita context (R, S, N, M, ¢, ¥). The approach to
Morita theory for rings without identity by means of Morita contexts appears in a
number of papers [see (9) and the references therein] in which many consequences
are obtained from the existence of a Morita context for two rings R and S. For
example, it is shown in (9, Theorem 3.10).

Theorem 2.2. Let (R,S, N, M, ¢, ) be a Morita context. The following con-
ditions are equivalent:

1) Homgz(Mpz, —) and Homs(Ns, —) are inverse category equivalences,
with the transformations given by the context, between the categories
CMod—R and CMod—S,

i) M ®r — and N Qs — are inverse category equivalences, with the
transformations given by the context, between the categories R—
DMod and S—DMod,

iii) The context (R, S, N, M, ¢, V) is left acceptable.

Here, the context is said to be left acceptable if:

For every (r,),en € RY there exists ng € N such that rq . .. n, € Img, and
for every (Spy)men € RY there exists my € N such that s; . . . Smy € Imyr.

For the following result we can weaken the hypothesis assumed on the Morita
context.

A Morita context (R, S, N, M) is called quasi-acceptable if:

For every r € R there exists @ € N such that 7* € Img, and foreverys € S
there exists 8 € N such that s € Imy.

Theorem 2.3. Let (R, S, N, M) be a quasi-acceptable Morita context and A the
associated Morita ring. Then the following conditions are equivalent:

i) A is an exchange ring,
i) ‘R is an exchange ring,
iii) S is an exchange ring,
iv) for every element m € M the ring N,, := A, is an exchange ring,
V) for every element n € N the ring M,, := A, is an exchange ring,

Proof: Since for every elementx € B, where B =R, S, M or N, wehave A, =
B, by Theorem 2.1, (ii)—(iv) together imply (i). By (8, Theorem 1.4), (i) implies
>i1)—(v).

Suppose that R is an exchange ring. Then R = €(R), which implies that
R, = A, is an exchange ring for every x € R. By condition (i) in Theorem 1.4,
R < €(A) and since €(R) is an ideal, the ideal generated by R in A is contained in
€(A). In particular, foranym € M andn € NymAm = mNm C AR C e(A) and
nAn = nMn C RA C €(A). This implies, using conditions (iii) and (i) in Theo-
rem 1.4, that (iv) and (v) follow from (ii). Analogously, (iii) implies (iv) and (V).
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Now we prove (iv) = (ii). By Theorem 1.4 (i), M C €(A) and since €(.A) is an
ideal of A containing the ideal N M, then N M is an exchange ring by condition (ii)
in Theorem 1.4. Since the context is quasi-acceptable, R /N M is anil ring. Hence,
and applying (5, Corollary 2.5), we get (ii). Analogously (iii) follows from (iv).

(v) = (ii) and (iii) are proved similarly. O

3. EXCHANGE ASSOCIATIVE PAIRS

Recall that an associative pair over Z is a pair (A%, A™) of Z-modules
together with Z-trilinear maps

A x A7% x A° — A°
(x,y,2) = xyz

satisfying the following identities:
uv(xyz) = u(vxy)z = (uvx)yz (1

forall u,x,z € A, y,v e A7, and 0 = £. [See (10) for other definitions and
results on associative pairs].

The first example of an associative pair is given by (A, .A), for any associative
algebra A, under the triple product (x, y, z) = xyz, where juxtaposition denotes
the product of A.

Given an associative pair A = (A", A7), recall that left, middle, and right
multiplications are defined by:

Ax, y)z = pu(x, 2)y = p(y, 2)x = xyz. 2)
It follows from equation (1)

Ax, y)A(u, v) = AMxyu, v) = Alx, yuv) 3
and similarly

o, v)p(x,y) = p(x, yuv) = p(xyu, v). “4)

Hence it is clear that the linear span of all operators T : A° — A° of the form
T = A(x,y)or T = Idy- is a unital associative algebra, denoted by A(A%, A™7).
Clearly A? is a left A(A?, A=7)-module. Similarly, we define I[1(A~7, A?) as
the linear span of all the right multiplications plus the identity on A°. Then A°
becomes a left [TI(A™7, A%)-module. We define the left ideals L C A° of A as
the left A(A?, A=7)-submodules of A, and the right ideals R C A’ as the left
I1(A~?, A%)-submodules. A two-sided ideal B C A° isboth aleft and arightideal.
For some results we will consider pairs L = (L™, L™) of left [right, two-sided]
ideals of A, which, by the definition of left [right, two-sided] ideal, are themselves
associative pairs. An ideal I = (I", I17) of A is a pair of two-sided ideals of A
such that A° 177 A° C [°.

MARCEL DEKKER, INC.

270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

) 1


pulsa aceptar


916 COMPANY CABEZOS, GOMEZ LOZANO, AND SILES MOLINA

Associative pairs are really “abstract off-diagonal Peirce spaces” of associa-
tive algebras in the following sense: Let £ be a unital associative algebra. Consider
the Peirce decomposition £ = £ & £, B &1 D £y, of £ with respect to an idem-
potente € &, i.e.,

511 = eé’e, 512 = 85(1 — e), 521 = (1 — e)é'e and
En =1 —e)l(l —e),

and denote by r;; : £ — &;; the corresponding Peirce projections. For any set
X C € we put X;; :=m;;(X). Then (€12, &) is an associative pair if we define
(xyz) = xyz and (yzw) = yzw, for x, z € £ and y, w € &;. Conversely, every
associative pair A = (AT, A7) can be obtained in this way [see (11), Section (2.3)].

Let C be the Z-subalgebra of B = End;(A") x Endz(A™)? spanned by
e; = (Id, Id) and all (A(x, y), p(x, ¥)), and similarly, let D the subalgebra of B
spanned by e; = (Id, Id) and all (p(y, x), A(y, x)) where (x, y) € (A*, A7). The
associativity condition (1) ensures that these Z-linear span are really subalgebras.
Again by equation (1), A™ is an (C, D)-bimodule if we set

cx =cp(x), xd=di(x)

forx € AT and ¢ = (cy,c_) €C,d = (dy,d_) € D. Similarly, A~ is a (D, 0)-
bimodule. Now we define multiplications on AT x AT with values in C, respec-
tively D, by

xy = (Ax,y), p(x,y), yx = (p(y,x), Ay, x)).

Then it is easy to check that £ = (C, D, A*, A™) is a Morita context and if we set
e = ey, then the pair (&, ) is called the standard imbedding of A. In other words,
given an associative pair A = (A", A7), there exists a unital associative algebra £
with an idempotent e such that A is isomorphic to the associative pair (€2, &),
where &1 [resp. £ is spanned by e and all products x5y, resp. 1 — e and all
products y,1x12] for x12 € &2, y21 € &1, and has the property that

x11€12 = Euxpp =0 implies xp; = 0,
and
x22E1 = E1pxay = 0 implies x2, = 0.

Now let A be the subalgebra of £ generated by the elements xj, and x;;. It
is immediate that A is an ideal of £. We will call A the envelope of the associative
pair A. Notice that Ay, := e A(1 — e) = £ and Ay; := (1 — e)Ae = &, hence
the associative pair A is isomorphic to the associative pair (A;z, Az1).

Let A = (A", A7) be an associative pair and a € A°. Recall that the module
A~? endowed with the a-homotope product

X «y =Xxay,
a
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becomes an associative ring A, called the homotope of A at a, which has as a
[nilpotent] ideal the set

Ker(a) = {x € A7 |axa = 0}.

The ring A% /Ker(a) is called the local ring of A at a. There is another way
to introduce local rings at elements [see (6)]: The submodule a A~%a, equipped
with the multiplication defined by

(axa) - (aya) = axaya,

is an associative ring denoted by A,. Anelementa € A? is said to be von Neumann
regular if a € aA~%a. Observe that if a is von Neumann regular, then A, is
unital with a as its unit. Moreover, it is easy to see that in any case the mapping
x + Ker(a) +— axa is an isomorphism from A“/Ker(a) onto the ring A,.

Let B be an associative pair. A pair of submodules A = (A™, A7) of B is
called a subpairif A° A~ A° C A°. Suppose that A is a subpair of an associative
pair B and let b € B~ be such that AT is a subalgebra of the homotope B”. Then
bA™Tb can be regarded as a subalgebra of the local algebra By, of B at b which will
be called the generalized local algebra of A at b and will also be denoted by A.
If b is actually in A™, then the definition of generalized local algebra agrees, of
course, with that given above.

An associative pair A is said an exchange associative pair if for every element
x € A? the local ring of A at x, A, is an exchange ring. Our definition is inspired
by (8, Theorem 1.4), which asserts that a ring R is an exchange ring if and only
if every local ring R, is an exchange ring. Thus, the first example of an exchange
associative pair is the associative pair (R, R) for any exchange ring R. We point
out that in the case of an associative pair (R, R) coming from an associative ring
R, the definitions of homotopes and local rings at elements coincide with the ones
given in Section 1.

Remark. Notice that by the isomorphism between A, and A*/Ker(x) and by
(5, Corollary 2.4), the ring A, is exchange if and only if A* is an exchange ring.
This reasoning can also be applied when A, is a generalized local ring.

Hence, Lemma 1.1 provides a characterization of an exchange associative
pair in terms of its elements: An associative pair A is an exchange associative
pair if and only if every element x € A“ satisfies the equivalent conditions in the
following lemma for every y € A™°.

Lemma 3.1. Let A be an associative pair, x € A° and S be a unital ring con-
taining A* as anideal. Then the following conditions are equivalent for an element
yeA%

(1) Thereexistse se =e € A7 withe —y € S(y —y « y),
q q
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(ii) thereexistse « e=e€ A% . yandceSsuchthat(ls—e) —c(ls—y) €
q q
J(S),
(iii) there existse e =e € A% .y suchthat S = A* . e + S(1s — ),
(iv) there exists e le=c eA° : y such that 1s — e eqS(ls —-y),
(v) thereexiste e=e e A° and r,s € A% suchthate =r .y =s +
q

y—S ).
q

Let A = (A%, A7) be an associative pair. We say that a pair (x, y) € A
is quasi-invertible if x is quasi-invertible in the associative algebra AY. The
[Jacobson] radical of the associative pair A is defined as RadA = (RadA™,
RadA™), where RadA? is the set of properly quasi-invertible elements of A? [see
(10) for the definitions and some characterizations of the radical of an associative
pair].

Let A be an associative pair. Anelement (a, b) € A issaid to be an idempotent
if aba = a and bab = b.

If A = (R, R) is the pair associated to a ring R, then every von Neumann
regular element a = aba € R gives rise to an idempotent (a, bab) in the asso-
ciative pair A. Conversely, if (a, b) is an idempotent in A, then a and b are von
Neumann regular elements of R.

Example 3.2. The radical associative pairs are exactly the exchange associative
pairs without nonzero idempotents.

Recall that an associative pair A is said to be von Neumann regular if for
every element x € A” there exists y € A~ such that x = xyx.

Example 3.3. If an associative pair A is von Neumann regular, then A, is von
Neumann regular for every element x € A?. By (5, Example 3), A, is an exchange
ring, hence every von Neumann regular associative pair is an exchange associative
pair.

Proposition 3.4. Let R be a ring and o, B € N. Then R is an exchange ring if
and only if (Mgyxp(R), Mpgxo(R)) is an exchange associative pair.

Proof: Consider the quasi-acceptable Morita context
(MO{(R)7 Mﬂ(R)v Motxﬁ(R)a Mﬁxrx(R))

whose associated Morita ring is M,1(R) and apply (5, Theorem 1.4) and
Theorem 2.3. d

Given an associative pair A = (A", A7), denote by A its envelope. Since
(Ai1, Az, A1z, Ajp) defines a quasi-acceptable Morita context, Theorem 2.3 can
be applied to obtain the following result:

Theorem3.5. Let A = (A", A7) be an associative pair and A its envelope. Then
the following conditions are equivalent:
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i) A is an exchange associative pair,

il) A is an exchange associative ring,

iii) for every element a € A" the local ring of A at a, A,, is an exchange
ring,

iv) for every element b € A~ the local ring of A at b, Ay, is an exchange
ring,

v) Ay is an exchange ring,

vi) Ay is an exchange ring,

Lemma 3.6. Every pair L = (L™, L) of left ideals of an exchange associative
pair A = (AT, A7) is an exchange associative pair.

Proof: Take ! € L°. Then L, is a left ideal of the exchange ring A; [because
L™ is aleft A(A™7, A%)-submodule of A~?] and, by (8, Proposition 1.3), L; is
an exchange ring, hence L is an exchange associative pair. O

We will say that an ideal I of an associative pair A is an exchange ideal if
I is an exchange associative pair. We will prove that every associative pair has a
largest exchange ideal.

Proposition 3.7. Let A be an associative pair and A its envelope.

1) If Zisanexchangeideal of A,then I = (IT, 17) := (ZN A;p, TN Asp)
is an exchange ideal of A.

i) If 1 =", 1) is an exchange ideal of A and T denotes the ideal
generated by I in A,ie, T=1"+1"+ Ay IT + 1T Ay +1"Ajp +
Al ~, then T is an exchange ideal of A.

i) Itis obvious that / is an ideal of A. Take y € I°. By (8, Theorem 1.4),
Z, is an exchange ring. Since /, is a two-sided ideal of Z,, then /, is an
exchange ring again by (8, Theorem 1.4).

ii) Let! = (I, I7) be an exchange ideal of A and denote by Z the ideal
generated by I in A. Since for every y € I° we have

Yy =y(I°+ T +A I+ T A+ A I+ 1A%y
=yl%,
we see that 7, = I, is an exchange ring. By Corollary 1.5, y € €(A)

and applying Proposition 1.6 we obtain that 7 is an exchange ideal of A.
O

As an immediate consequence of this proposition and (8, Theorem 3.5) we
obtain:

Theorem 3.8. Every associative pair A contains a largest exchange ideal €(A)
[with respect to the inclusion). Moreover, if A is the envelope of A, then
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€(A) = (e(A) N A, €(A) N Ayyp).
The following easy proposition generalizes (5, Proposition 1.3).

Proposition 3.9. Let I = (I, I7) be an exchange ideal of an associative pair
A = (A", A7). Then for every element a € A° the generalized local algebra I, is
an exchange ring.

Proof: Let . Abe the envelope of A, and let Z be the ideal generated by / in A. By
Proposition 3.7 (ii), Z is an exchange ideal of .A. Now consider the generalized local
algebra of 7 at a, Z,. For any element aya € I, C T we have that (Z,)syq = Zaya
is an exchange ring by (8, Theorem 1.4). Hence I, = 7, is an exchange ring. O

Now we obtain a theorem about lifting orthogonal idempotents modulo a
pair of left ideals in any exchange associative pair.

Let L = (L™, L™) be a pair of left ideals of A. We say that idempotents can
be lifted modulo L if, for every element (a, b) € A such that a — aba € Lt and
b — bab € L™, there exists an idempotent (e, f) € A such that e —a € L™ and
f—belL™.

Theorem 3.10. An associative pair A is an exchange associative pair if and only
if idempotents can be lifted modulo every pair L = (L™, L™) of left ideals of A.

Proof: Assume that A is an exchange associative pair, and let L = (L™, L™) be
a pair of left ideals of A. Take an element (a, b) € A such that a — aba € L™ and
b — bab € L™. Denote by A’l’ the unitization of A”. By Lemma 3.1 (i) there exist
e =ebe c At such that e —a € A?(a — aba). Thus e — a = (r, n)(a — aba, 0)
for some r € A® and n € Z. Now, computing, we see that

e —a = (rb(a — aba) + n(a — aba),0) € LT

since L is a pair of left ideals, r € AT and b € A™. Then (e, beb) is an idempotent
of A and

beb — b = b(a + rb(a — aba) + n(a — aba))b — b

= bab — b 4 (brb)a(b — bab) + nba(b — bab) € L™.

Conversely, assume that idempotents can be lifted modulo every pair of left
ideals. Let (x, y) bein A. Fora, b € A~, we will write a = b when a — b is in the
principal left ideal of A* generated by y — yxy. Consider the left ideals L' and
L~ of A generated by xyx — xyxyxyxyx and yxy — yxyxyxyxy respectively.
Then (xyx, yxy) satisfies

Xyx — xyxyxyxyx € LT

YXy — yxyxyxyxy € L™.
By hypothesis there exists an idempotent (u, v) € A such thatu — xyx € L™ and
v—yxy € L™.Letaand B bein A(AT, A7), A(A~, AY), respectively, such that
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U =Xyx +a(xyx — Xxyxyxyxyx)
v =yxy+ B(yxy — yxyxyxyxy).
Note also that

v =vuv = v[xyx + a(xyx —xyxyxyxyx)Jv

= [vxy + v(axy — axyxyxyxy)lxv.

Define e = vxy + v(axy — axyxyxyxy). Thene . e = e € A~ and
q

e — YXyxXy = UXy — YXyxy + vaxy — vaxyxyxyxy
= (V— yXy)xXy + vaxy — vaxyxyxyxy
= B(yxy — yxyxyxyxy)xy + vaxy — vaxyxyxyxy
= (Byxyx + vax)(y — yxyxyxy) =0

because

Y — YXYXYXy =y — yXy + yXy — YXYXy + YXyXy — yXyxyxy
= (y — yxy) + yx(y — yxy) + yxyx(y — yxy) = 0.

Hence

e—y=e—yxyxy+ yxyxy — yxy + yxy —y
= (e — yxyxy) + yx(yxy —y) + (yxy —y) =0

which implies, by Lemma 3.1 (i), that A is an exchange associative pair. O

Corollary 3.11. A ring R is an exchange ring if and only if von Neumann regular
elements can be lifted modulo every left ideal.

Proof: If R is an exchange ring, then R = (R, R) is an exchange associative
pair. Let £ be a left ideal of R and let a € R be a von Neumann regular element
modulo L, i.e.,a — aba € L for some b € R. We have that (a, b) is an idempotent
of R modulo the leftideal (£, R) of R. By Theorem 3.10 there exists an idempotent
(e, f) € R and, consequently, a von Neumann regular element e € R such that
a = e (mod L).

For the converse, take an element x € R and consider any unital ring R’
containing R as an ideal. Denote by £ the left ideal of R generated by x — x? and
containing it, i.e., £L = R'(x — x%). Then x is a von Neumann regular element of
R modulo £ because x — x> =x — x>+ x> - =@ —xD+xx —x>) e L.
By hypothesis there exists an idempotent e € R such thate — x € £ € R’, which
implies, by condition (i) in Lemma 1.1 that R is an exchange ring. O

If 7 is an ideal of an associative pair A then A/I = (A*/IT, A=/I7)is an
associative pair in the obvious way.
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With the following result we describe the exact conditions needed for an
extension of associative pairs to be an exchange associative pair

Theorem 3.12. Let [ = (I, I7) be an ideal of an associative pair A. Then A
is an exchange associative pair if and only if I and A /I are exchange associative
pairs and idempotents can be lifted modulo 1.

Proof: Assume that A is an exchange associative pair. By Lemma 3.1 (v), A/I
is an exchange associative pair; by Lemma 3.6, [ is an exchange associative pair
and by Theorem 3.10, idempotents can be lifted from A/I to A.

Conversely, assume that / and A/ are exchange associative pairs and that
idempotents lift from A/l to A. Let x be an element in A™. By Proposition 3.9,
I, is an exchange ring. This implies, as we pointed out in the previous remark to
Lemma 3.1, that /" is an exchange ring. Denote by 7 the image of € A” under
the canonical map A° — A°/I° and by f the image of ¢ under the canonical map
A* — A*/I*. The map

o AT — (A)D);
I > Xix

is a ring epimorphism whose kernel is a nilpotent ideal of A*/I*. By (8, Theo-
rem 1.4), (A/I); is an exchange ring, hence A*/I* is an exchange ring, by
(5, Corollary 2.4).

Now we prove that idempotents can be lifted in A* modulo 7*.

Let a € A~ be an idempotent of A* modulo /%, i.e., axa —a € I~. Then
(xax, a) is an idempotent in A modulo /:

a(xax)a —a = ax(axa) — axa + axa — a = ax(axa — a) + axa

—a e I7; (xax)a(xax) — xax = x(axaxa —a)x € IT.

By hypothesis, there exists an idempotent (v, u) in A such that # = a and
v — xax € I't. Notice that the ideal Z generated by I in A, the envelope of A, is an
exchange ring by Proposition 3.7 (ii). Denote by [«] the image of « € A under the
canonical map A — A/Z and let £ be the standard embedding of A. The element
p = uv is an idempotent in & moreover [p] = [uv] = [axax] = [ax]. We can
apply (5, Lemma 2.1) to geta € pfa C A~, B € xaxEp € AT such that (8, @) is
an idempotent in A and [«] = [pa]l, [8] = [xaxp]. Let o’ and 8’ be in £ such that
« = pa’a and B = xaxp’p. Then, since p is an idempotent, we have that

’ ! ! / / / /
pa'a =o =afa = pa'axaxpf ppaa = pa’axaxp pa’a
and therefore the element e = axB’ pa’a is an idempotent of A*. Moreover

le] = [axB’ pa’al = [axaxB pa’a] = [aBa] = [axaxppa] = [axaxpa]

= [axpa] = [axaxa] = [axa] = [a],
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viewing e, a € A and taking into account that a — axa € I~ C Z. Hence & = a,
as required.

Apply (5, Theorem 2.2) to the ideal I* of A* to get that A is an exchange
ring. Consequently, A, is an exchange ring. O

Two nonzero idempotents (e, f) and (u, v) in an associative pair A are called
orthogonal if and only if evA™ = uf AT = 0and veA™ = fuA* = 0. In view of
(10, (5.11)), this is a symmetric relation. By an orthogonal system of idempotents
we mean an ordered set of pairwise orthogonal idempotents. [See (10) for the
definitions].

Theorem3.13. Let A be an exchange associative pair, let L = (L, L™) be apair
of leftideals of A, and let (x1, y1), . .., (Xa, Yo) be orthogonal idempotents modulo
L, that is, x; = x;yix;(mod L"), y; = y;x;yi(mod L™) for each i, and xiyjA+ =
O0(mod L"), yjx;A~ = 0(mod L™) for all i # j. Then there exists an orthogonal
system of idempotents (e, f1), ..., (e, fx) in A such that e; = x;(mod L™) and
fi = yi(mod L) for each i.

Proof: Lety =y + -+ y, and consider the exchange ring A”. Then LY is
a left ideal of A and xy, ..., x, are orthogonal idempotents in A” modulo L”.
Indeed, for any i

o
Xiyx; = inykxi = x;yix; = x;(mod L)
=1

and fori # j

o
XiyXj = inykxj = x;yixXj = X%i(xjy;%;) = xi(yix;y;)x; = 0(mod L)

k=1

Letx = x| + - - + x, and let S = A]. By Proposition 1.7, there exist orthogonal
idempotents ey, ..., e, in A” such thate; € AY - x; foreachi and 1 — e € S(1 —
x), where e = e; + - - - + ¢,. Define f; = ye,-yye A~ . idempotents in A” where
we write unitization of the associative

Then fori =1, -+, «,

eifiei = yfivfivfivfiy = y(fi ; Ji ; Jy =yfiy =ei,
fieifi = fivfivfi = fi . fi: fi = i
and fori # j
e fiAT =eiyejyAt = (¢ ;ej)yA’L —0.

fieiA” = yejyeiA” = y(e; ; e)A” =0,
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that is, (ey, f1), - .., (ey, fo) are orthogonal idempotents in A. Moreover, for each
i,xyx; = x;(mod L) and, since ¢; € AY - x;, then eyx; = e;(mod LH.Ifl —e=
s(1 — x) for some s € S, this implies '

xi—e=(1—ex; =s(1 —x)x; =0(mod LT).

Finally,
o
YNy = Y yixiy = yixiyi = yi(mod L7)
jk=1
implies '
yi — fi=yi —yeiy = y(xi —e;)y =0(mod L™). O

Corollary 3.14. Let R be a ring, L a left ideal of R and x1, . . ., x4, orthogonal
von Neumann regular elements of R modulo L, i.e., x;y;x; = x; (mod L) for some
Vi, . Yo € R and x;x; =0 (mod L) for every i # j, i, je€{l,...,a}. Then
there exists an orthogonal system of von Neumann regular elementse;, ...,e, € R
such that

e € R)C,’ and e = X; (mod E)

Proof: The result follows from the proof of Theorem 3.14. |
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