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Inner ideals of finitary simple Lie algebras
Antonio Fernandez Lépez*, Esther Garcia*, Miguel Gémez Lozano*

Abstract. Inner ideals of infinite dimensional finitary simple Lie algebras
over a field of characteristic zero are described in geometric terms. We also
study when these inner ideals are principal or minimal, and characterize
those elements which are von Neumann regular. As a consequence we prove
that any finitary central simple Lie algebra over a field of characteristic zero
satisfies the descending chain condition on principal inner ideals. We also
characterize when these algebras are Artinian, proving in particular that a
finitary simple Lie algebra over an algebraically closed field of characteristic
zero is Artinian if and only if it is finite dimensional. Because it is useful
for our approach, we provide a characterization of the trace of a finite rank
operator on a vector space over a division algebra which is intrinsic in the
sense that it avoids imbeddings into finite matrices
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Introduction

A submodule I of a Lie algebra L is an inner ideal of L if [I,[I,L]] C I.
The initial motivation to study inner ideals in Lie algebras can be found in a paper
[3] by G. Benkart. The inner ideals of a Lie algebra are closely related to the
ad-nilpotent elements, and certain restrictions of the ad-nilpotent elements yield
an elementary criterion for distinguishing the nonclassical from classical (finite
dimensional) simple Lie algebras over algebraically closed fields of characteristic
p>5.

In [2], G. Benkart examines the Lie inner ideal structure of semiprime
associative rings, R, and of the skew elements of prime rings with involution,
K = Skew(R,*). In the special case that R is a simple Artinian ring of
characteristic not 2 or 3 with center Z, proper inner ideals of [R, R|/[R,R|NZ
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are of the form eRf for e, f idempotents of R such that fe = 0. If R has an
involution and the dimension of R over Z is greater than 16, then there are two
possible kinds of proper inner ideals of [K, K]/[K, K]NZ . Moreover, both simple
Lie algebras [R, R]/[R,R]N Z and [K, K|/[K,K|N Z satisfy the ascending and
descending chain conditions on inner ideals.

A similar study has been carried over in the Jordan setting by K. Mc-
Crimmon [9]. He describes the Jordan inner ideal structure of R and Sym(R, %),
where R is again a simple Artinian ring and * is an involution. The Jordan al-
gebras R(H) and Sym(R, *) have the ascending and descending chain conditions
on inner ideals.

By the Wedderburn-Artin Theorem, any simple Artinian ring is isomor-
phic to the ring of linear operators £(X) on a finite dimensional left vector
space X over a division ring A. The infinite dimensional analogues of L£(X)
are the simple algebras (over the center of A) of finite rank linear operators
that are continuous with respect to an infinite dimensional pair of dual vector
spaces P = (X,Y,g) over A. These algebras F(X) are precisely the simple
associative algebras satisfying the descending chain condition on principal left
ideals (equivalently, coinciding with their socles), but not the ascending chain
condition on principal left ideals. Moreover, if such an algebra has an involution
x, then P comes from a self-dual vector space over a division ring with involution
(A,—), and * is now the corresponding adjoint involution of F(X) [8]. In [4],
A. Ferndndez Lépez and E. Garcfa Rus determined the inner ideals of F(X)(*)
and Sym(F(X),*). These Jordan algebras are simple and satisfy the descending
chain condition on principal inner ideals.

The aim of the present paper is to study the inner ideals of Lie algebras
of the form F(X)(7), defined by pair of dual vector spaces P = (X,Y, g) over a
division ring A, and of Skew(F(X), ), relative to a nonsingular Hermitian or
skew-Hermitian inner product space (X, h) over a division ring with involution
(A, —). In the special case that A is finite dimensional over its center, such Lie
algebras are known as finitary Lie algebras. We use the classification given by A.
A. Baranov in [1] to describe the proper inner ideals of any infinite dimensional
finitary central simple Lie algebra over a field F' of characteristic zero, and prove
that such algebras satisfy the descending chain condition on principal inner ideals.
We also characterize when these algebras are Artinian, and prove that if F
is algebraically closed, then there are no infinite dimensional Artinian finitary
simple Lie algebras over F'.

Our main reason for studying inner ideals in finitary Lie algebras is that
most of the examples of Lie algebras coinciding with their Jordan socles [5, 6]
occur in the class of finitary Lie algebras, so the study of the inner ideal structure
of such algebras could be useful to develop a general socle theory for Lie algebras.

The paper is divided into 3 sections. In the first one we provide an
intrinsic proof of the fact that the trace defines a homomorphism of the general
linear algebra of finite rank operators fgl(P), given by a pair P = (X,Y,g) of
dual vector spaces over a division algebra A, onto the Lie algebra A=) /[A, A],
the kernel of this homomorphism being precisely the special linear algebra of
finite rank operators fs((P).

Let I’ be a field of characteristic zero. We summarize the classification
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of the infinite dimensional central finitary simple Lie algebras over F' given in [1]
by distinguishing between two cases: (1) finitary special linear algebras fs((P),
for P an infinite dimensional pair of dual vector spaces over a finite dimensional
central division algebra over F', and (2) Lie algebras of skew-operators [K, K|,
for K = Skew(F(X), x) relative to a nonsingular Hermitian or skew-Hermitian
inner product space (X, h) over a finite dimensional central division algebra with
involution (A, —), F' = Sym(Z(A), —). Because it is useful for our purposes, we
make the following distinction in case (2): either h is a symmetric bilinear form
(A is the field F' with the identity as involution) and then [K, K] = K is the
finitary orthogonal algebra fo(X,h), or h is skew-Hermitian.

The second section of the paper is devoted to the study of inner ideals of
finitary special linear algebras fs[(P). Proper inner ideals of {s[(P) are described
in terms of pairs of orthogonal subspaces V < X and W <Y of P =(X,Y,qg).
Principal inner ideals are those for which dima V = dima W < oo, while
minimal inner ideals are those where the dimensions of V and W are equal to
one. As a consequence we get that fs((P) satisfies the descending chain condition
on principal inner ideals.

In the third section we study the inner ideal structure of finitary Lie
algebras of skew-operators [K, K], for K = Skew(F(X),*) and (X,h) being
a nonsingular (skew-Hermitian or orthogonal) inner product space over a finite
dimensional central division algebra with involution (A, —). When h is skew-
Hermitian, proper inner ideals are described in terms of a totally isotropic sub-
space V of X, principal inner ideals occur when V is finite dimensional, and
minimal inner ideals correspond to the case when V' is one-dimensional. When A
is symmetric, proper inner ideals of [K, K| = fo(X, h) only occur in the isotropic
case and they are either described in terms of a totally isotropic subspace, or
determined by a hyperbolic plane. In any case, Lie algebras of skew-operators
[K, K] satisfy the descending chain condition on principal inner ideals.

Von Neumann regular elements (cf. (2.3)) were introduced in [3] in
connection with the definition of *-Lie algebra (although without giving them
this denomination). As a consequence of our study of the inner ideal structure, we
determine the von Neumann regular elements of each one of the types of infinite
dimensional finitary central simple Lie algebras over a field of characteristic zero.

1. The trace of a finite rank operator

In this section we provide a characterization of the trace for finite rank
linear operators on a left vector space over a division algebra A. This character-
ization of the trace is intrinsic, in the sense that it avoids imbeddings into finite
matrices, elementary, since it can be easily computed in terms of any expression
of operators as a sum of rank one transformations, and consistent with the usual
notion of trace for matrices. However, unlike the commutative case (endomor-
phisms of free modules of finite rank), the trace of a finite rank linear operator
is not an element of A, but a residue class modulo [A; A].

Since it does not mean a major difficulty and at the same time is more
suitable for our purposes, we shall deal with finite rank operators which are
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continuous with respect to a pair of dual vector spaces over a division algebra.
Recall that a pair of dual vector spaces P = (X,Y,g) consists of a left vector
space X, a right vector space Y (both over the same division ®-algebra A) and
a nondegenerate bilinear form g : X xY — A. Any left vector space X over A
gives rise to the canonical pair (X, X* g), where X* stands for the dual of X
and where g(x,¢) = ¢(z) for z € X, p € X*.

1.1 Let P = (X,Y,g) be a pair of dual vector spaces over A. A linear operator
a: X — X is continuous (relative to P) if there exists a” : Y — Y, necessarily
unique, such that g(az,y) = g(z,a*y) for all x € X, y € Y. Denote by £(X)
the ®-algebra of all continuous operators on X, and by F(X) the ideal of £(X)
consisting of all finite rank continuous operators. Note that every a € Enda (X)
is continuous with respect to the canonical pair (X, X*) : a”¢ = ¢a for all

peX*.

1.2 Let P = (X,Y,g) be as above. For z € X, y € Y, write y*x to denote the
linear operator defined by y*z(z') = g(a’,y)z for all 2’ € X . Note that y*z is
continuous with adjoint yz* given by ya*(y') = yg(x,y’) for all ¢y € Y. Every
a € F(X) can be expressed as a sum a = y_ y’z; of these rank one operators.
The following facts can be easily verified:
(i) The mapping (y,z) — y*z is a balanced product of YA and AX to the
abelian group of F(X).
(i) a(y*z) = y*(ax) and (y*z)a = (a¥y)*z for + € X, y € Y and
aec L(X).
(il) (y322)(yiz1) = yig(w1,y2)a2, for z1, 22 € X, y1,y2 €Y.
An elementary but very useful result in duality theory is the following:

1.3 Let P = (X,Y,g) be a pair of dual vector spaces. If V < X and W <
Y are finite dimensional subspaces, then (V,W) can be imbedded in a finite
dimensional subpair of dual vector spaces (Xo,Yy) of P.

Lemma 1.4. Let P = (X,Y,g) be a pair of dual vector spaces over A. For
any a € F(X), the element Y. g(u;, w;) € A is independent up to congruence
modulo [A,A] of the chosen representation a = ) . wiu;, where {w;} C Y,
{u;} X and 1 <i<r.

Proof. Let a =) zjv; (1 <j < s) be another expression of the operator
a as a sum of rank one operators. If V' < X denotes the linear span of the set
{u;} U{v;} and W <Y is the linear span of {w;}U{z;}, we have by (1.3) that
(V,W) can be imbedded in a finite dimensional subpair of dual vector spaces
(Xo0,Y0) of P. Let {zr} C Xo, {yx} C Yo (1 <k < n) be dual bases. Then,
foreach 1 <17 <r,

wi =Y oipag and wi = ypB (1)
k k

where o, Ok € A, 1 < k < n. Similarly, for each 1 < j < s, there exist
Ajks ik € A such that

v = Z)\jkxk and z; = Zyk,ukj. (2)
k k
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Fix 1 <1 <n and compute az; using (1). We have

ar; = Zw*ui T = Zg Ty, Wi)u
ZQ 1, Zykﬂm Zazkxk > O Buovik )
ki

In particular, the [th-coordinate of az; with respect to the basis {zy} is given
by >, Bici; . Taking the sum of all these, we get the element ), (3", fici) of
A, which only depends on a and the chosen dual bases {x}, {yr} of (V,WW).

Therefore,
Z Bricviy = Z P Aji (3)
i, al

for 1<i:<r,1<l<nand1<j<s.
Set 7i(a) =), g(u;, w;) and use (1) to compute it. We have

= gluswi) => g0 cmae, Y ywibu) =Y _ b (4)
i i k l il
Similarly, by using (2) instead of (1), we get
= 9(v,2) = > Ny (5)
J gt
Then it follows from (3), (4) and (5) that
7'1 - 7'2 Z i B — Z Bricvi + Z ,Ulj Gl
> Ny = e, Bl + Z[Mj, il € [A,A]-
4.l il 4.l
1.5 For a= ),y z; € F(X), set

Zg xzayz : Zg xzayz A A] (6)

Note that by Lemma 1.4, the mapping a — tr(a), which associates to any linear
operator a € F(X) its trace, tr(a) € A/[A,A], is well defined. Moreover,
if we take a matriz representation for a: a = Z” yraie; (1 < 4,57 < n),
with «;; € A and where the {z;}, {y;} are biorthonormal: g(x;,y;) = d;;
(such a representation always exists in virtue of (1.3)), we have the following
determination of the trace

- Z i + [A, A, (7)

where ) . «;; coincides with the usual trace of the matrix (ay;) € M, (A).
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1.6 Given an associative algebra A, we denote by A(~) the corresponding Lie
algebra under the usual Lie commutator. Associated to a pair of dual vector
spaces P = (X,Y,g) over A, we have the following Lie algebras:
(i) The general linear algebra gl(P) := L(X)().
(ii) The general linear algebra of finite rank operators fgl(P) := F(X)(-).
(iii) The special linear algebra fs((P) := [fgl(P), fgl(P)].

Theorem 1.7. Let P = (X,Y,qg) be a pair of dual vector spaces over A. The
mapping a — tr(a) is a homomorphism of fgl(P) onto A J[A, A], with kernel
equal to fsl(P).
Proof. As noted above, the mapping a — tr(a) is well defined, and clearly it
is ®-linear and onto. So it will be enough to show that an operator a € fgl(P)
is traceless if and only if it is a sum of commutators [b, c|, with b,c € F(X).
Since the commutator is a bilinear mapping, to prove the part if we only
need to consider commutators of rank one operators. Actually we will prove
something more:

If b=y*r € F(X) and a € L(X), then tr([a,b]) = 0.

Indeed, by 1.2(ii), [a,b] = a(y*z)—(y*z)a = y*(ax)—(a?y)*z. Hence tr([a, b]) =
0, since g(az,y) = g(x,a”y). Conversely, let a € F(X) be such that tr(a) = 0.

By taking a matrix representation a = }_, .y a;;z;, we have, by (7), that
a = Y o € [AA] de, a = ) [N\, is a sum of commutators. It is
not difficult to see that whenever i # j, yloujz; = [y ou;z;,yiz;]. So, for

a' =3, yfoyz;, we have that

a = a’ mod([fgl(P), fgl(P)]).

Set b =yiaxry. Then ' — b= Zizz(yjaiia:i — yiarr). But
b=1; (> )z =Y [yimas, yi Nz € [fal(P), fal(P)],
1 1

and the same is true for each yay;z; — yioauiry = [yix:, yFaix1]. Thus, a =
(a —a")+ a € [fgl(P), fgl(P)], which completes the proof. [

If A=7Z(A)®[A, A] (for instance, A is a field or a division quaternion
algebra over its center), then we can give a central determination of the trace.

Corollary 1.8. If A = Z(A) & [A,A], then for any a € F(X) the exists
a unique element tr.(a) € Z(A) such that tr(a) = tr.(a) + [A, A]. Moreover,
tre(ab) = tr.(ba) for all a,b € F(X). [

2. Inner ideals of fs[(P)

Recall that a Lie algebra over a field F' is said to be finitary if it is
isomorphic to a subalgebra of the Lie algebra fgl(X) of all finite rank operators
on a vector space X over F'. As a refinement of [7, Th. 1.12] we get
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Proposition 2.1. Let A be a finite dimensional central division algebra
over a field F, and let P = (X,Y,g) be a pair of dual vector spaces over A,
dima X > 1. If F has characteristic zero or X is infinite dimensional over A,
then fsl(P) is a finitary central simple Lie algebra over F'. ]

2.2 A submodule I of a Lie algebra L is an inner ideal of L if [I,[I,L]] C I.
An inner ideal I of a Lie algebra L is called principal if I = ad?(L) for some
a € I, where ad, denotes the adjoint mapping determined by a.

2.3 Following [3], a Lie algebra L is called a x-Lie algebra if there exists an
element e € L such that ad? = 0 and e € ad?(L). An element e satisfying
these two conditions will be called von Neumann regular. As shown below, there
are good reasons for using this terminology. Recall that an element a in an
associative algebra A is called von Neumann regular if a = aba for some b € A.
Note that, by [3, Lemma 1.8|, if L is 3-torsion free, then any von Neumann
regular element e € L generates the principal inner ideal ad?(L), which is also
abelian.

Proposition 2.4.  Let A be an associative algebra over a ring of scalars ®
such that %,% € ®, and let L be a subalgebra of the Lie algebra A™). For any

x,y € L, we have:

(i) adi(y) = [, [z, 9] = 2%y — 2zyx + ya?.

(i) ad?(y) = 23y — 322yz + 3wyx? — ya®.
Thus, if 2> =0, then

(iii) ad(L) =0 and ad2(L) = zLx.

(iv) Set L = [A,A] and let a € L be such that a®> = 0. Then a is von
Neumann reqular in A if and only if it is von Neumann reqular in L.

(v) Suppose that A has an involution x, set K = Skew(A,x), and let
a € [K, K] be such that a®> = 0. Then a is von Neumann regular in
A if and only if it is von Neumann regular in [K, K]|.

Proof. (i), (ii) and (iii) are straightforward.

(iv) By (iii), a®> = 0 implies ad>(A(=)) = 0. Suppose first that a is von
Neumann regular in A. Then, again by (iii), « = adZ(b) for some b € A. Now
using [3, Lemma 1.7(iii)], we can write

a€adi (A7) =ad2 ) (A7) = adZadjad’ (A7) C ad2(L),

which proves that a is von Neumann regular in [K, K|. The converse is clear
since ad2(L) C aAa, again by (iii).
(v) It follows as (iv) taking account that if @ € K is von Neumann

regular in A, then we can write a = aca for some ¢ € K: set a = aba for some
b€ A and take ¢ = £(b—b"). [

In this section we shall describe the inner ideals, the principal inner ideals,
and the von Neumann regular elements of a finitary simple Lie algebra of type
fsl(P), for P = (X,Y,g) a pair of dual vector spaces over a finite dimensional
central division algebra A over a field F of characteristic zero. A different
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(algebraic) description of the inner ideals of fsl(P) for the case that X is finite
dimensional was given by Benkart in [2, Theorem 5.1].

Given two subspaces V < X and W <Y, we will denote by W*V the
span of all elements of the form w*v, for w € W and v € V' (see (1.2)).

Theorem 2.5. Let P = (X,Y,g) be a pair of dual vector spaces over a division
algebra A, dima X > 1.
(i) If V< X, W <Y are mutually orthogonal subspaces, i.e., g(V,W) =0,
then I = W*V s an inner ideal of gl(P) strictly contained in fs{(P).

(ii) For an inner ideal I of §sl(P) the following conditions are equivalent:
(a) I =eF(X)f, where e, f are idempotents of F(X) such that fe =0;
(B) I = W*V, where V < X, W <Y are mutually orthogonal and
finite dimensional.

(iii) Let I = W*V be asin (). Then V =1X ={ax:a € [,x € X} and
W =TI#Y = {a¥y :a € I,y € Y}. Hence W;Vy C W5V, if and only
if Vi € Vo and Wy C Wy, and I = W*V is minimal if and only if
dimAV:dimAW: 1.

(iv) Let I = W*V be as in (i). Then I is a principal inner ideal of fsl(P)
if and only if both V' and W are finite dimensional and have the same
dimension over A.

Suppose now that A is a finite dimensional central division algebra over
a field F' of characteristic zero.

(v) Every proper inner ideal I of §s{(P) is of the form I = W*V , where
W <Y,V < X are mutually orthogonal, therefore I is an abelian
subalgebra.

(vi) fsl(P) satisfies the descending chain condition on principal inner ideals.

(vii) a € §sl(P) is von Neumann regular if and only if a®> = 0.

Proof. (i) Let V < X and W <Y be mutually orthogonal vector subspaces.
For any w € W, v € V the operator w*v is traceless, and hence W*V is
contained in fsl(P). Moreover, (W*V)(W*V) = 0 and we have for v1,vy € V,
wy,we € W and a € gl(P):

[wivi, [a, w3va]] = (wiv1)a(wzve) + (w3v2)a(wivi) = (wivy)(wiavs)

+ (wyv2)(wiavy) = wyg(ave, wr)v1 + wig(avy, wa)ve € W*V,

(8)

where we have applied the formulas (ii)-(iii) of (1.2). This proves that W*V is
an inner ideal of gl(P), and since it is contained in fs[(P), also an inner ideal of
fsl(P). Note also that W*V # {s[(P), since dima X > 2.

(ii) By (1.2)(ii), for idempotents e, f of F(X) such that fe =0, we have

eF(X)f =e(Y*X)f = (f*Y)"(eX),

where the subspaces V := eX, W := f#Y satisfy g(V,W) = g(feX,Y) = 0.
Conversely, let V < X, W <Y be finite dimensional and mutually orthogonal
subspaces, with bases By = {v1,...,v,} and By = {wy,...,w,,} respectively.
Take {y1,...,yn} CY and {z1,...,2,,} C X dual bases to B; and By respec-
tively. Then e := ) yfv; and f:= ) wjz; are idempotents of F(X) such that
eF(X)f =W*V.
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(iii) It follows directly from the definition that V = IX = {az : a €
I,v € X} and W = I*Y = {a*y : a € I,y € Y}. This clearly implies that
WiV, € W3 Vs if and only if Vi C Vo and Wy C Way, and therefore, I = W*V
is minimal if and only if dima V = dima W = 1.

(iv) Let I = W*V be as in (i), suppose that I is principal, i.e., I =
ad?(fsl(P)) for some a € I. Since g(V,W) =0, a®> = 0 and hence, by (2.4(iii)),
we have I = ad?(fsl(P)) = afsl(P)a, which implies that V = IX = afsl(P)aX =
aX and W = I*Y = a#fsl(P)#a?Y = a™Y, since a € afsl(P)a = I; hence
both V and W have the same finite dimension. Conversely, any proper inner
ideal I = W*V | with W and V having the same finite dimension is principal:
take a =) . y'x;, with {y;}, {z;} bases of W and V respectively.

(v) Assume now that F' has characteristic zero and A is a finite dimen-
sional central algebra over F'. Then fsl(P) is a simple Lie algebra by (2.1). We
distinguish between two cases: if P is finite dimensional, then we have by [2, The-
orem 5.1] that any proper inner ideal I of fs[(P) is of the form I = eF(X)f, for
e, f idempotents in F(X) = L(X) such that fe =0. Then, by (ii), I = W*V,
for W <Y,V < X such that g(V,W) = 0. Assume then that P is infinite
dimensional. Then P is a direct limit of finite dimensional subpairs of dual vec-
tor spaces Py = (X,Y)) of P. Hence L = fsl(P) is the direct limit of the
subalgebras Ly = [V X, Y X,], each of which is isomorphic to sl,, (A), with
ny being the dimension of X ). Moreover, we can always assume that no L) is
contained in I. Then I := I N L) is a proper inner ideal of L) for every index
A. By the finite dimensional case we have just seen, Iy = WV, , with W, <Y},
Vy < X, mutually orthogonal. Since both the W) and the V) form directed
sets, W = UW), and V = UV, are vector subspaces of Y and X respectively. It
is clear that g(V,W) =0 and I = W*V. Note also that [, I] = 0, and therefore
any proper inner ideal of fs[(P) is an abelian subalgebra.

(vi) It is a direct consequence of (iv) and (v).

(vii) Let a € fsl(P) be von Neumann regular. Then a € adZ(fs{(P)),
with ad?(fsl(P)) being a proper inner ideal of fsl(P), (2.3). Hence, by (v),
ad?(fsl(P)) = W*V, with g(V,W) = 0, and therefore a®> € (W*V)(W*V) = 0.
The converse follows from (2.4)(iv)) since the associative algebra F(X) is von
Neumann regular. ]

3. Inner ideals of Lie algebras of skew-symmetric operators

Let (A, x) be a simple associative algebra with involution containing a
minimal left ideal. We study in this section inner ideals of Lie algebras of the
form [Skew(A,x),Skew(A,x)]. We will be particularly interested in the case
that the lelSlOH algebra A associated to A is finite dimensional over its center,
equivalently, A satisfies a generalized polynomial identity. In this case, both
Lie algebras Skew(A,*) and [Skew(A,x),Skew (A, )] are finitary over the field
Z(A).

(X,h) be a nonsingular Hermitian or skew-Hermitian inner product
= ( y), € = +1) vector space over a division algebra with involution
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(A,—). Denote by F' the field of those elements of Z(A) fixed by —. Then
F(X) is a simple associative F'-algebra with minimal left ideals and involution
x given by the adjoint involution: h(azx,y) = h(x,a*y), for all z,y € X. In fact
(see [8]), any simple associative algebra with involution and containing minimal

left ideals is *-isomorphic to one of those (F(X),x*) described above. We can
also consider the Lie F'-algebras Skew(F(X),*) C Skew(L(X), ).

3.2 Inner ideals of [K, K|/ZN[K, K|, where K = Skew(F(X),*) and Z denotes
the center of F(X), were described by Benkart in the finite dimensional case |2,
Theorem 5.5]. In what follows we extend her results to the infinite dimensional
case.

3.3 Let (A, —) be a division algebra with involution over a field of characteristic
not 2, and let (X,h) be a nonsingular Hermitian or skew-Hermitian inner
product space over (A,—), h(y,x) = eh(x,y),e = £1. For any z,y € X,
a € A, we have

(i) (ax)*y =z*(ay) and (x*y)* = ey*x. Hence,

(ii) the operator defined by [z,y] := x*y — ey*x, with € as above, belongs to

Skew (F(X), *) and it will be called a skew-trace.

If V,W are subspaces of X, we shall write [V, W] to denote the set of
all finite sums of skew-traces [v;, w;], v; € V', w; € W. With this notation, we
have

(iii) Skew(F(X),x*) = [X, X].
(iv) If h is skew-Hermitian, then z*x = [(1/2)x,z] is a skew-trace for any

xr € X . In fact, for any skew-trace [z,y] we have, [z,y] = (z + y)*(x +

y) —xr—yry.

(v) If h is Hermitian, then (ax)*z is a skew-trace if and only if @ = —a.

3.4 If there exists 0 # £ € Skew(A, —), the involution — in A can be replaced by
=, defined as & = £71a¢ for all o € A, and the Hermitian form (respectively the
skew-Hermitian form) h over (A, —) can be replaced by h¢, where h¢(z,y) :=
h(z,y)§ is a skew-Hermitian form (respectively Hermitian form) over (A, ),
without changing the adjoint involution. So, when working with Lie algebras of
the form Skew(F(X), ), we can consider two types of inner products: symmetric
(in this case, A is necessarily a field with the identity as involution) or skew-
Hermitian.
Assume that A is a field F of characteristic not 2 with the identity as
involution, and that dimgp X > 2.
(i) If e = 1, i.e., h is a symmetric bilinear form, then Skew(L(X),*) is
the orthogonal algebra o(X,h), and Skew(F(X),*) = [Skew(F(X), %),
Skew (F(X), )| is the finitary orthogonal algebra fo(X,h) [1].
(ii) If € = —1, i.e., h is alternate, then Skew(L(X),x*) is the symplectic
algebra sp(X, h), and Skew(F(X),x) = [Skew(F(X), *), Skew(F(X), *)]
is the finitary symplectic algebra fsp(X, h) [1].
If dimp X > 4 (possibly infinite), both fo(X, h) and fsp(X, h) are simple
by [7, Th. 2.15], since in both cases Skew(F(X),*)NZ =0, for Z the center of
F(X).
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An idempotent e of a ring with involution (R, ) will be called isotropic
if e*e = 0. Isotropic idempotents are related to totally isotropic subspaces.

Lemma 3.5. Let (X,h) be a nonsingular symmetric or skew-Hermitian inner
product space over (A, —).
(i) An idempotent e € L(X) is isotropic if and only if the subspace eX < X
15 totally isotropic.
(il) V < X is totally isotropic and finite dimensional if and only if V = eX
for some isotropic idempotent e € F(X).

Proof. (i) By nonsingularity of h, h(eX,eX) = h(X,e*eX) =0 < e*e = 0.

(ii) Let V be a totally isotropic subspace of X of finite dimension, say n.
Let {v;} be a basis of V' and take {z;} C X dual to {v;}. Then e:=) " z}v; is
an idempotent in F(X) and it is isotropic by (i) because eX is totally isotropic
as a subspace of V. Moreover, for every v € V', v =) «a;v;, we have

ev = (Z acfvz)(z a,v;) = Zh(ajvj,xi)vi = Zajvj = 0.

which implies that V =eX. [

Proposition 3.6.  Let (X,h) be a nonsingular symmetric or skew-Hermitian
inner product space over (A, —), and set K = Skew(F(X),*), where % denotes
the adjoint involution.
(i) If V < X is a totally isotropic subspace, then I = [V,V] is an inner
ideal of Skew(L(X),*) strictly contained in [K, K], and therefore also a
proper inner ideal of [K, K]. Moreover, IX =V .
(ii) Let V be a totally isotropic subspace of X . Then V is finite dimensional
if and only if [V,V] = eKe* for an isotropic idempotent e € F(X)
(satisfying V =eX ).
(iii) Given a totally isotropic subspace V of X, [V,V] is a principal inner
ideal of [K, K] if and only if
(a) when h is skew-Hermitian, V is finite dimensional over A;
(b) when h is symmetric (so A is a field with the identity as invo-
lution), the dimension of V' over A is even.
Suppose further that A is finite dimensional over its center, has charac-
teristic zero, and dimgzay X 1is greater than 4.
(iv) If I is a proper inner ideal of [K, K] such that a*> =0 for all a € I, then
I =1[V,V] for some totally isotropic subspace V' of X . Furthermore, I
is minimal if and only if
(a) when h is skew-Hermitian, I = x*(Ax)(= [Az,Az]) for an
isotropic vector 0 #x € X ;
(b) when h is symmetric, I = Alx,y], for two orthogonal isotropic
linearly independent vectors z,y € X .

Proof. (i) Let V < X be totally isotropic. We observe that ab = 0 for all
a,b € [V,V], and hence [a, [c,b]] = acb + bea for any ¢ € End(X). Moreover,
[V,V] C [K, K]. Indeed, let a = [v1,v2], for vi,v2 € V. Since the F(X) is von
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Neumann regular, there exists ¢ € F(X) such that aca = a. Set b := ¢ — c*.
Then b* = —b and aba = aca — ac*a = aca — (aca)* = a — a* = 2a. But then
1la, [b,a]] = 2aba = a implies that a € [K, K|. Therefore, [V,V] C [K, K|, with
the inclusion being strict because V < X is a proper subspace.

Let us now prove that [V, V] is an inner ideal of Skew(L(X), ). By our
initial observation, it suffices to verify that [a, [c,b]] = acb+ bca € [V, V] for any
¢ € Skew(L(X),*) and any skew-traces a = [v1,v2], b = [wy,ws], (vi,w; € V).
Indeed,

ach = (v{vy — evivy)c(wiws — ewdwy) = (vVive — evyvy) (W] cws — ewscwy)

= wih(cws,v1)vy — ewsh(cwy, v1)ve — ewih(cws, vo)vy + wih(cwy, ve)vy.
since €2 = 1. By symmetry,

bca = vih(cve, wy)ws — evsh(cvy, wy)ws — evy h(cve, wo)wy + vyh(cvy, wa)ws.
(10)
Then, by (9) and (10),

[a, [¢, b]] = acb + bea =

wih(cwsy, vy )vy — ewih(cwy, v1)vy — ewih(cws, va)vy + wih(cwy, va)vy

+ vih(cve, wy)wy — evih(cvy, wy)ws — evih(cve, wa)wy + vih(cvy, we)wy

= (wih(cws,v1)ve + v3h(cvr, wo)wy) — e(wih(cwy, v1)ve + v3h(cvy, wy)ws)
— e(wih(cws, v2)vy + v]h(cve, wa)wr) + (wih(cwr, v2)vr + v]h(cvy, w1 )ws)
= [wy, h(cws, v1)va] — €[ws, h(cwy, v1)ve)

— e[w], h(cws, vo)v1] + [wih(cw, ve), v1]
since
vah(cvr, wa)wy = —vih(vy, cwe)wy = —evih(cwsy, v1)wy = —€e(h(cws, v1)ve) w1,

and similarly for the other summands. Therefore, [a,[c,b]] € [V, V].

Given a € I = [V, V], we have by definition that aX C V. Conversely,
if h is skew-Hermitian, I is generated by operators of the form x*z, z € V,
and given 0 # x € V, we can always find some z € X such that h(z,z) = 1.
Hence x = h(z,z)r = z*x(z) € IX. When h is symmetric and I is nonzero, V
has dimension at least 2. Let =,y € V be linearly independent vectors. We can
take z € X such that h(z,z) =0 and h(z,y) = 1. Hence, x = [y,z](z) € IX.

(ii) For any idempotent e € F(X) and any skew-trace [x,y], we have

elz,yle” = e(ay —ey"x)e” = (ex)"(ey) — e(ey)”(ex) = [ew,ey],  (11)

which proves that eKe* = [eX,eX], since K = Skew(F(X),*) is additively
generated by skew-traces, i.e., elements of the form [z,y] := z*y — ey*z for
x,y € X. Conversely, by (3.5), V < X is totally isotropic and finite dimensional

if and only if V' = eX for some isotropic idempotent e € F(X), which implies
by (11) that [V, V] = eKe*.
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(iii) If [V, V] is a principal inner ideal generated by an element a € [V, V],
then [V, V] = [a, [a, K]] = aKa since a®> = 0, and we can use the formula

alz,yla = —[ay,azx], z,y € X (since a = —a* € K),

to show that [V,V] = aKa = a[X, X]a = [aX,aX], ie., V = aX is finite
dimensional over A.

Furthermore, if h is skew-Hermitian, given a finite dimensional subspace
V of X with basis B = {x1,...,2,}, we can define a = ;" [z;,x;], and this
element generates the principal inner ideal [V, V] because aX =V (notice that
the image under a of a dual basis of B gives all the elements of 5).

If h is symmetric (so A is a field with the identity as involution),
every a € K has even rank so the dimension of V is necessarily even (it
is easy to check that given an element a € K, the alternate form ¢ : X x
X — A defined by ¢(z,y) = h(az,y) induces a nondegenerate alternate form
on (X/Kera) x (X/Kera), implying that dim(X/Kera) = dimSa is an even
number). Conversely, in this case, if V' has even dimension we can consider a
basis {z1,...,72,} of V and the element a = >, [®;, T2n_;+1] generates the
principal inner ideal [V, V].

(iv) We shall use a direct limit argument (see [1, p. 318]) to reduce the
question to the case that X is finite dimensional. Let X, be a finite dimensional
subspace of X such that dimza) X, is bigger than 4, and the restriction h, of
h to X, is nonsingular. Then X = X, ® X2 . Set A, := Lx.(X,) and denote
by L, the set of all a € L such that aXOf = 0. Then L, is a subalgebra of L
isomorphic to [Ka, K4], Ko = Skew(A,, *). Moreover, L, is simple by [7, Th.
2.15]. Given a proper inner ideal I of L, take the local system of L consisting
of those L, not contained in I. Then, I, := I N L, is a proper inner ideal of
L, . Hence we have by [2, Theorem 5.5] that I, = e, Ke, for some idempotent
ea € A, such that efe, = 0, equivalently, by (ii), I, = [Va, Va], with V, = e, X
being a totally isotropic subspace of X . Since the L, form a directed set, so do
the V,,. Thus, V := UV, is a totally subspace of X, and I = [V,V].

By (ii), given two totally isotropic subspaces V and W of X, the
associated inner ideals I = [V, V] and I' = [W, W] satisfy I C I’ if and only if
V¢ W. So I = [V,V] is minimal for the dimension of V' being the smallest
such that [V, V] # 0. It is then clear that I = [V, V] is minimal if and only if
V = Ax @ Ay when h is symmetric, so I = [Az, Ay|, or V = Az when h is
skew-Hermitian, so I = [Az, Az]. [ ]

What about the proper inner ideals I of [K, K] such that a® # 0 for
some a € I? Let X be a vector space over a field F' (charF # 2), and
let h be a nonsingular symmetric bilinear form on X. Assume that (X,h)
contains a nonzero isotropic vector, say . Then X contains a hyperbolic plane,
H=Fx®Fy (h(y,y) =0, h(x,y) = 1) and we have X = H ® Ht. Denote by
[z, H'] the set of all skew-traces [z,2] = 2%z — 2%z, 2 € HL.

Lemma 3.7. Let (X,h) be a nonsigular inner vector space (over a field F of
characteristic not 2) containing a hyperbolic plane, H = Fx & Fy as above.
Then
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(i) The set [x, H*] is an abelian inner ideal of o(X, q) contained in fo(X,h),
and therefore a proper inner ideal of fo(X,h).
(ii) [x,2]> =0 for any z € H+, and [x,2]?> = 0 if and only if z is isotropic.
Hence, if dimp X > 2, then there exists b € [z, H'] such that b # 0.
(iii) [z, HY] = ad[gxyz](fo(X, h)) for any nonisotropic vector z € H+.
(iv) I = [z, H*] is minimal if and only if H+ has no nonzero isotropic
vectors.

Proof. (i) Let a € o(X,h) and z € H+. We have

ad%w’z}(a) = [z, 2], [[z, 2], a]] = 2h(azx, 2)[z, 2] — h(z, 2)[z, az]
+ h(z,x)[az, 2] + h(z, 2)[z, ax] + h(z, z)[z, az] (12)
= 2h(ax, 2)[z, 2] — h(z, 2)[z, az],

since h(z,r) = h(z,2) = 0. Write az = az + By +w (o, € F and w € H')
according to the decomposition X = Fz @ Fy® H=, and take into account that

h(ax,z) =0, because a* = —a. Then =0 and [z,az| = [z,ax +w] = [z, w] €
[z, HY]. Therefore, ad[%c’z]a € [z,H*]. This proves that [z, H'] is an inner
ideal of o(X,q). Clearly, [z, H] is contained in fo(X,h). Moreover, for any
z,v € HE | we have [[z,v], [z, 2]] = h(z,x)[v, 2] + h(v, 2)[z,2] = 0, which proves
that [x, H1] is an abelian subalgebra.

(i) For any z € H*, [x,2)? = (2*2z — z*2)(2*2 — z*z) = —2*h(z, 2)7,

and therefore [z, z]? = 0 if and only if h(z,z) = 0. We also have that
[z,2]° = —2*h(z, 2)x(2*z — 2*x) = —h(z, 2)h(z, )"z + h(z, 2)h(z,2)2*x = 0

for any z € H+.
(iii) Let 2 € H+ be nonisotropic. We must prove that for any v € H+
there exists a € H+ such that ad[ngz](a) = [x,v]. First we observe that for

a=[y,u], u € H+, we have
ax = (y*u — u*y)r = h(z,y)u — h(z,u)y = u. (13)

Take, now, u = az+ (v for o, € F', and use (12) to compute ad%wvz](a),
a= [y,U] . We get, by (13)7

ad?, . (a) = 2h(u, 2)[z, 2] — h(z, 2)[z,u] = (2ah(z, z) + 28h(v, 2))[z, 2]

[2,2]

— h(z, z)alx, z] — h(z, 2) B[z, v] = (ah(z, z) + 26h(v, 2))[z, z] — h(z, 2)B|z, v].

Since h(z,z) # 0, we can take o = 2h(z,2)72h(v, 2) and 8 = —h(z,2)~! so that
ad[%,:?Z} (a) = [z,v].

(iv) If T = [z, H*] is a minimal inner ideal, then H~ has no nonzero
isotropic vectors: if w € H= is isotropic, then F[x,w] is a minimal inner ideal of
K strictly contained in I (notice that dim H+ > 2), leading to a contradiction.
Conversely, if HL has no nonzero isotropic vectors, it follows from (iii) that

I= ad[QLZ](fo(X, h)) for any nonzero z € H+, which proves that I is minimal.m
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Proposition 3.8.  Let (X,h) be a nonsingular symmetric or skew-Hermitian
inner product space over a division algebra with involution (A,—), and set
K = Skew(F(X),*). Suppose that A is finite dimensional over its center, has
characteristic zero, and dimzay X is greater than 4. If I is a proper inner ideal
of [K, K] such that a®> # 0 for some a € I, then

(i) h is symmetric (so A is a field, set A = F, with the identity as

involution) and K = [K, K] = fo(X,h).
(i) I =[x, H*], where H is a hyperbolic plane and 0 # x € H is isotropic.

Proof.  Assume first that X is finite dimensional over A. Then we have by
[2, Theorem 5.5] that A is a field, say A = F', with the identity as involution.
Moreover, there exists a basis {z;} of X, 1 <i <mn, so that I is the F'-span of
e1j —ej2, j > 3. Let us translate the latter statement into geometric terms. Set
aj 1= e1j — ej2 and observe that a? = —ej2 and ajar =0 for j # k. Then, for
.j % k:

h(z1,71) = hajzy, apzy) = h(z;, ajaxzy) = —h(x), ajapzy) = 0. (14)

Similarly we obtain

h(xz1,z) = —h(a;z;,arxe) =0 for all k > 3 (15)
and h(zg,z2) = —h(agxa, x2) = h(z2, axxs) = —h(xa, k), which implies
h(zk,z2) = 0 for all & > 3. (16)

Summarizing, we have that H = Fx, & Fxo is a hyperbolic plane, with
isotropic, and H~ is the F-span of the x;, j > 3. Therefore, I = [z1, H].

Suppose now that X is infinite dimensional (over A), and fix a € I such
that a? # 0. As in the proof of (3.6)(iv), take a Lie subalgebra L, = [K,, K,] of
K, K] (Ko = Skew(Fx, (Xq),*), with dimyza) X > 4, and with nonsingular
restriction h,, ) such that a € L, and L, is not contained in I. Then I, := INL,
is a proper inner ideal of L, containing an element of nonzero square. Then,
by the previous finite dimensional case, A is a field, say F', with the identity as
involution, and I, = [z, H* N X,], with H a hyperbolic plane contained in X,
and 0 # x € H isotropic. We claim that I = [z, H*].

Take a nonisotropic vector z € H+ N X,. Then [z,2] € I, C I, and by
(3.7)(iii), [z, HY] = adfmvz](fo(X, h)) C I, since I is an inner ideal of fo(X,h).
To get the reverse inclusion it is enough to see that [z, H'] is a maximal inner
ideal.

Suppose then that [z, H*] is strictly contained in some inner ideal, say
I, of fo(X,h). Then I contains some nonzero operator of the form

b=alz,y] + [y, 2] + [u,v], where a € F and z,u,v € H*, (17)

since X = H@® H't = Fr® Fy® H+, and hence fo(X,h) = [X, X] = Flz,y] ®
[v, HY) + [y, HY] + [H+, H*].

A case by case analysis will prove that we may always assume that
[x,y] € I. First we display the following formulae which can be easily checked
and will be used in what follows. For z,u,v € H', we have



16 FERNANDEZ LOPEZ, GARcCiA, GOMEZ LOZANO

[z,9], 1y, 2]] = ly, 2] (18)
([, ul, [y, v]] = [u, v] + h(u, v)[z,y] (19)
[[u, v], [y, 21] = h(z, w)ly, v] + h(z, v)[u, y]. (20)

Case 1: a = 1. Take w € H* such that w € {z,u,v}* and h(w,w) = 1.
By (18) and (19), we get

[z, w], [b, [y, wll] = [[z, w], [[,y], [y, w]]]| = [z, w], [y, w] = [z,y] € I.

Case 2: b = [y,2] + [u,v], with z # 0. Take w € H* such that
h(w,z) =1. By (18) and (19), we get

[[ill,w], Hl’,y], b“ = [[wi]v Hxv Z/], [y7 Z]” = Hl‘, w]v [y’ Z” = [’U), Z] + [x’ y] €l
and we are in Case 1.
Case 3: b = [u,v], where u,v € HY are linearly independent. Take
z € H' such that h(z,u) =1 and h(z,v) =0. By (20),
[, [y, 2]] = [[u, v], [y, 2]] = h(z, u)[y, v] + h(2,v)[u, y] = [y, ]. (21)
Now take w € H+ such that h(w,v) = 1. By (21) and (19),

[[vaL [b7 [y,Z]H = [[:L',’LU], [y,?}]] = [w,v] + [x7y] el

and again we are in Case 1.
Thus, we may assume that

[z, H] C I and [z,y] € I. (22)
Hence, for any z € H+, we have by (18) that

[z, yl, [z, 9l [y, 2]]] = [y, 2] € 1,

and therefore,
[y, HY] C I. (23)

Finally, let u,v € HL. Using (18) and (19), we get
([, o], [z, ], [y, ull] = [[z, 0], [y, ul] = [v,u] + h(v,w)lz, y) € 1,
which implies that [v,u] € I. Then
[H- H*) cC I (24).

It follows from (22)-(24) that I = [X, X] = fo(X, h), as required. [
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Proposition 3.9. Let (X,h) be a nonsingular symmetric or skew-Hermitian
inner product space over a division algebra with involution (A,—), and set
K = Skew(F(X),*). Suppose that A is finite dimensional over its center, has
characteristic zero, and dimgay X is greater than 4. Then
(i) [K, K] satisfies the descending chain condition on principal inner ideals.
(ii) A nonzero element a € [K, K| is von Neumann regular if either a® = 0

or a = [z,z|, where in the last case h is symmetric, x is a nonzero
isotropic vector of a hyperbolic plane H of (X,h), and z € H* is not
1sotropic.

Proof. (i) Let I; D Iz D ... be a descending chain of principal inner ideals
of [K,K]. If there exists a € I; such that a® # 0, we have by (3.8)(i) that
h is symmetric and [K,K| = K = fo(X,h). Moreover, (3.8)(ii) and (iii),
I} = [z, H], and, for any b € I, either ad}(fo(X,h)) = I; or it is a minimal
inner ideal, which proves that the chain is stationary in this case. Suppose
otherwise that for every element a of Iy, a®> = 0. Then, by (3.6)(iii),(iv),
I = [V, V] for a finite dimensional totally isotropic subspace V of X over A,
and again the chain becomes stable.

(ii) Let 0 # a € [K, K] be von Neumann regular. Then ad?([K, K]) is
an abelian, and therefore proper, inner ideal of [K, K] (2.3). Hence, by (3.8),
either a®? = 0 or a = [z, 2], where z is an isotropic vector of a hyperbolic plane
H of X, and z is a nonisotropic vector of H+. Conversely, let 0 # a € [K, K].
If a®> = 0, then a is von Neumann regular in [K, K], by (2.4)(v) and associative
regularity of a € F(X). Suppose then that a = [z, z], where h is symmetric,
[K,K] = fo(X,h), = is a nonzero isotropic vector of a hyperbolic plane H of
(X,h), and z € H" is not isotropic. By (3.8)(ii), a = [z, 2] € ad?, ;(fo(X,h)) =

[z,2]
[z, H+], and since [z, H1] is abelian (3.7), we also have that adfx’z] = 0, which
proves that a is also von Neumann regular in this case. ]

Baranov’s classification of infinite dimensional finitary central simple Lie
algebras over a field F' of characteristic zero (see [1, Theorem 1.1]) admits the
following reformulation: such a Lie algebra is either (i) a finitary special linear
algebra fsl(P), for P an infinite dimensional pair of dual vector spaces over a
finite dimensional division F'-algebra A; or (ii) [Skew(F(X), ), Skew(F(X), *)],
relative to a nonsingular (skew-Hermitian or symmetric) and infinite dimensional
inner product space (X, h) over a division algebra with involution (A, —) which
is finite dimensional over F'.

Corollary 3.10. (i) Infinite dimensional finitary central simple Lie algebras
over a field F of characteristic zero satisfy the descending chain condition on
principal inner ideals.

(ii) Such an algebra is Artinian, i.e., it satisfies the descending chain condi-
tion on all inner ideals if and only if it is of type (ii) above with (X,h)
not containing infinite dimensional totally isotropic subspaces.

(iii) A finitary simple Lie algebra over an algebraically closed field of charac-
teristic zero is Artinian if and only if it is finite dimensional. ]
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