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Abstract

In this paper we show that the scalar center of a nondegenerate quadratic Jordan algebra is contained in
the scalar center of any of its Martindale-like covers.
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Introduction

The notion of (weak) scalar center, introduced by Fulgham in [3], has revealed a central tool
in the study of Martindale-like quotients [1,4] of linear Jordan algebras mainly due to two facts:

(i) any nonzero ideal of a nondegenerate PI Jordan algebra contains nonzero central elements
[2, 3.6], and
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(ii) the scalar center of a nondegenerate linear Jordan algebra is contained in the scalar center of
any of its Martindale-like algebras of quotients [1, 4.1].

Our aim in this paper is showing that the general (quadratic) version of (ii) holds. Indeed we
will work at the slightly more general setting of what we call “Martindale-like covers,” defined
in terms of natural “ideal absorption properties.” This result is basic in our forthcoming paper on
polynomial identities and speciality of quadratic Martindale-like quotients, as well as we expect
it to be useful in the description of Martindale-like quotients of strongly prime quadratic Jordan
algebras satisfying a polynomial identity.

The proof of our main result is purely combinatorial, based on the fact that 2J 4 Ker21d;
is an essential ideal of any nondegenerate Jordan algebra J, which, with the use of annihilators,
allows to split the problem into the 2-torsion free and the characteristic 2 cases.

The paper is divided into four sections. Section O is devoted to recalling basic facts and no-
tions, including the essentialness of 2J + Ker21d;, mentioned above, and the definition of the
scalar center. In Section 1 we study characteristic 2 phenomena needed in the sequel, and their
natural extensions to arbitrary Jordan algebras in terms of the annihilator Anny(Ker21d;) of
Ker21d;. In the next section we establish the fundamental properties of Martindale-like covers.
Finally, in Section 3, we prove our main theorem asserting the inheritance of the scalar center by
Martindale-like covers of nondegenerate Jordan algebras. It turns out that for a central element z
of J, and a cover Q of J, V, is in the centroid of Q as soon as Q satisfies the natural outer ideal
absorption properties, while for the fact that z is indeed central in Q, the inner ideal absorption
property must be assumed too.

0. Preliminaries

0.1. We will deal with Jordan algebras over a ring of scalars @. The reader is referred to [5,7,11]
for definitions and basic properties not explicitly mentioned or proved in this section. Given a
Jordan algebra J, its products will be denoted x?, U, y, for x, y € J. They are quadratic in x and
linear in y and have linearizations denoted Vyy =x oy, Uy ;y = {x, y, 2} = Vi yz, respectively.
A Jordan algebra J is said to be unital if there is an element 1 € J satisfying U; = Id; and
U,1 = x?2, for any x € J (such an element can be shown to be unique and it is called the unit
of J).

Every Jordan algebra J embeds in a unital Jordan algebra J=J@®®1 called its ( free) uniti-
zation [11, 0.6].

A Jordan algebra J is said to be nondegenerate if zero is the only absolute zero divisor, i.e.,
zero is the only x € J such that U, =0.

0.2. We will need the following identities valid for arbitrary Jordan algebras.

(i) (xoy)oz={x,y,z} +{y,x,z},
(i) zoUyy={z,x,ylox —yoU,z,
(i) Uy,y =UxUyUy, U2 = (Uy)?,
(i) {x,Ucx,y} ={Usz,2, 5},
V) 2ny=xo(xoy)—x20y,
(vi) {z,x, Uy, y2} = {z, {x, y1, y2}, y1} = {z, y2, Uy, x},
(vii) Ux(yoz)={xoy,z,x} —yoUz,
(vill) Uzoxy =UUxy + Uy Uy + 20 Ux(y 0 2) — {Ux, y, x},
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(ix) (Uxy)* = U Uyx?,
(%) (xoy)zzny2+ny2+xkox,
(x1) Uga,x,02=UsUxUpz + UpUyUyz +1{a, x, Upix, a, 2}} — {UsUxb, z, b},
(xii) {a,z,UsUxa} ={Uqz, x, Ugx},
(xiii) 2U, U Uyz ={a,x,Uy{x,a,z}} —{Usx, x, Uyz},
xiv) Uyla,b,c}={x,a,{b,c,x}} —{Uya,c, b}.

Indeed, (vi) is [7, JP10], (xi) is [7, JP21], (xiv) is [7, JP12], and the rest of them follow from
Macdonald’s theorem [6].

0.3. We recall that an ideal I of a Jordan algebra J is just a @-submodule of J satisfying
UJ+1*4+Ujl+10JC1, equivalently, U1] +U;I <], which implies {/, J, J} C I using
(0.2)(1). An ideal I of J is said to be essential if it h1ts every nonzero ideal of J,i.e., INL #0
for any nonzero ideal L of J.

0.4. In a Jordan algebra J, the annihilator Anny(I) of an ideal I of J is an ideal of J which,
when J is nondegenerate, is given by

Amny(I)={xeJ| U =0}={xeJ|Ux=0}

[8, 1.3, 1.7], [12, 1.3]. Anideal I of J will be said sturdy if Anny (1) = 0. It is easy to prove that
essential ideals coincide with sturdy ideals in any semiprime Jordan algebra.

0.5. The centroid I" (J) of a Jordan algebra J is the set of linear maps acting “scalarly” in Jordan
products [10]:

rdJ)= {T € Endg (J) ’ TU,=U,T, TV, =V, T
Tz(xz) = (T(x))z, T?U, = Ur(y), forany x € J}.
It is immediate that TV, y = V, T, TUy y = Uy yT for any T € I'(J), and any x,y € J.
Clearly, @ 1d; € I'(J). By [10, 2.5], when J has no nonzero extreme elements (for example,
when J is nondegenerate), I'(J) is a unital associative commutative @-algebra and J is a Jor-
dan algebra over I"(J).
0.6. Lemma. If J is a nondegenerate Jordan algebra and T € ' (J), then
(i) the sum T (J) + Ker T is direct and, indeed, Ker T = Ker T" for any positive integer n,
(i) T(J) and Ker T are ideals of J,
(i) T(J)+ KerT is an essential ideal of J.
Proof. (i) Let x € J such that 72(x) = 0. Then, for any y € J, we have
Uty iy = UroUyUr vy = Ur ) Uy T* Uy = T*Ur (0)UyUx = Ur2,y Uy Uyx =0,

hence Ur(x)y = 0 by nondegeneracy. This shows Ur(,) =0, hence T (x) = 0 again by nonde-
generacy. We have proved Ker T' = Ker 72, which readily implies our assertion.
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(i1) By [10, 2.6] we already know that 7' (J) is an ideal of J and KerT is an outer ideal
of J. But, under nondegeneracy, Ker T is also an inner ideal of J: for any x € Ker7, y € J R
T%(Uyy) = Ur(x)y = 0, hence U,y € Ker T? = Ker T by (i).

(iii) Given a nonzero ideal L of J,if T (L) =0,then0£ L C LNKerT C LN(T(J)+KerT).
Otherwise, there exists x € L such that T'(x) # 0. By nondegeneracy, 0 # Ur(x)J = T?U,.J =
U T ) CULJNTI)SLN(TWJ)+KerT). O

0.7. Following [3], the (weak) center of J is the set C(J) of all elements z € J suchthat U,, V, €
I"(J), which is a subalgebra of J when J is nondegenerate [3, Theorems 1, 2]. More explicitly,
z € J lies in C(J) if and only if

ci(z,J,J)=0, fori=1,2,3,5,6, and c¢j(z,J)=0 fori=4,7,

where

c1(z, x,y) =VUyy —UyVoy =z0Uxy — Ux(z 0 y),
c2(z,x, ) =V Voy = ViVey=zo(xoy) —xo(zoy),
¢3(z.x,3) = U,y = V2Uxy = Uzoxy =20 (zo Upy),
c4(z,x) = (sz)2 — szxz =(z ox)2 —zo (z oxz),
¢5(z,x,y) =UUyy — U Uy,
c6(z,x,y) =U;Vyy = VxU;y=U;(x0oy) —x o Uy,
c7(z,%) = Ux)* = U7x%,
since ¢5(z, J, J) =0 and (0.2)(iii) imply Uy,x = U, U, U, = UZ2UX, forany x € J.
We claim that z € C(J) also satisfies cg(z, J, J) = 0, where cg(z,x,y) = {U,x,y,x} —
2U, U, y, which readily follows from the fact that U, € I"(J). If J is nondegenerate then also

c9(z, J) = 0 for co(z, x) = U x> — U, 22, since c9(z,x) = cs5(z,x,1) and C(J) C C(f) by [3,
Corollary 1].

1. Characteristic 2 phenomena
1.1. We remark that, by applying (0.6) to 7 = 21d; in a nondegenerate Jordan algebra J, 2x =0
if and only if 2"x = 0 for a positive integer n.

On the other hand, if 2x = 0 and x € Ann(Ker2Idy), then x = 0: x € Ker2Id; N
Ann(Ker2Id;) =0 since J is semiprime and Ker21d; is an ideal of J by (0.6)(ii).

1.2. Remark. In a nondegenerate Jordan algebra J, Uyx = Uy(—x), i.e., Uy2x = 0, for any
xeJ,yeKer2ld;: Uy2x =2Uyx =0 since Uyx € Ker2Id; by (0.6)(ii).

1.3. Lemma. Let J be a nondegenerate Jordan algebra, and let a,b € J. If (U, — Up)J C
Annjy(Ker21Idy), then a — b € Anny (Ker21dy).

Proof. (I) Ug,7,5yJ < Anny(Ker21Idy): for any y € Ker21dy, x, z € J, using (0.2)(xi),
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UyUax.p)z = Uy [UaUrUpz + UpUx Uz + {a, x, Up{x, a, 2} } — (U, Uib, 2, b}]
=U,[UsUsUsz + UUyUgz + {a, x, Ug{x, a, 2}} — (UpUsb, z, b}]
(fort € J, Ut — Upt € Anny(Ker21dy), which is an ideal of J)
=U,[2U,UxUaz 4 {a, x, Ua{x, a, 2}} — {Upx, x, Upz}]  (by (0.2)(xi))
= Uy[ZUaUanz + {a, x,Uy{x,a, z}} —{Ugx, x, Uaz}]
(fort € J, Uyt — Upt € Anny(Ker21d;), which is an ideal of J)
=U,[4U,U Uuz]  (by (0.2)(xiii))
=0

by (1.2).

(D {a, J, b} < Ann;(Ker2ld;): using (0.2)(iii), for any y € Ker2ld;, x € J, Uy,ja,x.p) =
UyUia,x,pyUy =0 by (I), hence Uy{a, x, b} = 0 by nondegeneracy of J.

I U,—pJ < Anny(Ker21dy): forany y € Ker21dy, x € J,

UyUqg—px = Uy[Ugx + Upx — {a, x, b} | = Uy[Uax + Uax — {a, x,b}] (as above)
= Uy[ZUax —{a, x, b}] =0

by (1.2) and (I).
Finally, for any y € Ker21d,, Uy,_,y = Us—pUyU,—p (by (0.2)(iii)) = 0, by (III), hence
U,—py = 0 by nondegeneracy, and ¢ — b € Anny(Ker21dy) (0.4). O

Under the assumption of characteristic 2, (1.3) turns into the following result of independent
interest, though it is not explicitly needed in the sequel.

1.4. Corollary. Let J be a nondegenerate Jordan algebra of characteristic two (2J = 0),
a,be J. IfU, = Uy, thena =b.

Proof. Use (1.3) and the fact that Ann; (Ker2Id;) = Ann;(J) =0 by nondegeneracy. 0O
2. Martindale-like covers

2.1. When J and Q are Jordan algebras such that J is a subalgebra of Q, we will say that Q is
a cover of J. We will consider the following ideal absorption properties for a cover Q of J:

the outer ideal absorption properties:
(IA1) for any 0 # g € Q there exists an essential ideal / of J such that 0 # Ujq € J,

(IA2) for any g € Q there exists an essential ideal / of J such that / og C J,
and the inner ideal absorption property:
(IA3) for any g € Q there exists an essential ideal / of J such that U,1 C J.

A cover Q of J will be said a Martindale-like cover if it satisfies (IA1)—(IA3).
2.2. Remark. Assuming (IA1), condition (IA2) can be replaced by

(TA2') For any g € Q there exists an essential ideal I of J such that {g, I, I} C J.
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Indeed, (0.2)(i) implies that {g,I,I} S (gqol)o I + {I,q,1} € J when [ is the intersection
of the ideals in (IA1) and (IA2) for the element g. Conversely, if / and L are essential ideals
satisfying Uyqg +{q, L, L} C J, then K := Ujn (I N L) is an essential ideal of J by [12, 1.2(a)],
and (0.2)(i1) yields

qoK=qoUn(INLYC{g,INL,INLYo(INL)+(INL)oUnrq
C{q.L,LYoJ+JoUiqCJ.

2.3. Remark. Notice that any cover Q of J satisfying (IA1) is tight over J, i.e., any nonzero
ideal of Q hits J. As a consequence, if J is nondegenerate then Q is also nondegenerate (cf. [9,
2.9(iii)]). Similarly, J is free of 2-torsion if and only if Q is free of 2-torsion, using tightness,
(0.6)(ii), and the obvious fact that Ker21d; = J N Ker21dy.

In the next result we go further in the tightness of Martindale-like covers, in fact of covers just
satisfying (IA1).

2.4. Proposition. Let J be a nondegenerate Jordan algebra and Q be a cover of J satisfying
(IA1). Then, for any 0 # q € Q, and any essential ideal L of J, Upq #0 and Uy L #0. If J has
not 2-torsion, then also L o q # 0.

Proof. Given 0 # g € Q, let I be an essential ideal of J such that 0 # U;q C J, so that we can
take x € I such that 0 # Uyq. For any essential ideal L of J, 0 # Uy, 4L since Ann; (L) =0.
But Uy, L = U U, U, L (by (0.2)(iii)) € U, U, L, which implies U, L # 0.

If Upg =0, then Uy[jg = 0 in the algebra Q[¢] of polynomials over Q. Notice that Q is
nondegenerate by (2.3), which readily implies that Q[¢] is also nondegenerate. For any h € L[¢],
let a := UpUyh € Q[t]. By (0.2)(iii),

Ua Qlt] = UpUgUpUqUp QIt] = Uy qUy Uy Ql11 =0

since Upg = 0, hence a = 0 by nondegeneracy. For x,y € L, the coefficient of ¢ in
UryryUy(x +ty) is Uy Uyy + Uy Uy x, which is then zero. But, on the other hand, Uy U x =
{Uxq, q, y} (by (0.2)(iv)) = 0, hence we obtain Uy U, L = 0. Fixing any x € L such that U,x # 0,
we then have 0 £ UquL =U,U,U,L CU,ULU,L, which contradicts U Uy L = 0. This shows
UrLg #0.

Finally, in case J has not 2-torsion, 0 #2Urq € Lo (Lo gq) + Lo q (by (0.2)(v)) € Lo
(Log)+ Logimplies Log#0. O

As a consequence, we can choose a single ideal to nontrivially absorb any given finite set of
elements in the cover.

2.5. Corollary. Let J be a nondegenerate Jordan algebra and Q be a cover of J satisfying (1A1).
Given a finite set q1, ..., qn of nonzero elements in Q, there exists an essential ideal I of J such
that0#£Ujq; C J, foralli=1,...,n.

If Q also satisfies (1A2) and/or (1A3), then the ideal I above can also be assumed to satisfy
Iogi +1{q;,1,1} S J (with 0 # I o q; in case J has not 2-torsion), and/or 0 # U, 1 C J,
respectively, foralli =1,...,n.
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Proof. Apply (2.4) and (2.2) together with the fact that the finite intersection of essential ideals
is also essential. O

2.6. If J is a nondegenerate Jordan algebra without 2-torsion, a cover Q of J is a Martindale-
like cover of J if and only if for any 0 # g € Q there exists an essential ideal I of J such
that 0 # I o g € J (when 1/2 € @, this just amounts to saying that Q is a Jordan algebra of
Martindale-like quotients of J with respect to the filter of all essential ideals of J in the sense of
[4,5.1]).

Indeed, a Martindale-like cover of J satisfies (IA2) and, moreover,  og # 0 forany 0 # g € QO
by (2.4) in the absence of 2-torsion. Conversely, assume that, for any 0 # g € Q, there exists an
essential ideal I of J such that 0 # I o g C J. Clearly, M := 21 is an essential ideal of J and

Unuqg=2QU;q) C 2(1 o(loqg)+ 12 oq) (by (O.2)(v))
CloJ+1logClJ.

Moreover, for x € I such that x o g # 0, we have, by sturdiness of I (cf. (0.4)),

0#£Ui(xoq)S{lox,q, 1} +x0Urq (by (0.2)(vi))
CUig+x0Usq,

which implies Uyq # 0, hence 0 £ 4U;q = Upq, and we have established (IA1).

Furthermore, M o g C J, and {g, M, M} C J as in the proof of (2.2). We now just need to
show (IA3). Let L be an essential ideal of J such that q2 oL C J,andlet K := Uy M N L, which
is an essential ideal of J by [12, 1.2(a)], and we will show U,2K C J. First, g o Uy M C M: for
any x,ye M,

goUxy={q.x,y}ox —yoUyq (by (0.2)ii))
ClgM,MyoM+MoUyg<JoMCM.

Thus, by (0.2)(v), U;2K =2U,K Cgo(goK)+q*0oK Cqgo(goUyM)+qg*>oL CqgoM+
2
qg-oLCJ.

3. Center inheritance in Martindale-like covers

The proof of the next result is just the quadratic version of the proof of [1, 4.1]. In the gener-
alization a factor 2 comes out.

3.1. Lemma. Let J be a nondegenerate Jordan algebra, Q be a cover of J satisfying (I1A1) and
(IA2), and z € C(J). Then, 2z 0 (poq) =2(zo p) ogq, forany p,q € Q, i.e, 2V, V, =2V, V,,
forany q € Q.

Proof. (I) For any g € Q and any x € J suchthatxog € J,zo(xo0g) =(z0x)o0gq:
Use (2.5) to find an essential ideal I of J such that U;q + {q, 1,1} € J. For any y;, y» € I,
andr e J,
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{zot,q, Uy yay={zot. {g, y1. 2}, 1} —{z o1, 32, Uy g}  (by (0.2)(vi))
=zo{t.{g. y1. 2}, y1} —zo{t. y2. Uy, q}
=zoft,q,Uyy2} (by (02)(vi)) )
since {q, y1, 2}, Uy,g € J,z€ C(J),and C(J) C C(f) [3, Corollary 1]. Now, if K := U;I and
yEK,

Uy((zox)og)={yo(zox),q,y} —(zox)oUyg (by (0.2)(vii))
={z0(yox),q,y} —zo(xoUyq) (sincex,y Uygel, zeC(J))
=zo{yox,q.y}—zo(xoUy) (by (D)
=zo(Uy(xogq)) (by (0.2)(vii))
= Uy(z o(x oq))

since y,x og € J and z € C(J). We have shown that Ux ((zox) og —z o (x 0 g)) =0, which
implies (zox)og —zo (x og) =0 by (2.4) since K is an essential ideal of J by [12, 1.2(a)].
(II) Let g € Q, and I be an essential ideal of J satisfying I oq + U;q + {q, I, I} C J, that
can be found by (2.5). Then (zog)ox =zo(qox) forany x e U, I:
(zogq)ox=2{z,q,x} —zo(qox)+(zox)ogq (by linearized (O.2)(v))
=2{z.q.x} (by (D)
= {Z (o} 1, q, X}
=zo{l,q.x} (by (D)
=zo(qox).
(IIT) For any p,q € Q,2(zop)og=2z0(pogq):
By (2.5), we can find an essential ideal / of J suchthat lop+U;p +{p, 1,1} +10q +

Uig+1{q, 1,1} +1o(poqg)+Uij(pog)+{poqg,l,1} S J.Let K:=U;I and L := UK.
Notice that

U,g CK. 2

Indeed, Uy g is spanned by elements of the form Uy, pq and {U, b, q, U,b}, where a, b, a’, b’ €
K, and

Uu,pq = UaUpUaq  (by (0.2)(iii))
CUgUgUrq CUgUgJ CK,

whereas

{Ua’b/’ qv Uab} g {Kv q7 Uab} g {Kv {C]’ a7 b}va} + {Kv bv an} (by (02)(VI))
C{K, {q. I,I},K} +{K,K,U;q) C{K,J,K}+{K,K,J} CK.
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Now, forany y € L,

Uy(2(zop)og) =2[{yo(zop).q.y} —(zop)oUyq] (by (0.2)(vii))
[{zo(yop)g.y} —z0(polUyg)] (by D since y,Uyqg € K by (2))
[

V4

zo{yop,q.y}—zo(polUyq)] (by(1)since yope JandyeK)
oUy(pog) (by (0.2)(vii))

=zo[(yo(pog)oy—y*o(pog)] (by(0.2)(v))
=[(yo(zopog))oy—y>o(zo(pog)] (by(D)
=2Uy(zo(pogq)) (by (0.2)(V))

=Uy(2z0(pogq)).

2
2
2

We have shown U (2(zo p)og —2z 0 (pogq)) =0, which implies 2(zo p)og —2z0(pog) =0
by (2.4), since L is an essential ideal of J by [12, 1.2(a)]. O

3.2. Theorem. Let J be a nondegenerate Jordan algebra, Q be a cover of J satisfying (1A1) and
(IA2), and z € C(J). Then,

2¢i(z,0,0)=0, fori=1,2,3,5,6,8 and 2ci(z,0)=0, fori=4,7,09.

Proof. By (1.1), it is enough to prove 2"c;(z, Q,...) = 0 for some positive integer n. On the
other hand, we claim that, for any ¢;, i =1, ..., 9, there exists a positive integer n such that 2" ¢;
can be expressed in terms of 2 times “o-products.” As an example, for p, g € Q, using (0.2)(v)
yields
8ca(z, p,q) = S[Uzoliq —zo(zo Up‘])]
=4[(zop)o((zop)og)—(zop)*og—zo(zo[po(pog)—p°oq])]
=2[2(zop)o((zop)og)—[(zop)o(zop)|og
—zo(zo[2po(pog) —(pop)og])].
Now, our result follows from (3.1). O

The above result is enough to obtain a generalization of [1, 4.1] for 2-torsion free Jordan
algebras.

3.3. Corollary. Let J be a nondegenerate Jordan algebra without 2-torsion, Q be a cover of J
satisfying (IA1) and (IA2). Then, C(J) C C(Q).

Proof. Use (0.7), (3.2), and the fact that Q has not 2-torsion by (2.3). O

3.4. Corollary. Let J be a nondegenerate Jordan algebra, Q be a cover of J satisfying (IA1)
and (IA2). Then, 2C(J) € C(Q).
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Proof. Forany z € C(J),andany i =1,...,7,¢;(2z, Q,...) =2k¢;(z, Q, ...) (for some posi-
tive integer k) = 0 by (3.2), hence 2z € C(Q) by (0.7). O

In order to extend (3.3) to the general quadratic case we will proceed in two steps. In the first
one we will study the centrality in Q of the operator V, for a central element of J, and show that
only conditions (IA1) and (IA2) are needed. Our first result is the natural generalization of [3,
Corollary 2].

3.5. Lemma. In a nondegenerate Jordan algebra J, C(J) o Ker21Id; =0.

Proof. Let z € C(J), x € Ker2Idy, and y € J. By (0.2)(viii),
Uoxy=UUyy + UyU;y +z0Ux(yoz) — {Ux, y, x}
=2U,Uyy+ (z0oz) oUyy —2U.Uyy =272 0 Ucy € 2.

But4U,oxy = U;02xy =0, hence U,oxy = 0 by (1.1). We have shown U, J =0, hence zox =0
by nondegeneracy. 0O

The next two results are meant to “lift” (3.5) to covers satisfying (IA1).

3.6. Lemma. If J is a nondegenerate Jordan algebra and Q is a cover of J satisfying (1A1), then
C(J)oKer2ldg =0.

Proof. Let z € C(J), g € Ker2Idp, and let I be an essential ideal of J such that U;g C J.
Notice that L :=1 N (2J + Ker21dy) is an essential ideal of J by (0.6)(iii). For any y € L, using
(0.2)(vii),

Uy(zog)={yoz,q,y} —z0Uyq.

But writing y =2a + b fora e J, b € Ker21ldy, {yoz,q,y} ={2ao0z,q,y}+{boz,q,y} =
{aoz,2q,y} (since b oz =0 by (3.5) =0 since g € Ker2Idp. On the other hand, 2U,q =
Uy2q =0, hence Uyqg € J NKer2ldg = Ker21d,, so that z o Uyg = 0 by (3.5). We have shown
UL(zoq) =0, whichimplies zog =0by (2.4). O

3.7. Lemma. If J is a nondegenerate Jordan algebra and Q is a cover of J satisfying (1A1), then
C(J)o Q S Anng(Ker2lIdp).

Proof. Letz € C(J), p e Ker21dp, and g € Q. By (0.2)(vii),

Up(zoq)={poz.q,p} —z0Upqg=0

by (3.6) since p,U,q € Ker2Idp. This shows z o g € Anng(Ker2Idg) (cf. (0.4) since Q is
nondegenerate by (2.3)). O

3.8. Theorem. If J is a nondegenerate Jordan algebra and Q is a cover of J satisfying (I1A1)
and (1A2), then V, € I'(Q) for any z € C(J), equivalently,

€1(z,0,0)=c2(z, 0, Q) =c3(z, 0, Q) = c4(z, Q) =0.
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Proof. Notice that, ci(z, @, Q), c2(z,Q, Q), c3(z,Q, Q), c4(z, Q) are contained in
Anng(Ker21Idg) by (3.7), since they lie in the ideal of Q generated by z o Q. Now, the re-
sult follows by using (3.2) and (1.1). O

3.9. Theorem. Let J be a nondegenerate Jordan algebra, Q be a cover of J satisfying (1A1) and
(IA2), and z € C(J). Then

() {z,p,.q}=1{z.9.p} ={p. 2,9}, forany p,q € O,
(i) co(z, Q, Q) =c7(z, Q) =c9(z, Q) =0.

Proof. (i) By (0.2)(i) and (3.8),
{z.p.q}=—{p.2,9} +(poz)og=—{p,z,q} + po(zoq)={z,q, p}, and
{z.p,q}=—{z,9,p} +(pog)oz=—{z,q9,p} + po(goz) ={p,z,q).

(i) If c9(z, Q) = 0 then, for any p € Q,
¢1(z, p) = (U.p)* = U2p* = (U.p)* — U, Upz* =0

by (0.2)(ix). Thus we will show cg(z, O, Q) = c9(z, @) = 0, and we just need to prove that
c6(z, 0, Q),c9(z, Q) € Anng(Ker2ldg) by (3.2) and (1.1). For any p,q € Q, y € Ker21dg,
Uycs(z, p.q) =Uy(Uz(pog) — poUsq)
=Uy(U.(poq)+poU.q) (by(1.2)since Q is nondegenerate by (2.3))
=Uy({zop.q.2}) (by (0.2)(viD))
=0

since z o p € Anng(Ker21Idp) (by (3.7)) implies {z o p, q, z} € Anng(Ker2Idg). Also

Uycy(z, p) = Uy (Uzpz - Upzz)
=U,(U.p* +U,z*) (by (1.2) since Q is nondegenerate by (2.3))

=Uy((zo p)* —z0Upz) (by (02)(x))
=0

since z o O € Anng(Ker2Idg) by (3.7). O

3.10. Lemma. Let J be a nondegenerate Jordan algebra, Q be a cover of J satisfying (1A1) and
(IA2), and z € C(J). Then

U,Upqg=-U,U,q+{U;p,q,p}, foranyp,qecQ.
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Proof. Notice that c1o(z, p,q) :=UUpq+U,U,q —{U;p,q, p} = —c5(z, p.q) — cs(z, p, q),
hence 2ci9(z, p,g) = 0 by (3.2). Using (1.1), we just need to prove cio(z, Q, Q) C
Anng(Ker2Idgp). But using (0.2)(viii) yields cio(z, p,q) = Uzppg — z 0 Up(qg 0 2) €
Anng (Ker21dp) by (3.7). O

Notice that, up to now, only the outer ideal absorption properties have been needed. The next
results, aimed at studying the centrality of U, will make explicit use of inner ideal absorption.

3.11. Lemma. Let J be a nondegenerate Jordan algebra, Q be a Martindale-like cover of J, and
z€C(J). Then cs5(z,J, Q) =0.

Proof. Letx € J, g € O, and I be an essential ideal of J such that U,I € J, U;(U,Uxq) C J,
and U;(U,U.q)  J, which exists by (2.5). Forany ye I,a € J,
Uu,v.u.qa = UyU,UxUyUx U Uya (by (O.2)(iii))
=U,U,U.UyU U Uya (since UyU,U.Uya S Uyl € J, and U, € I'(J))
= U,U,U,U,U.UyUya (since Uya € J, and U, € I'(J))
=Uy,u,u.qa (by (0.2)(iiD)).

By (1.3), we have Uycs(z, x,q) =U,U;Urqg — Uy,U,U,q € Annj(Ker21dy). But 2Uycs5(z, x,
q) =Uy2¢5(z,x,q) =0 by (3.2), hence Uycs(z, x,q) =0by (1.1).
We have shown that U;cs(z, x, g) = 0, which implies ¢5(z, x,q) =0by (2.4). O

3.12. Lemma. Let J be a nondegenerate Jordan algebra, Q be a Martindale-like cover of J, and
z€ C(J). Then, foranyx,ye J, q € Q,

(1) {Uzx,q,x}=2U,Urq €2Q, so that {U;x,q,x} € Anng(Ker2ldyp),
(i) {U;x,q,y}+{x,q,U;y} € Anng(Ker2Idp).

Proof. By (3.10), U,Uyvq = —U,U,q + {U.x, q,x}, which implies (i) using (3.11), (2.3),
and (1.2), whereas (ii) follows by linearizing (i). O

3.13. Lemma. Let J be a nondegenerate Jordan algebra, Q be a Martindale-like cover of J,
2€C(J), q € Q, and I be an essential ideal of J such that Uyl +U;q € J. Then,

(Uzq,y,q) =2UUyy €20, sothat{U.q,y,q} € Anng(Ker21dp),
forany yel.

Proof. Forany x € I, u € Ker21dyp,

UnUc{U2q, v, 9} = Uu[{x, U.q,{y,q.x}} = {UxU.q. 4. y}] (by (0.2)(xiv))
=U,|U.{x.q.{y.q.x}} —{U.Urq.q.}]
(by applying (3.11) to both terms since {y, g, x} € Urg S J)
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=Uu[U{x.9.{y. 4. x}} = (Uxq. 4, U y}]
(by (3.12)(ii) since Urg € Urq € J, and (1.2))
=U, [Uz{x, q,{y, q,x}} —{x,Uyx, Uzy}] (by (0.2)(iv))
=Uu[U{x,q.{y,q,x}} = Us{x, Ugx, y}]
(since Ugx € Uyl € J and U, € I'(J))
= Uu[U:{x.q.{y.q. x}} = U:{Uxq. 4. y}]  (by (0.2)(iv))
= UuU:Uslg. .9} (by (02)(xiv)
=U,2U0,U,U;y =0
by (1.2). Also U,U,2U,U,;y =0 by (1.2), hence we have shown
Urcs(z,q,y)=Uj [{Uzq, v, q} — 2UZqu] C Anng(Ker21Idp).

But 2Ujcs(z,q,y) = Ur2c3(z, q, y) =0 by (3.2), so that Uycg(z,q,y) = 0 by (1.1). Therefore
cg(z,q,y) =0by 24),ie,{U.q,y,q} =2U.Uyy. O

3.14. Lemma. Let J be a nondegenerate Jordan algebra, Q be a Martindale-like cover of J,
z€C(J), g € Q, and I be an essential ideal of J such that Uyl + Ujq C J. Then, for any
yel, cs(z,q.y)=0.

Proof. By (3.10), U,U,y = -U, Uy +{U.q,y,q} = U, U,y using (3.13). O

3.15. Proposition. Ler J be a nondegenerate Jordan algebra, Q be a Martindale-like cover of J,
and z € C(J). Then c5(z, Q, Q) =0.

Proof. Let p,g € O and I be an essential ideal of J suchthat Uyg +{q, I, I} +U;p+U,I C J,
which exists by (2.5). If we take K := U; I, we also have that K is an essential ideal of J [12,
1.2(a)], and Uk g < I, as in (IIT)(2) of the proof of (3.1).

Forany x € K,

U U.Upq=Uypx19 —UpUUrq — {p, z, Ux{z, p, q}} +{UpU;x,q,x} ((0.2)(xi))
=Uppxyqd — U:UpUxq — {2z, p. Uc{p. 2. q}} + {U.Upx, q, x}
(by (3.9)(1) and (3.14) since U,q € I)
=U,UpU,q

using again (0.2)(xi). We have shown that Uk c5(z, p, ¢) = 0, which implies that c5(z, p,q) =0
by 2.4). O

3.16. Theorem. Let J be a nondegenerate Jordan algebra, Q be a Martindale-like cover of J.
Then C(J) C C(Q).

Proof. Put together (3.8), (3.9)(ii), and (3.15), and use (0.7). O
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