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ABSTRACT
Given a Lie superalgebra and an even ad-nilpotent element of index � 3,
one can obtain a Jordan superalgebra attached to that element; inspired
by that construction we build a Jordan superpair attached to an odd
ad-nilpotent element of index � 4: We introduce inner ideals for Lie super-
algebras, and we prove that the associated subquotients are Jordan super-
pairs. All three constructions agree when considering abelian inner ideals
generated by one element.
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1. Introduction

Local algebras of Jordan systems were introduced by Meyberg [11], used by Zelmanov and
revisited by D’Amour and McCrimmon in their classification of linear and quadratic Jordan sys-
tems [3, 4, 14]. Ever since their introduction, they have played a prominent role in the structure
theory of Jordan systems, mainly due to the fact that nice properties flow between the system and
their local algebras (see for example [1, 2] or [12]).

In [6], the first two authors together with A. Fern�andez L�opez attached a Jordan algebra to
any Lie algebra L with an ad-nilpotent element x of index less than or equal to three. Their con-
struction extended the fact that every Lie algebra with an sl2-triple ðe, ½e, f �, f Þ is automatically
5-graded relative to the eigenspaces of ad½e, f � and L2 ¼ ad2eðLÞ is a unital Jordan algebra. Although
their object imitates the construction of a “local” algebra of a Lie algebra, they did not get a Lie
algebra again but a Jordan algebra, so this object was called the Jordan algebra of L at x.
Furthermore, any Z-graded Lie algebra L ¼ L�n � � � � � L0 � � � � � Ln comes together with a
Jordan pair V ¼ ðL�n, LnÞ and any element x of Ln is ad-nilpotent of index less than or equal to
three, so one can construct the local algebra of V at x (in the sense of Meyberg [11]) and this
Jordan algebra coincides with the Jordan algebra of L at x.

The Jordan algebras of Lie algebras, together with their extension to subquotients (Jordan
pairs) associated to abelian inner ideals of Lie algebras, have provided a new way of connecting
the Lie and the Jordan settings. For example, they were used by E. Zelmanov in his proof of the
Lie version of the Kurosh problem: every finitely generated PI Lie algebra over a field of charac-
teristic zero in which every commutator in generators is ad-nilpotent is nilpotent [15, §2]. They
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were also used by J. Hennig in her classification of ad-integrable simple, locally finite Lie algebras
over algebraically closed fields of characteristic >3 [8, Theorem 2]. This construction was also
mimicked in [13] to construct a quasi-Jordan algebra from a Leibniz algebra and an ad-nilpotent
element of index less than or equal to three.

In this article, we extend these ideas to the supersetting, and Jordan superstuctures are
attached to Lie superalgebras at ad-nilpotent homogeneous elements. When the ad-nilpotent
element is even, one directly obtains a Jordan superalgebra by using the Grassmann envelope.
Nevertheless, when the ad-nilpotent element is odd, our construction cannot be so directly imi-
tated. In that case, we consider a triple product, and after doubling and slightly modifying this
product we obtain a Jordan superpair.

We also generalize the notion of subquotient to the Lie supersetting. It comes attached to an
abelian Lie inner ideal of a Lie superalgebra, and it is indeed a Jordan superpair. Moreover, in
the particular case of an abelian inner ideal of the form ½x, ½x, L��, the subquotient agrees with the
Jordan superobject obtained in the previous sections.

We expect that Jordan superstructures and subquotients attached to Lie superalgebras prove to
be a useful tool to get a notion of socle and a Wedderburn–Artin theory for Lie superalgebras, as
in the non-supersetting [5, 7].

The article is organized as follows. When x is even, we easily obtain a Jordan superalgebra by
using the Grassmann envelope. But when we deal with an odd ad-nilpotent element x of index
less than or equal to 4 we first define a triple product in ½x, ½x, L��, and then we double this triple
and change a sign in one of the associated triple products to get a Jordan superpair. We intro-
duce subquotients associated to abelian inner ideals of Lie superalgebras and show that they are
Jordan superpairs. Finally, we show that the Jordan superalgebras/superpairs obtained previously
agree with the subquotients associated to abelian inner ideals of the form ½x, ½x, L��:

2. Preliminaries

In this article, we will deal with Lie superalgebras and Jordan superstructures defined over a
ring of scalars U with 1

2 ,
1
3 :

A U-superalgebra ðL ¼ L�0 þ L�1 , ½ , �Þ is a Lie superalgebra if the product is superanticommuta-
tive and satisfies the Jacobi superidentity:

� ½a, b� ¼ �ð�1Þjajjbj½b, a�
� ½½a, b�, c� þ ð�1ÞjajðjbjþjcjÞ½½b, c�, a� þ ð�1ÞjcjðjajþjbjÞ½½c, a�, b� ¼ 0

for every homogeneous a, b, c 2 L: Here jaj denotes the parity of a homogeneous element a 2 L,
i.e., jaj ¼ 0 if a 2 L�0 and jaj ¼ 1 if a 2 L�1 :

Let A be an associative superalgebra, i.e., a Z2-graded associative algebra. Then A with the
product ½a, b� ¼ ab� ð�1Þjajjbjba for a, b 2 A�0 [ A�1 is a Lie superalgebra denoted by Að�Þ: In par-
ticular, if L is a Lie superalgebra then End L becomes an associative superalgebra and ðEnd LÞð�Þ

with product ½f , g� ¼ fg � ð�1Þjf jjgjgf for homogeneous elements f , g 2 End L becomes a Lie
superalgebra. The set ad L of adjoint maps is a Lie superideal of ðEnd LÞð�Þ, so if we denote by
capital letters the adjoint maps associated to elements, i.e., A ¼ ada,B ¼ adb, etc., we have
½A,B� ¼ AB� ð�1ÞjajjbjBA for homogeneous elements a, b 2 L�0 [ L�1 :

A U-superalgebra ðJ ¼ J�0 þ J�1 , �Þ is a Jordan superalgebra if the product is supercommutative
and satisfies the Jordan superidentity:

� a � b ¼ ð�1Þjajjbjb � a
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� ða � bÞ � ðc � dÞ þ ð�1Þjbjjcjða � cÞ � ðb � dÞ þ ð�1Þjbjjdjþjcjjdjða � dÞ � ðb � cÞ
¼ ðða � bÞ � cÞ � dþ ð�1Þjbjjcjþjbjjdjþjcjjdjðða � dÞ � cÞ � b
þð�1Þjajjbjþjajjcjþjajjdjþjcjjdjððb � dÞ � cÞ � a

for homogeneous a, b, c, d 2 J, see [10].
A pair of Z2-graded U-modules V ¼ ðVþ,V�Þ is a (linear) Jordan superpair if there exist two

trilinear maps f, , gr : Vr � V�r � Vr ! Vr, r ¼ 6, both supersymmetric in the outer variables,
and that satisfy (JSP15):

fa, b, fc, d, egrgr ¼ ffa, b, cgr , d, egr � ð�1Þjajjbjþjajjcjþjbjjcjfc, fb, a, dg�r
, egr

þ ð�1Þjajjcjþjajjdjþjbjjcjþjbjjdjfc, d, fa, b, egrgr, r ¼ 6

for homogeneous a, c, e 2 Vr and homogeneous b, d 2 V�r, r ¼ 6:
We will also deal with (1, 1)-Jordan supertriples, which are a particular case ð�, dÞ-Freudenthal–Kantor

supertriple systems, � ¼ 61, d ¼ 61 [9, §3]. We say that a Z2-graded U-module M ¼ M�0 þM�1 with a
graded triple product f, , g : M �M �M ! M is a (1, 1)-Jordan supertriple if

� fa, b, cg ¼ ð�1Þjajjbjþjajjcjþjbjjcjfc, b, ag and
� fa, b, fc, d, egg ¼ ffa, b, cg, d, eg þ ð�1Þjajjbjþjajjcjþjbjjcjfc, fb, a, dg, eg

þð�1Þjajjcjþjajjdjþjbjjcjþjbjjdjfc, d, fa, b, egg

for homogeneous elements a, b, c, d, e 2 M: The second identity resembles (JSP15) but there is a
change of sign in the second summand of its right side. Notice that every (1, 1)-Jordan supertri-
ple M with triple product f, , g gives rise to a Jordan superpair V ¼ ðVþ,V�Þ ¼ ðM,MÞ with
products fa, b, cgþ :¼ fa, b, cg and fb, c, dg� :¼ �fb, c, dg for every a, c 2 Vþ and b, d 2 V�:

3. Jordan superalgebras at even homogeneous ad-nilpotent elements

3.1. Let L ¼ L�0 þ L�1 be a Lie superalgebra, and let x 2 L0 such that ad3xL ¼ 0: Such an element
will be called Jordan element of L. In the U-module ½x, ½x, L�� we can define a new product

x, x, a½ �½ � � x, x, b½ �½ � ¼ 1
2
x, x, a, x, b½ �½ �½ �½ �:

If we denote by �a :¼ ½x, ½x, a�� and �b :¼ ½x, ½x, b�� the product just means that �a � �b ¼ 1
2 ½a, ½x, b��:

The (nonassociative) algebra ð½x, ½x, L��, �Þ is Z2-graded with homogeneous parts ½x, ½x, L���0 ¼
½x, ½x, L�0 �� and ½x, ½x, L���1 ¼ ½x, ½x, L�1 ��: The parity of an homogeneous element �a coincides with the
parity of a as an element in the Lie superalgebra L, i.e., j�aj ¼ jaj for every homogeneous element
a 2 L�0 [ L�1 : This nonassociative superalgebra is a Jordan superalgebra by using the Grassmann
envelope. We recall this fact in the following proposition.

Proposition 3.2. Let L ¼ L�0 þ L�1 be a Lie superalgebra and x 2 L�0 be a Jordan element. Then
ð½x, ½x, L��, �Þ is a Jordan superalgebra.

Proof. Let us check that the Grassmann envelope of ½x, ½x, L�� is a Jordan algebra with the induced
product. Let us consider ~x ¼ x� 1 2 GðLÞ, which is a Jordan element of the Lie algebra G(L). By
[6, Theorem 2.4(ii)] and [6, Remark 2.14] we can consider the Jordan algebra ½~x, ½~x,GðLÞ�� of
G(L) at ~x with product

~x, ~x, ~a½ �½ � � ~x, ~x, ~b
� �� �

¼ 1
2

~x, ~x, ~a, ~x, ~b
� �� �� �� �

for any ~a, ~b 2 GðLÞ:
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The map u : ½~x, ½~x,GðLÞ�� ! Gð½x, ½x, L��Þ given by uð½~x, ½~x, a� ni1ni2 :::nik ��Þ ¼ ½x, ½x, a�� �
ni1ni2 :::nik is an isomorphism, so Gð½x, ½x, L��Þ is a Jordan algebra, giving that ½x, ½x, L�� is a Jordan
superalgebra. w

Remark 3.3. The induced triple product on ½x, ½x, L�� is given by

f�a, �b,�cg ¼ ð�1Þjbjjcj 1
4
X2ACX2ðbÞ

for homogeneous �a, �b,�c 2 ½x, ½x, L��: Indeed,
4f�a, �b,�cg ¼ 4

�
�a � ð�b � �cÞ þ ð�1Þjbjjcjþjajjcj�c � ð�a � �bÞ � ð�1Þjajjbj�b � ð�a � �cÞ

�

¼ X2 a, x, b, x, c½ �� �� �� �þ ð�1ÞjbjjcjþjajjcjX2 c, x, a, x, b½ �½ �½ �½ �
� ð�1ÞjajjbjX2 b, x, a, x, c½ �½ �½ �� �

¼ a, x½ �, b, x½ �, c½ �� � þ ð�1Þjbjjcjþjajjcj c, x½ �, a, x½ �, b� �� � � ð�1Þjajjbj b, x½ �, a, x½ �, c½ �
� �

¼ X2 a, x½ �, b, x½ �� �
, c

� �þ ð�1ÞjajjbjþjbjjcjþjajjcjX2 c, x, b, x½ �, a½ �½ �½ �
¼ X2 a, x, b, x½ �½ �½ �, c½ � ¼ ð�1ÞjcjðjajþjbjÞX2 c, a, x, x, b½ �½ �½ �½ � ¼ ð�1ÞjbjjcjX2ACX2ðbÞ:

Remark 3.4. An equivalent construction of the Jordan superalgebra ð½x, ½x, L��, �Þ is the following: in L
define a new product by a � b ¼ 1

2 ½a, ½x, b�� for any a, b 2 L, and denote LðxÞ the (nonassociative)

Z2-graded algebra ðL, �Þ, with LðxÞ�0 ¼ L�0 and LðxÞ�1 ¼ L�1 : If we define KerLðxÞ :¼ fa 2 Lj½x, ½x, a�� ¼
0g, then KerLðxÞ is the kernel of the Z2-graded algebra homomorphism u : LðxÞ ! ½x, ½x, L�� given by
uðaÞ ¼ ½x, ½x, a��, so LðxÞ=KerLðxÞ and ½x, ½x, L�� are isomorphic as Jordan superalgebras.

4. Jordan superalgebras at odd homogeneous ad-nilpotent elements

Now we turn to odd ad-nilpotent elements. Notice that for every homogeneous element x 2
L�1 we have ad½x, x� ¼ 2ad2x: When dealing with ad-nilpotent elements of L�1 we will require ad4xL ¼
0: In this case the element y ¼ ½x, x� 2 L0 verifies ad2y ¼ ad2½x, x� ¼ 4ad4x ¼ 0:

Remark 4.1. Given such an element x 2 L�1 with ad4x ¼ 0, if we consider the U-module ½x, ½x, L��
and we define the bilinear product as in 3.1 (½x, ½x, a�� � ½x, ½x, b�� ¼ 1

2 ½x, ½x, ½a, ½x, b���� for every
a, b 2 L) then ½x, ½x, L�� is Z2-graded with ½x, ½x, L���0 ¼ ½x, ½x, L�1 �� and ½x, ½x, L���1 ¼ ½x, ½x, L�0 ��: The
parity of the homogeneous elements of ½x, ½x, L�� changes and j½x, ½x, a��j ¼ jaj þ �1 for any homo-
geneous element a 2 L�0 [ L�1 : Moreover,

�a � �b ¼ �ð�1Þj�ajj�bj�b � �a
for homogeneous �a ¼ ½x, ½x, a��, �b ¼ ½x, ½x, b�� 2 ½x, ½x, L��, i.e., ð½x, ½x, L��, �Þ is super-anticommuta-
tive. To avoid this situation and get a Jordan superstructure, we define a trilinear product
on ½x, ½x, L�:

4.2. For an element x 2 L1 with ad4x ¼ 0, we consider the trilinear map f, , g on ½x, ½x, L�� defined
by

f�a, �b,�cg :¼ 1
4

x, x, a½ �½ �, b, x, x, c½ �½ �� �� � ¼ 1
4
X2ABX2ðcÞ (4.1)

for every homogeneous �a ¼ ½x, ½x, a��, �b ¼ ½x, ½x, b�� and �c ¼ ½x, ½x, c�� 2 ½x, ½x, L�� (notice that
½½x, ½x, a��, ½b, ½x, ½x, c���� ¼ 1

4 ½½½x, x�, a�, ½b, ½½x, x�, c��� ¼ X2ABX2ðcÞ because ad½x, x�adbad½x, x� ¼ 0). The
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U-module ½x, ½x, L�� is Z2-graded with respect to this trilinear product and
½x, ½x, L��

�i
¼ ½x, ½x, L�i

��,�i 2 f�0, �1g:
We have that

x, x, a½ �½ �, b, x, x, c½ �½ �� �� � ¼ x, x, a½ �½ �, b� �
, x, x, c½ �½ �� �

for every a, b, c 2 L�0 [ L�1 because ½½x, ½x, a��, ½x, ½x, c��� ¼ 1
4 ½½½x, x�, a�, ½½x, x�, c�� ¼ 0 since ½x, x� has

ad2½x, x� ¼ 0 ¼ ad½x, x�adaad½x, x� ¼ 0: This implies that the triple product is supersymmetric in the
outer variables:

f�a, �b,�cg ¼ ð�1Þjajjbjþjajjcjþjbjjcjf�c, �b, �ag: (4.2)

Moreover,

f�a, �b,�cg ¼ ð�1Þjbjjcjf�a,�c, �bg (4.3)

because 4 f�a, �b,�cg ¼ ½½x, ½x, a��, ½b, ½x, ½x, c���� ¼ ð�1Þjbjjcjþ1½½x, ½x, a��, ½½x, ½x, c��, b�� ¼ 1
4 ð�1Þjbjjcjþ1½½½x,

x�, a�, ½½½x, x�, c�, b�� ¼ 1
4 ð�1Þjbjjcj½½x, x�, ½a, ½c, ½½x, x�, b���� ¼ ð�1ÞjbjjcjX2ACX2ðbÞ ¼ 4ð�1Þjbjjcjf�a,�c, �bg:

From equations (4.2) and (4.3) we get that the triple product defined in (4.1) is supercommuta-
tive on its three variables.

Lemma 4.3. For a homogeneous element x 2 L�1 with ad4x ¼ 0, the trilinear map given in (4.1)
satisfies

f�a, �b, f�c, �d,�egg ¼ ff�a, �b,�cg, �d,�eg þ ð�1Þjajjbjþjajjcjþjbjjcjf�c, f�b, �a, �dg,�eg
þ ð�1Þjajjcjþjajjdjþjbjjcjþjbjjdjf�c, �d, f�a, �b,�egg ð	Þ

for every a, b, c, d, e 2 L�0 [ L�1 :

Proof. For every a, b, c, d, e 2 L�0 [ L�1 ,

8 f�a, �b, f�c, �d,�egg ¼ x, x, a½ �½ �, b� �
, x, x, c½ �½ �, d� �

, x, x, e½ �½ �� �� �

¼ x, x, a½ �½ �, b� �
, x, x, c½ �½ �, d� �� �

, x, x, e½ �½ �� �

þ ð�1ÞðjajþjbjÞðjcjþjdjÞ x, x, c½ �½ �, d� �
, x, x, a½ �½ �, b� �

, x, x, e½ �½ �� �� �

¼ x, x, a½ �½ �, b� �
, x, x, c½ �½ �� �

, d
� �

, x, x, e½ �½ �� �

þ ð�1ÞðjajþjbjÞjcj x, x, c½ �½ �, x, x, a½ �½ �, b� �
, d

� �� �
, x, x, e½ �½ �� �

þ ð�1ÞðjajþjbjÞðjcjþjdjÞ x, x, c½ �½ �, d� �
, x, x, a½ �½ �, b� �

, x, x, e½ �½ �� �� �

¼ 8 ff�a, �b,�cg, �d,�eg þ ð�1ÞðjajþjbjÞjcj x, x, c½ �½ �, x, x, a½ �½ �, b� �
, d

� �� �
, x, x, e½ �½ �� �

þ ð�1Þjajjcjþjajjdjþjbjjcjþjbjjdj8 f�c, �d, f�a, �b,�egg
Let us see that ð�1ÞðjajþjbjÞjcj½½½x, ½x, c��, ½½½x, ½x, a��, b�, d��, ½x, ½x, e��� coincides with the second sum-
mand on the right side of equality (	): from the definition of the triple product,

x, x, c½ �½ �, x, x, a½ �½ �, b� �
, d

� �� �
, x, x, e½ �½ �� � ¼ 4 f�c, x, x, a½ �½ �, b� �

, d
� �

,�eg
and

½½½x, ½x, a��, b�, d� ¼ ½x, ½x, ½½½x, ½x, a��, b�, d��� ¼ ð�1Þ1þjbj½½x, ½x, a��, ½x, b��, ½x, d��
þ ð�1Þjbj½½x, ½x, a�, ½x, b��, ½x, d�� þ ½½½x, ½x, a��, b�, ½x, ½x, d���

¼ 4 f�a, �b, �dg ¼ ð�1Þjajjbj4 f�b, �a, �dg
hence
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ð�1ÞðjajþjbjÞjcj x, x, c½ �½ �, x, x, a½ �½ �, b� �
, d

� �� �
, x, x, e½ �½ �� �

¼ ð�1Þjajjbjþjajjcjþjbjjcj8 f�c, f�b, �a, �dg,�eg
and we have shown (	). w

Remark 4.4. We have just shown that when x 2 L�1 has ad4x ¼ 0, ½x, ½x, L�� with the trilinear map
f, , g given in (4.1) is a (1,1)-Jordan supertriple in the sense of [9, §3]. As mentioned in Section
2, if we double ½x, ½x, L�� and twist one of the triple products we have that ð½x, ½x, L��, ½x, ½x, L��Þ is a
Jordan superpair.

4.5. Another Jordan structure can be defined from an ad-nilpotent element x 2 L�1 : suppose that x 2
L�1 has ad6x ¼ 0: Then y ¼ ½x, x� 2 L�0 is a Jordan element (ad3y ¼ ð2ad2xÞ3 ¼ 0), and we can define a
Jordan superalgebra on the U-module ½y, ½y, L�� ¼ ad4xL as in 3.2. The product is now given by

y, y, a½ �½ � � y, y, b½ �½ � ¼ 1
2
y, y, a, y, b½ �½ �½ �½ �

or, equivalently,

ad4xa � ad4xb ¼ 1
4
ad4x a, ad2xb

� �
:

5. Subquotients associated to Abelian inner ideals

5.1. Let L ¼ L�0 þ L�1 be a Lie superalgebra. We say that B ¼ B�0 þ B�1 
 L is an inner ideal of L if
½B, ½B, L�� 
 B, and B is abelian if ½B,B� ¼ 0: Inner ideals can be easily produced from homoge-
neous ad-nilpotent elements.

Example 5.2. Let L ¼ L�0 þ L�1 a Lie superalgebra and let x 2 L�0 with ad3x ¼ 0 or x 2 L�1 with
ad4x ¼ 0. Then

x½ � :¼ x, x, L½ �½ � ðxÞ :¼ Uxþ x, x, L½ �½ �
are inner ideals of L. Moreover, ½x� is an abelian inner ideal.

Conversely, given an abelian inner ideal B ¼ B�0 þ B�1 , any homogeneous b 2 B�0 is a Jordan
element and gives rise to the inner ideals [b] and (b) contained in B. If b 2 B�1 then 0 ¼ ½b, b�
implies 0 ¼ ad½b, b� ¼ 2ad2b so ½b� ¼ 0 and ðbÞ ¼ Ub:

Proposition 5.3. Let L be a Lie superalgebra and B an abelian inner ideal of L. Let us consider
Ker B :¼ fx 2 Lj½B, ½B, x�� ¼ 0g: Then ðB, L=Ker BÞ is a Jordan superpair with products:

fa, �x, bg :¼ a, x, b½ �½ � ¼ a, x½ �, b� �
f�x, a,�yg :¼ x, a, y½ �½ � ¼ x, a½ �, y½ �

for a, b 2 B and x, y 2 L (here �x,�y, ½x, ½a, y�� and ½½x, a�, y� denote equivalence classes in the quotient
L=Ker B). This Jordan superpair is called the subquotient of L associated to B.

Proof. First notice that ½a, ½x, b�� ¼ ½½a, x�, b� and ½x, ½a, y�� ¼ ½½x, a�, y� for every a, b 2 B and every
x, y 2 L because B is abelian and the definition of Ker B:

The products are well defined: clearly fa, �0, bg ¼ 0, and if we take homogeneous �x,�y 2
L=Ker B with �x ¼ �0 or �y ¼ �0 then for homogeneous a, b, c 2 L we have that

b, c, x, a, y½ �½ �½ �
� � ¼ b, c, x½ �, a, y½ �� �� �þ ð�1Þjcjjxj b, x, c, a, y½ �½ �½ �

� �

¼ ð�1Þjcjjxj b, x½ �, c, a, y½ �½ �
h i

þ ð�1Þjcjjxjþjbjjxj x, b, c, a, y½ �½ �
� �� � ¼ 0

Let us see that the triple products are supersymmetric in the outer variables:
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fa, �x, bg ¼ ½a, ½x, b�� ¼ ð�1Þ1þjxjjbj½a, ½b, x�� ¼ ð�1ÞjbjjxjþjajðjbjþjxjÞ½½b, x�, a��
¼ ð�1Þjbjjxjþjajjbjþjajjxj½b, ½x, a�� ¼ ð�1Þjbjjxjþjajjbjþjajjxjfb, �x, ag

f�x, a,�yg ¼ ½x, ½a, y�� ¼ ½½x, a�, y� þ ð�1Þjxjjaj½a, ½x, y��
¼ ð�1Þjxjjyjþjxjjajþjyjjaj½y, ½a, x�� ¼ ð�1Þjxjjyjþjxjjajþjyjjajfy, a, �xg

Let us prove (JSP15). For homogeneous a, b, c 2 B and homogeneous x, y, z 2 L,

� fa, �x, fb,�y, cgg ¼ a, x½ �, b, y½ �, c½ �� �

¼ a, x½ �, b� �
, y

� �
, c

� �þ ð�1ÞðjajþjxjÞb b, a, x½ �, y½ �� �
, c

� �þ ð�1ÞðjbjþjyjÞðjajþjxjÞ b, y½ �, a, x½ �, c½ �� �

¼ ffa, �x, bg,�y, cg � ð�1Þjajjbjþjxjjbjþjajjxjfb, f�x, a,�yg, cg
þ ð�1ÞðjbjþjyjÞðjajþjxjÞfb,�y, fa, �x, cgg:

� f�x, a, f�y, b,�zgg ¼ ½½x, a�, ½½y, b�, z��
¼ ½½½½x, a�, y�, b�, z� þ ð�1ÞjyjðjxjþjajÞ½½y, ½½x, a�, b��, z� þ ð�1ÞðjyjþjbjÞðxþaÞ½½y, b�, ½½x, a�, z��
¼ ff�x, a,�yg, b,�zg � ð�1Þjyjjxjþjyjjajþjajjxjf�y, fa, �x, bg,�zg
þð�1ÞðjyjþjbjÞðjxjþjajÞf�y, b, f�x, a,�zgg

Therefore, ðB, L=Ker BÞ is a Jordan superpair. w

Remark 5.4. Let x 2 L�0 be a Jordan element or x 2 L�1 with ad4x ¼ 0: Then B ¼ ½x� ¼ ½x, ½x, L�� is
an abelian inner ideal and we can build the subquotient ð½x�, L=Ker½x�Þ: In this particular case, for
homogeneous a, b, c 2 L the triple product

f x, x, a½ �½ �, bþ Ker x½ �, x, x, c½ �½ �g ¼ x, x, a½ �½ �, b, x, x, c½ �½ �� �� �

¼ ð�1Þjbjjcjþ1þjxjX2ACX2ðbÞ
coincides, up to a scalar, with the triple product we have already defined in [x], see Remark 3.3
when [x] is even and 4.2 when x is odd. In the following result we are going to prove that the
Jordan superpair structures defined in this section and in the previous ones coincide.

Corollary 5.5. Let L be a Lie superalgebra, take x 2 L�0 with ad3x ¼ 0 or x 2 L�1 with ad4x ¼ 0, and
let us consider the subquotient associated to the abelian inner ideal [x].

(a) When x 2 L�0 , if we consider the Jordan superpair structure induced on ð½x, ½x, L��, ½x, ½x, L��Þ
by Remark 3.3, then the pair of maps

ðW1,W2Þ : ð x, x, L½ �½ �, x, x, L½ �½ �Þ ! ð x½ �, L=Ker x½ �Þ
given by

W1 ¼ � 1
2
id and W2ð x, x, a½ �½ �Þ ¼ 1

2
aþ Ker x½ �

is an isomorphism of Jordan superpairs.
(b) When x 2 L�1 , if we consider the Jordan superpair structure defined on ð½x, ½x, L��, ½x, ½x, L��Þ

by Remark 4.4, then the pair of maps

ðW1,W2Þ : ð x, x, L½ �½ �, x, x, L½ �½ �Þ ! ð x½ �, L=Ker x½ �Þ
given by
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W1 ¼ 1
2
id and W2ð x, x, a½ �½ �Þ ¼ 1

2
aþ Ker x½ �

is an isomorphism of Jordan superpairs.

Proof. In both cases, the pair of maps given by

W1ð x, x, a½ �½ �Þ ¼ ð�1Þjxjþ1 1
2
x, x, a½ �½ � 2 x½ �, and

W2ð x, x, a½ �½ �Þ ¼ 1
2
aþ Ker x½ � 2 L=Ker x½ �,

for every a 2 L, are well defined (if ½x, ½x, a�� ¼ ½x, ½x, b��, then ½x, ½x, a� b�� ¼ 0 implies
a� b 2 Ker½x�). They are clearly bijective. Let us see that they are Jordan superpair
homomorphisms.

(a) Suppose that x 2 L�0 and take homogeneous a, b, c 2 L:
� W1ðf½x, ½x, a��, ½x, ½x, b��, ½x, ½x, c��gÞ ¼ W1ðð�1Þjbjjcj 14X2ACX2ðbÞÞ

¼ ð�1Þjbjjcjþ1 1
8X

2ACX2ðbÞ ¼ f� 1
2 ½x, ½x, a��, 12 bþ Ker½x�, � 1

2 ½x, ½x, c��g
¼ fW1ð½x, ½x, a��Þ,W2ð½x, ½x, b��Þ,W1ð½x, ½x, c��Þg:

� W2ðf½x, ½x, a��, ½x, ½x, b��, ½x, ½x, c��gÞ ¼ W2ðð�1Þjbjjcj 14X2ACX2ðbÞÞ
¼ ð�1Þjbjjcj 18ACX2ðbÞ þ Ker½x� ¼ � 1

8 ½a, ½½x, ½x, b��, c�� þ Ker½x�
¼ f12 aþ Ker½x�, � 1

2 ½x, ½x, b��, 12 cþ Ker½x�g
¼ fW2ð½x, ½x, a��Þ,W1ð½x, ½x, b��Þ,W2ð½x, ½x, c��Þg:

(b) Suppose that x 2 L�1 and take homogeneous a, b, c 2 L:

� W1ðf½x, ½x, a��, ½x, ½x, b��, ½x, ½x, c��gÞ ¼ W1ðð�1Þjbjjcj 14X2ACX2ðbÞÞ
¼ ð�1Þjbjjcj 18X2ACX2ðbÞ ¼ f12 ½x, ½x, a��, 12 bþ Ker½x�, 12 ½x, ½x, c��g
¼ fW1ð½x, ½x, a��Þ,W2ð½x, ½x, b��Þ,W1ð½x, ½x, c��Þg:

� W2ðf½x, ½x, a��, ½x, ½x, b��, ½x, ½x, c��gÞ ¼ W2 � 1
4 ½½½x, ½x, a��, b�, ½x, ½x, c���

� �

¼ � 1
4W2ðð�1ÞjbjjcjX2ACX2ðbÞÞ ¼ 1

8 ð�1Þ1þjbjjcjACX2ðbÞ þ Ker½x�
¼ 1

8 ½a, ½½x, ½x, b��, c�� þ Ker½x� ¼ f12 aþ Ker½x�, 12 ½x, ½x, b��, 12 cþ Ker½x�g
¼ fW2ð½x, ½x, a��Þ,W1ð½x, ½x, b��Þ,W2ð½x, ½x, c��Þg:

w
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