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Abstract

In this paper, we study ad-nilpotent elements in Lie algebras arising from semiprime
associative rings R free of 2-torsion. With the idea of keeping under control the torsion
of R, we introduce a more restrictive notion of ad-nilpotent element, pure ad-nilpotent
element, which is a only technical condition since every ad-nilpotent element can be
expressed as an orthogonal sum of pure ad-nilpotent elements of decreasing indices.
This allows us to be more precise when setting the torsion inside the ring R in order
to describe its ad-nilpotent elements. If R is a semiprime ring and @ € R is a pure
ad-nilpotent element of R of index n with R free of ¢ and (’;)-torsion fort = [%],
then n is odd and there exists A € C(R) such that a — X is nilpotent of index ¢. If R is a
semiprime ring with involution * and a is a pure ad-nilpotent element of Skew(R, )
free of ¢t and (’;)-torsion fort = [%], then either a is an ad-nilpotent element of R of
the same index n (this may occurif n = 1, 3 (mod 4)) or R is a nilpotent element of R
of index # + 1, and R satisfies a nontrivial GPI (this may occur if n = 0, 3 (mod 4)).
The case n = 2 (mod 4) is not possible.
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1 Introduction

Herstein’s theory of rings, which started in 1954 in [19] (see also the influential works
[20,32]), is the study of nonassociative objects in associative prime and semiprime
rings perhaps with involution or in rings with well-behaved idempotents that provide
a context rich enough for the theory to be satisfactorily developed. Among the main
contributors, apart from Herstein itself, we can also cite Posner, Lanski, Montgomery,
Martindale and Miers, and BreSar and Beidar.

Herstein’s theory developed into several similar but different branches: the study of
sets with an additional nonassociative structure, as Lie and Jordan ideals (e.g., [31]),
culminating in the development of GPI theory [5]; the study of special conditions
(e.g., commuting map) on special maps (e.g., generalized derivations) over special
sets (e.g., Jordan ideals), in which strong knowledge is gained about the map or the
ring (e.g., commutativity) through the a priori weaker properties of the map (e.g.,
[7,15,25,33]); and the determination of the structure of nonassociative maps, as Lie
homomorphisms and derivations (e.g., [2—4]), culminating in the development of the
theory of functional identities [6]. It is to this last branch of Herstein’s theory that our
paper belongs, centering on the structure of nilpotent derivations, which have been
broadly studied since the 1960s. In 1963, Herstein proved that for any ad-nilpotent
element a of index n in a simple ring R of characteristic zero or greater than n,
there exists some A in the center of R such that a — X is nilpotent. Furthermore, he
showed that the index of nilpotence of such element is not greater than ["—;1], see
[21, Theorem in p.84]. Herstein’s result was extended by Martindale and Miers in
1983 ([28, Corollary 1]) to prime rings of characteristic greater than n by making use
of the extended centroid of R. In 1978, Kharchenko obtained in [23] an important
result: All algebraic derivations of prime rings of characteristic zero are inner for
certain elements in an overring; he extended this result to torsion-free semiprime rings
in 1979, see [24]. In 1983, Chung and Luh stated that the index of nilpotence of
a nilpotent derivation on a semiprime ring of characteristic zero is always odd (see
[12,13]), and in 1984 Chung, Kobayashi and Luh [14] proved that if R is semiprime
and char R = p > 2 then the index of nilpotence of a nilpotent derivation is of the form
n=asp’+ as_HpS‘H + 4 alpl where 0 < s < [, the a@; are nonnegative integers
less than p, ay is odd, and a1, ..., a; are even. Moreover, Chung in 1985 proved,
for prime rings of characteristic zero, that a nilpotent derivation is inner and induced
by a nilpotent element of an overring, see [11]. In 1992, with different techniques,
Grzeszczuk showed that any nilpotent derivation in a semiprime ring with minimal
restrictions on its characteristic is an inner derivation in a semiprime subring of the
right Martindale ring of quotients of R and is induced by a nilpotent element in such
subring, see [18, Corollary 8] and its generalization by Chuang and Lee in [10, §3].

Two important examples of Lie algebras appear when working with rings R with
involution x*, the Lie algebra of skew-symmetric elements K := Skew(R, *) and the
derived Lie algebra [K, K]/([K, K]1N Z(R)). The nilpotent derivations of the skew-
symmetric elements of prime rings with involution were studied by Martindale and
Miers in the 1990s. In this case, if R has zero characteristic and is not an order in
a 4-dimensional central simple algebra, for every inner derivation ad, with ad), = 0
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there exists an element X in the extended centr01d of R such thateither (a —A) =0
or the involution is of the first kind and a'">" ML 0, see [29, Main Theorem]. This
result was partially extended to semiprime rings by Lee in 2018. In his main result,
he proved that if R is semiprime with involution and has no n!-torsion, then for any
a € K with ad} (K) = 0 there exist A and a symmetric idempotent € in the extended

centroid of R such that (ea — A)[%Hl = 0, see [26, Theorem 1.5].

The main goal of this paper is to deepen into the description of ad-nilpotent elements
of K for semiprime rings. In the spirit of Martindale and Miers’ result [29, Main
Theorem], we will obtain different results about the form of an ad-nilpotent element
of K of index n depending on the equivalence class of n modulo 4. To get such results
in the semiprime context, we introduce a new concept, that of pure ad-nilpotence.
We say that an ad-nilpotent element a of index n in L := R~ or K is pure if Aa
remains ad-nilpotent of the same index for every A in the extended centroid such that
Ma # 0. This is just a technical condition, since every ad-nilpotent element of R~ can
be expressed as an orthogonal sum of pure ad-nilpotent elements of the central closure
R of R with decreasing indices of ad-nilpotence.

As a first step, we focus on ad-nilpotent elements of R. In this case, under the
hypothesis of pure ad-nilpotence, the condition on the torsion of the ring can be
weakened when compared with the result of Lee in [26, Theorem 1.3]:

Theorem 4.4 Let R be a semiprime ring with no 2-torsion, and let a € R be a
pure ad-nilpotent element of R of index n. Let t := ["TH] and suppose that R is free
of (")-torsion and t-torsion. Then n is odd and there exists .. € C(R) such that a — A
is nilpotent of index —~ ”+1 .

When dealing with ad nilpotent elements of K, we can again split them into orthog-
onal sums of pure ad-nilpotent elements in Skew (R, %) with decreasing indices. We
study each of these pure pieces and get precise descriptions of them depending on the
equivalence class of their indices of ad-nilpotence modulo 4.

Theorem 5.6 Let R be a semiprime ring with involution * and free of 2-torsion, let
R be its central closure, and let a € K be a pure ad-nilpotent element of K of index
n > 1. If R is free of (';)—torsion and t-torsion for t := [%] then:

(1) Ifn = 0(mod 4) then a’™! =0, a’ # 0 and a’ Ka' = 0. Moreover, there exists
an idempotent € € H(C(R), *) such thatea = a and the 1deal generated by a' is
essential in €R. In addition € R satisfies the GPI a’xa’ ya' = a'ya'xa' for every
X,y € €R.

(2) If n = 1 (mod 4) then there exists A € Skew(C(R), *) such that (¢ — L)' = 0 (a
is an ad-nilpotent element of R of index n).

(3) Itis not possible that n = 2 (mod 4).

(4) If n = 3 (mod 4) then there exists an idempotent ¢ € H(C(R), *) making
a=ea+ (1 —¢€)ae R such that:

(4.1) Ifea # 0 then ea'™! =0, ea’ # 0 and ea’kea’™! = ea'"'kea' for every
k € Skew(R, *). The ideal generated by ea’ is essential in €R and €R satisfies
the GPI a'xa' ya' = a'ya'xa' for every x, y € €R.

(4.2) If (1—€)a # Othenthereexists A € Skew(C(R), *) suchthat ((1—€)a—21)" =
0 ((1 — €)a is a pure ad-nilpotent element of R of index n).
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In particular, for all n > 1 there exists . € Skew(C(R), %) such that (a — 1)'*! =0,
(a—1"1#£0.

From these two results describing pure ad-nilpotent elements of R and of K we
easily recover Lee’s results [26, Theorem 1.3 and Theorem 1.5]. Furthermore, we also
describe ad-nilpotent elements of Lie algebras of the form R/Z(R) and K /(KNZ(R)),
and of their derived Lie algebras [R, R]/([R, RINZ(R))and [K, K]/([K, K]NZ(R)).

2 Preliminaries

In this paper, we will be dealing with rings R with or without involution x*, free of 2-
torsion. When R has an involution *, we will consider the subsets of skew-symmetric
elements K := Skew(R, *x) and symmetric elements H := H (R, *). We will also
be dealing with Lie algebras. As usual, a Lie algebra L over a ring of scalars ® is a
®-module with an anticommutative bilinear product [, ] satisfying the Jacobi identity.
Recall that the adjoint map determined by any x € L is ad,(y) := [x, y] for every
y € L. Typical examples of Lie algebras come from the associative setting: if R is an
associative algebra over a ring of scalars @, then R with product [x, y] := xy — yx is
a Lie algebra denoted by R™, and if R has an involution * then K is a Lie subalgebra
of R™.

2.1 A ring R is semiprime (resp. *x-semiprime) if for every nonzero ideal (resp. *-
ideal) I of R, I% := {Zi xiyi | xi,yi € I} # 0, and it is prime (resp. *-prime) if
1J :={>"; xiyi | xi € I, y; € J} # 0for every pair of nonzero ideals (resp. *-ideals)
I, J of R. It is well known that a ring R is prime if and only if a Rb # 0O for arbitrary
nonzero elements a, b € R, and it is semiprime if and only if it is nondegenerate, i.e.,
aRa # 0 for every nonzero element a € R. Moreover, if R has an involution, the
notions of semiprimeness and *-semiprimeness coincide.

Anideal I, of aring R (resp. with involution ) is prime (resp. *x-prime) if R/, is a
prime (resp. x-prime) ring. If R is a semiprime ring then there exists a family of prime
ideals {/y}oea such that (,cx o = {0} and therefore R can be seen as a subdirect
product of prime rings. Similarly, if R is a semiprime ring with involution x*, there
exists a family of x-prime ideals {Iy}yca such that (1) 1, = {0} and therefore R
can be seen as a subdirect product of x-prime rings.

Moreover, if R is semiprime and free of n-torsion then the intersection of all prime
ideals 1, such that R/, is free of n-torsion is zero (notice that the intersection of all
prime ideals /, such that R/I, has n-torsion contains the essential ideal nR). With
the same argument, we also have that semiprime rings without m and n-torsion are
subdirect products of prime rings with no m nor n-torsion.

aeA

2.2 Given anideal 7 of R, the annihilator of 7 in Risthe set Anng (/) :={z € R |zl =
1z = 0}. The annihilator of an ideal I of R is an ideal of R. Moreover, when R is
semiprime Anng(I) = {z € R | zIz = 0} and an ideal I of R is essential (for every
nonzero ideal J of R, I N J # 0) if and only if Anng (/) = 0.

2.3 Given a ring R, we define a permissible map of R as a pair (/, f) where [ is an
essential ideal of R and f is a homomorphism of right R-modules. For permissible
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maps (I, f) and (J, g) of R, define a relation = by (I, f) = (J, g) if there exists an
essential ideal K of R, contained in I N J, such that f(x) = g(x) forall x € K. Itis
easy to see that this is an equivalence relation. The quotient set Q’, (R) will be called
the right Martindale ring of quotients of R. If R is a semiprime ring, then Q) (R) hasa
ring structure coming from the addition of homomorphisms and from the composition
of restrictions of homomorphisms, see [5, Chapter 2]:

o [I, fl1+[J,gl:=0NJ, f+gl
o [I,f1-1J,8l:=1UNJ)? fogl

Note that if R is a semiprime ring then the map f : R — Q), (R) defined by f(r) :=
[R, Ar], where A, : R — R is defined by A,(x) := rx, is a monomorphism of
associative rings, i.e., R can be considered as a subring of its right Martindale ring
of quotients. Moreover every subring S of Q7 (R) which contains R is semiprime
because every nonzero ideal of S has nonzero intersection with R.

The symmetric Martindale ring of quotients of R is defined as

0;.(R) :={q € 0, (R)| 3 an essential ideal I of R such thatg/ + Iq C R}

(if R has an involution one can replace the filter of essential ideals by the filter of
essential x-ideals in the definition of the symmetric Martindale ring of quotients,
see [1, p. 858-859].) If R is semiprime then Q3 (R), which is a subring of Q} (R)
containing R, is also a semiprime ring.

When R has an involution x, this involution can be extended to Q;, (R) as follows:
for any ¢ € Q3,(R), let I be an essential *-ideal such that g/ + Ig C R. Then
q* = [I, f] where f(y) := (y*q)* for any y in the essential x-ideal I (see [5,
Proposition 2.5.4]).

The extended centroid C(R) of a semiprime ring R is defined as the center of
0;,(R). The extended centroid of a prime ring is a field (see [5, p.70]), the set of
symmetric elements of the extended centroid of a x-prime ring is again a field (see
[1, Theorem 4(a)]), and the extended centroid of a semiprime ring is a commutative
and unital von Neumann regular ring (see [S, Theorem 2.3.9(iii)]). In particular, if R
is semiprime, C (R) is a semiprime ring without nilpotent elements.

The central closure of R, denoted by R, is defined as the unital subring of O3, (R)
generated by R and C(R), i.e., R = C(R)R + C(R), and can be seen as a C(R)-
algebra. Therefore we can consider R contained in R. Moreover, since R contains
R and is contained in Q;, (R), if R is semiprime then R is semiprime. The ring R
is centrally closed, i.e., it coincides with its central closure. In particular, its center
equals its extended centroid, Z (1§) =C (1%).

If R is a centrally closed semiprime ring, then R~ is a Lie algebra over the ring
of scalars C(R); if in addition R has an involution %, then K is a Lie algebra over
H(C(R), *).

2.4 If R is a centrally closed *-prime ring without 2-torsion and Skew(C(R), *) # 0,
then forany 0 # X € Skew(C(R), *) wehave R = H+K = MVH+K CAK+K C
R because 0 # A2 is invertible, so R = AK + K for every 0 # A € Skew(C(R), %).
This occurs in particular when R is x-prime but not prime, because in this situation
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there exists a nonzero ideal 7 of R such that I N I* = 0, and so we can define a nonzero
skew element A : I & I* — Rin C(R) givenby A(x + y) :=x — y.

2.5 ([9,2.10]) Since the extended centroid C (R) of a semiprime ring R is von Neumann
regular, given an element A € C(R) there exists A € C(R) such AAMA = A and
A = MAM. Let us define €, := A)". Then ¢; is an idempotent of C(R) satisfying
€A = A. If R has no k-torsion for some k € N, then for k = k- 1 € C(R) there
exists a unique K’ € C(R) such that kk’k = k, so k(k'k — 1) = 0 and K’k = 1, i.e,,
kK = % € C(R). In particular, throughout this paper % € C(R) because R will always
be a semiprime ring without 2-torsion.

Moreover, if R is a semiprime ring without 2-torsion with involution * and X €
Skew(C(R), %), then —A = A* = (AAA)* = AA™*A, which implies that A" can be
taken in Skew(C(R), *) (indeed, replace A’ by %()J — A™)). In this case, €), = AL €
H(C(R), %) is a symmetric idempotent of C(R).

Lemma 2.6 ([9, Lemma 2.11]) Let (R, %) be a semiprime ring with involution free of
2-torsion and let a € R. If there exist A and u € C(R) such thata — A and a —
are nilpotent then .. = . Moreover, if a € K and A € C(R) is such that a — X\ is
nilpotent, then . € Skew(C(R), *).

Proof If a— A and a — u are nilpotent elements of the central closure RofR,a—A—(a—
1) = p—Aisanilpotent element in the semiprime commutative ring C (R). Therefore
A = . Now, ifa € K and a — X is nilpotent then (a — A)* = —(a + 1*) is nilpotent
and therefore a 4+ A* is nilpotent, which implies that . = —1* € Skew(C(R), ). O

We will use the following two results due to Beidar, Martindale and Mikhalev.

Theorem 2.7 ([30, Theorem 2(a)]) Let R be a prime ring. Let a;j,b; € R fori =
1,2,...,n with by # 0 be such that Y ;_, ajxb; = 0 for every x € R. Then there

exist A € C(R) fori =2,...,n such thata; = Z?:z Aia; in R.

Theorem 2.8 ([5, Theorem 2.§.3]) Let R be a semiprime ring and letay, as, . ..,a, €
R. Ifa) ¢ Z:‘l:z C(R)a; in R then there existrj,sj € R for j = 1,2,...,m such
that 27:1 rja1sj # 0 and Z;":l riagsi =0fork=2,...,n.

The next corollary can be found in [9]. For the sake of completeness, we include
its proof here.

Corollary 2.9 Let R be a semiprime ring. Let a;, b; € R fori = 1,2, ...,n be such
that Idg(a;) C Idgr(by) and Z?:l aixb; = 0 for every x € R. Then there exist

Ai € C(R) fori =2,...,nsuchthata; =Y ;_, Aja; in R.

Proof By Theorem 2.8, if a; ¢ Z?:z C(R)a; thereexistrj,s; € R, j=1,...,m,

such that 37 rjars; # 0and 37, rjaxs; = 0 fork = 2,3, ..., n. Replace x by

sjx and multiply Y _"_, a;xb; = 0 on the left by r;. We have

n o m m
0= Zeraiijb,- = eraIijbl,
J=1

i=1 j=1

@ Springer



A Description of Ad-nilpotent Elements in Semiprime Rings. .. 2583

which implies that the ideal generated by Z?:l rjays; is orthogonal to the ideal
generated by bj, and therefore, since Idg(a;) C Idg(b;), the ideal generated by
Z;'?:] rjays; has zero square, a contradiction because R is semiprime. O

The following proposition is an easy generalization of [5, Theorem 2.3.9(1)].

Proposition 2.10 Let R be a centrally closed semiprime ring free of 2-torsion. For any
subset V. C R, there exists a unique idempotent € € C(R) such that ev = v for all
v € V, the annihilator in C(R) of V is Annc gy (V) = (1 —€)C(R), the annihilator in
R of the ideal generated by V is Anng(Idg(V)) = (1 — €)R, and the ideal generated
by V is essential in € R. Moreover, when R has an involution xand V. C H orV C K,
then € € H(C(R), *).

Proof The first part of the proof follows as in [5, Theorem 2.3.9(i)] with the obvious
changes. Let V. C H or V C K, and consider the unique idempotent € € C(R) such
that ev = v forall v € V, the annihilator in C(R) of V is Annc(g)(V) = (1 —€)C(R)
and the annihilator in R of the ideal generated by V is Anng(Idgr(V)) = (1 — €)R.
When R has an involution, we can decompose € = €; + €;, with €, € Skew(C(R), *)
and €, € H(C(R), ). We have that ev = v implies €,v = 0. Therefore, ¢, €
Anncg)(V) = (1 — €)C(R), ie., g = 0 and 6]% = ¢r€p = 0 and therefore € =
€2 = (ex +en)? =€ € H(C(R), ). O

Lemma 2.11 Let R be a centrally closed semiprime algebra and let {v;}ic| be a family
of idempotent elements in C(R). Suppose there exists a family {A;}ic; of elements in
C(R) such that for everyi, j € I, A;jv;iv; = Ajv;v;. Then there exists .. € C(R) such
that Av; = Ajv; for every i € 1. Moreover, if the ideal generated by the family {v;}ict
is essential in R, such A is unique.

Proof Let us consider the ideal S = ) Rv; generated by the family of idempotents
{vi}tier and the essential ideal T = S @ Anng(S). Define . : T — R by

A (invi +Z) = Z)»ixil)i.

Let us prove that A is well defined and an element in C(R). If )" x;v; + z = 0 then
> xjv; = 0 = z and for every v, we have

(Z Aixivi> VE = Zkkxivivk = Ak (ZX[V,‘) v = 0.
Therefore Y~ A;jx;v; € S N Anng(S) = 0 which proves that A is well defined. By
construction [T, 1] € C(R). Moreover, if the ideal S generated by the family {v;};es
is essential, Anng (S) = 0 and [S, A] € C(R) is uniquely defined. O

3 Pure Ad-nilpotent Elements

Recall that an element a in a Lie algebra L is ad-nilpotent of index » if ad,(L) = 0
and ad”~! (L) # 0.
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3.1.

(i) Let us consider R™: we say that an element a is a pure ad-nilpotent element of
R~ of index n if for every A € C(R) with Aa # 0, Aa is ad-nilpotent in R~ of
index n, where R is the central closure of R.

(ii) Let us consider K: we say that an element a is a pure ad-nilpotent element of
K of index n if for every A € H(C(R)), x) with Aa # 0, Aa is ad-nilpotent in
SkeW(R *) of index n, where R is the central closure of R.

Lemma 3.2 If R is a semiprime ring and a is an ad-nilpotent element of R of index n,
the following conditions are equivalent:

(1) a is a pure ad-nilpotent element of R™.
(i1) Idg (adZ_1 (R)) is an essential ideal of 1dg (a).
(i) Anng(Idg (ad;”l (R))) = Anng(Idg(a)).

Proof Suppose that R is semiprime and centrally closed (otherwise, substitute R by
its central closure Ié).

(i) = (ii). Let us consider V = {adg’1 x | x € R}. By Proposition 2.10 there
exists e € C(R) such that ev = v for every v € V and Anng(Idg(V)) = (1 —
e)R. Suppose that (1 — e)a # 0. By hypothesis (1 — e)a is ad-nilpotent of index n,
hence 0 # ad'(’1 le)a(R) =(1—-¢e) adg_l(R) = 0, a contradiction. So ea = a and
Annyg, eq)(Idg (ad? =1 (R))) C Anng(Idg(ad?~!(R))) = (1 — e) R must be zero, i.e.,
Idr (adg_1 (R)) is essential in Id g (ea).

(i)=> (iii). This holds in general if / and J are ideals of R with / essential in J:
0= Ann;(/) = Anng(I) N J implies Anng(/)J = 0, so Anng (/) C Anng(J).

(iii) = (i). Let A € C(R) be such that Aa # 0. Clearly ad?_ (R) = 0. Suppose
that ad} '(R) = 0: then A"~ ad?~'(R) = 0, s0 A"~ € Anng(ldg(ad’~'(R))) =
Anng (Idg (a)), which is not possible because R is semiprime and La # 0. O

Lemma 3.3 Let R be a centrally closed semiprime ring with involution * and no 2-
torsion, and let a € K be a pure ad-nilpotent element of K of index n. If there exists
A € H(C(R), *) such that Aa is ad-nilpotent of R of index n, then Aa is a pure
ad-nilpotent element of R of index n.

Proof Let us see that forevery u € C(R) with uia # 0, the element puAa has index of
ad-nilpotency in R equal to n. Suppose that there exists u € C(R) with ad:'t;; R =0,
and let us prove that uka =0:

We have that ©" adza 'R = adMa R = 0, so padj, 'R = 0 because C(R)

is regular von Neumann. In particular, p ad} 'H = pady, 'K = 0. Since u =
Wh + i, we have that 1y, ad} 'R = ad} i R=0.
From 0 = ad” IR = ad), - /\1 . R, we get that 1jAa index of ad-nilpotency in

K lower than n, 1mply1ng unra = 0 because a is a pure ad-nilpotent element of K.

From 0 = (/L ) ]adza 'R = ad” Al R we get that u,%ka has index of ad-

nilpotency in K lower than n, so again ukka = 0 (because a is a pure ad-nilpotent
element of K), and by regularity of C(R), uxia = 0.
This implies uia = 0. O
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The next proposition shows that every ad-nilpotent of R~ and of K can be expressed
as an orthogonal sum of pure ad-nilpotent elements of decreasing indices.

Proposition 3.4 Let R be a centrally closed semiprime ring and let a € R be an ad-
nilpotent element of R~ of index n. There exists a family of orthogonal idempotents
{ei }i'(:l C C(R) suchthata = Zle €;a with €;a a pure ad-nilpotent element of index
njin€Rforn=ny >ny > - > nyg.

Similarly, if R has an involution % and a is an ad-nilpotent element of K of index
n, then there exists a family of orthogonal idempotents {ei}f-‘zl C H(C(R), =) such
that a = Zle €;a; with €;a a pure ad-nilpotent element of index n; in Skew(€; R, *)
forn=n; >ny > --- > ng.

Proof Let us prove the result for Lie algebras of skew-symmetric elements. We will
proceed by induction on n. If n = 1 there is nothing to prove. Let us suppose that the
result is true for every ad-nilpotent element of index less than n and let a € K be an
ad-nilpotent element of index n > 3. Let us consider V = {adg_1 x| x € K}. By
Proposition 2.10 there exists € € H(C(R), x) such that ev = v for every v € V and
Anng(Idg(V)) = (1 —€)R. Thena = ea + (1 — €)a.

Clearly, by construction (1 — €)a is ad-nilpotent of index less than n in K : for every
xeK, ad’(ll__ls)ax =(l—-ead'x=ad'x —ead’ ' x =0.

Let us prove that e€a is pure ad-nilpotent of index n in Skew(eR, x). For
any A € H(C(R),x) such that Aea # 0, lea is ad-nilpotent of index n:
clearly ady,,(Skew(eR, x)) = 0 and if ad'k’;l1 (Skew(eR, %)) = 0 then A" le €
Anng(Idg(V)) = (1 —€) R, which leads to a nilpotent ideal generated by the nonzero
element \ea, a contradiction with the semiprimeness of R.

Apply now the induction hypothesis to (1 — €)a and the Lie algebra of skew-
symmetric elements Skew((1 — €)R, %). m]

4 Ad-nilpotent Elements of R

In this section, we are going to prove that every nilpotent inner derivation is induced by
anilpotent element, generalizing to semiprime rings Herstein’s result [21, Theorem in
p. 84] for simple rings. This result was already proved by Grzeszczuk ([18, Corollary
8]). Our techniques are rather elementary and, by adding the hypothesis of pure ad-
nilpotence, we can describe such elements with less restrictions on the torsion of the
ring.

Lemma 4.1 Let R be a semiprime ring and let a € R be a nilpotent element. Suppose
that there exist some A; € Z,1 =0, ..., n, such that

n
Zkiai[x, y]a”_i =0
i=0

forallx,y € R. Thenforeveryi =0, ..., nwe have A;a™>"-""=) = 0. In particular,
each term in the identity above is zero.
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Proof First, let us suppose that R is prime and suppose that @ # 0 has index of
nilpotence s. If the lemma is not satisfied, there exists some k with Apamax(k.n—k) # 0.
In particular, max(k, n — k) < s. Let us multiply the expression ) 7, ria'lx, yla"!
by a*~'~* on the left and by a*~'~"=% on the right, so that

n
0 — as—l—k (Z )\’iai[x’ y]an—i> aS—l—(I’l—k) — )Lkas_l[.x, y]as—l
i=0

forevery x, y € R. Hence Ara* 'xya* ™' = Ara®~'yxa*~! forevery x, y € R. Since
a*~! # 0 for every x € R, we have by Theorem 2.7 that there exists o, € C(R) such
that Aza®~'x = o Ara®~!. Multiplying this last expression by a on the right, we get
Axa*"'xa = 0 for every x € R. By primeness of R we get that either a*~! = 0 or
Ma = 0, leading to a contradiction.

If R is semiprime then R is a subdirect product of prime quotients R/, with
Ny le = 0. For any o and any i, by the prime case A;a™>@"=D ¢ I, so
Aiamax(i,n—i) =0. O

Lemma 4.2 Every nilpotent element of a ring R is ad-nilpotent. If a has index of
nilpotence s and index of ad-nilpotence n, then n < 2s — 1. If R is semiprime then
n > s, and if in addition R is free of (':)-torsion fort = [%], then s = t and
n=2—1.

Proof Since a®* = 0, for every x € R we have

25—1

adgs—l Y= Z (ZS - 1>(_1)2s—1—iaixa2s—l—i -0
l
i=0

because if i < s then2s — 1 — i > s. Therefore n < 2s — 1.
Suppose now that R is semiprime and let us see that n > s: if on the contrary

s—1

1 . .
adff]x =Z<s , )(—1)sl’a’xasl’ =0
i

i=0

for every x € R, focusing on the first summand of this expression ((—1)° “lxa’h
we get that ¢*~! = 0 by Lemma 4.1, a contradiction.

Moreover, since forevery x € Rwehave 0 = ad)(x) = Y 7, ('l.l)(—l)”_iaixa"_i,
again by Lemma 4.1 ('l’)a’ =0forz := [#]. If R is free of (’:)-torsion, thena’ =0
sot > s,i.e,n > 2s — 1, and therefore, n = 2s — 1 (equivalently, s = 1). O

The next example shows that all possible cases in the lemma above can be realized:
Let p be an odd prime number and R a prime ring with characteristic p. If a € R is
a nilpotent element of index s € {”—'H, ..., p}, then a is ad-nilpotent of index p. In
particular, there are no ad-nilpotent elements of index between p + 1 and 2p — 1, and
a nilpotent element of index p is ad-nilpotent of the same index p.
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Proposition 4.3 Let R be a prime ring and leta € R be an ad-nilpotent element of R™
of index n. Let IF denote the algebraic closure of the field F := C(R) and R := RQT.
Then:

(1) There exists ju € F such that a — ju is a nilpotent element of R.
(2) If R is free of (") -torsion for t 1= [ﬂ] then n is odd and the index of nilpotence

ofa— pis 5= "H . If in addition R is free of t-torsion then u € C(R).

Proof (1) Since R is prime, F = C(R) is a field and R is a centrally closed prime ring

2

(see [5, pp.445-446]). From

n

0= adg X = Z <n> (_1)n—iaixan—,
1

i=0

for every x € R we have, by Theorem 2.7, that a seen as an element of R is
an algebraic element over F of degree not greater than n. Let us consider the
minimal polynomial p(X) € F[X]of a. Let TF be the algebraic closure of IF and let
Ui, ..., 1 € Fbetherootsof p(X)inF,ie., p(X) = (X—pu) - (X—p)k e
FX].

Let us prove that p(X) has only one root in F and therefore pX) = (X —
w)* € F[X], whence a — u is nilpotent in R: Suppose on the contrary that p(X)
has different roots w1, ..., us, t > 1, and define ¢;(X) := p(X)/(X — w;) for
every i. Since p(X) is the minimal polynomial of a, g; (@) # 0 in R. Note that
(a — ui)gi(a) = p(a) = 0 and therefore aq;(a) = wiqi(a). Now, since we are
in the prime case, there exists y € R such that g1(a)yg2(a) # 0 and therefore
adg(q1(@)yq2(a)) = aqi(@)yq2(a) — qi(a)yg2(a)a = (u1 — u2)q1(a)yqz(a) #
0. This means that g1 (a) yg2 (a) is an eigenvector of the linear map ad,, associated to
the eigenvalue 1 — u2; hence, it is an eigenvector of adg associated to (i — p2)?,
etc. This is a contradiction because both g1 (@) yg2 (a) and each power of (1 — 2)
are nonzero, while ad, is nilpotent. Therefore t = 1, p(X) = (X — n)* € F[X]
and (@ — ) = 0.

Letus consider b :=a — u € R, which is ad-nilpotent of index n. Let us see that
n is odd: Suppose on the contrary that n = 2m. Then

n
O_ dl’l _ d — _1 nflbl bl’l*l
ad, x = adyx = E (i>( ) X

i=0

implies by Lemma 4.1 that (;’1)19’" = 0 and, since R is free of (Z)—torsion, that
" = 0. Substituting in ad} ' x = Y720 ("7 1) (= 1" pIxb" 17T we get that
adZ_l x = 0 for every x € R, a contradiction.
Therefore 7 is odd and @ — p is nilpotent of R of index ¢ := % by Lemma 4.2.
Moreover, since the coefficient of degree r — 1 of p(X) = (X — n)’ € F[X]is
—tu € F, if R is free of z-torsion then u € T, i.e., there exists u € C(R) such
that @ — p is nilpotent of index ¢ = %
O
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In the following theorem, we get the description of the pure ad-nilpotent elements
of R™. In its proof, Proposition 4.3 is primarily used to find that any ad-nilpotent
element a € R of index n forces [a, [adZ_1 X, [adg_1 x, y]]] = 0 for every x, y € R.
If 2,3, ..., r were invertible in R forr > n + [%] + 1, this identity would directly
follow from the proof of [17, Theorem 2.3].

Theorem 4.4 Let R be a semiprime ring with no 2-torsion, let R be its central closure,
and let a € R be a pure ad-nilpotent element of R~ of index n. Put t := [%], and
suppose that R is free of (7)—t0rsi0n and t-torsion. Then n is odd and there exists
A € C(R) suchthata — A € Ris nilpotent of index #

Proof Let us suppose that R is a prime ring and, without loss of generality, that it is
centrally closed. Consider € C(R) as given by Proposition 4.3. Putting b :=a — u,
we know that b = 0 for ¢ := %, hence for every x, y € R we have

(ad”~! x)(ad? ' x) = (ad} ' x)(ad} ' x) = 0, and

la, [ad? " x, [ad” " x, y]1] = [b, [ad} " x, [ad} " x, y]1]
_ n—1\/n—-1
r—1 )\t =1
[b, 6" xb' yb' kb T = 0.

If R is semiprime, R is a subdirect product of prime rings (without (’:) and ¢-torsion)
and in any of these prime quotients

(adgfl x)(adgfl x) = 0and [a, [adg’1 X, [adZ’1 x, vl = 0,
which imply that
(ad” ' x)(ad"'x) = 0, and [, [ad” ' x, [ad" "' x, y]]] = 0
for every x, y € R. For every x € R, let z, := ad”~! x. By the identity above,
0= %[a, [zx, [zx, Y]]l = —azxyzx + zx yzxa.

Therefore, since Idg (zxa) C Idr(zx), by Corollary 2.9 there exists Ay € C(R) such
that z,a = A,z and by Proposition 2.10 there exists €x € C(R) such that €,z, = z,
and Anng(Idg(zx)) = (1 — €x)R. Therefore

n n
n PP n P
0=zcad)y =z (Z <i>(_1)n ‘a'ya" ') = Z <i)(—1)" ‘zya' ya"
i=0 i=0
= Z <i>(_1)nlzx)‘fryanl =2xy <Z (l-)(_l)nl)‘;anl) = zxy(a@ — Ay)"
i=0 i=0
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for every y € R, whence (a — A,)" € Anng(Idr(zy)). So €x(a — A,)" = 0. Now,
for every x,x’ € R there exist Ay, A,» € C(R) and idempotents €., €,x € C(R)
such that 0 = (€x€,7a — €x€A)" = (€x€xa — €x€ Ay )", SO €x €Ay = €x€xrhys
by Lemma 2.6. By Lemma 2.11 there exists A € C(R) such that ;A = €A, for
every x € R. Then for every x € R, we have z,(a — A)" = €,zx(a — Ay)" =0,
s0 0 = exzxadl y = zyy(a — 1)" for every y € R thus (@ — 1)" € Anng(Idg(zy))
(see 2.2). Moreover (), . g Anng(Idg(zx)) = Anng(Idg (audg_1 (R))) by definition of
Zyx, and AnnR(IdR(adg_1 (R))) = Anng(Idg(a)) because a is pure (Lemma 3.2(iii)).
Finally, let ¢ € C(R) be such that ea = a and Anng(Idgr(a)) = (1 — €)R. Then
€(a — A" = (a — €X)" = 0 because it is contained in (1 — €)R.

Hence a — e is nilpotent in addition to being ad-nilpotent of index n. Put ¢ := [%]
and take any prime quotient without # and ('})-torsion in which a — e is still ad-
nilpotent of index n. By Proposition 4.3(2), we get that n must be odd and a — €A is
nilpotent of index . Since in any prime quotient (@ — €)' = 0 by Proposition 4.3(2),
we have that ¢ is the index of nilpotence of a — €A. O

Lee’s description of ad-nilpotent elements of R~ is recovered when the hypothesis
of being pure is removed.

Corollary 4.5 ([26, Theorem 1.3]) Let R be a semiprime ring, let R be its central
closure, let a € R be an ad-nilpotent element of R™ of index n, and suppose that R
is free of n!-torsion. Then n is odd and there exists . € C(R) such thata — ) € R is
nilpotent of index %

Proof Suppose without loss of generality that R is centrally closed, i.e., R = R.

By Proposition 3.4, there exists a family of orthogonal idempotents {¢; }fle C C(R)
such that a = ZLI €;a with €;a a pure ad-nilpotent element of index n; (n = n; >
ny > ---)of Re;. Then by Theorem 4.4 there exists a family of scalars {A; }fle C C(R)
such that (¢;a — ;) =0 for¢; := [’”TH]. Hence A = ) 7, €A; satisfies the claim.

O

Interesting Lie algebras associated to simple rings R are the quotient algebras
[R, R]/([R, RINZ(R)), which are simple unless R has 2-torsion and is 4-dimensional
over its center ([22, Theorem 1.13]). Let us study ad-nilpotent elements in these
algebras.

Lemma 4.6 ([27, Lemma 4.6]) Let R be a semiprime ring and let a € R be such that
ad}(R) C Z(R). Then ad,(R) = 0.

Proof For every x € R, we have
0 = [ad)) (xa), x] = [(ad x)a, x] = (ad} x)[a, x].
Therefore 0 = adZ‘l((ad’; xX)|a, x]) = (ad} x)? which implies, since R is semiprime

and ad), x € Z(R), that ad)l x = 0. O
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Lemma4.7 Let R be a semiprime ring, let L := [R, R]/([R, R] N Z(R)) and let
a:=a+ ([R, RIN Z(R)) € L be an ad-nilpotent element of L of index n. Then a is
an ad-nilpotent element of index n in R™.

Proof Forevery x € R,ad’"! x = ad"([a, x]) € ad’([R, R]) C Z(R) so, by Lemma
4.6, aldg+1 x =0 forevery x € R, i.e., a is ad-nilpotent in R~ of index n or n + 1.

Let us suppose that R is prime. Then, by Proposition 4.3, there exists u € F, the
algebraic closure of F := C(R), such that a — p is nilpotent in R ® F of some index
s. Moreover, by Lemma 4.2, s <n + 1. Put b := a — . Then

n

n o .
0 =ad’([x, y]) = adj([x. y) = Y (l.>(—1)n iLx, yIo"
i=0
for every x,y € R. By Lemma 4.1, for every k € {0, 1,...,[%]} we have

(Z)bmax(k,n—k) =0, so

n

ad) x = adjx = Z (r,l)(—l)”ibixb"i =0,
l

i=0

i.e., a is an ad-nilpotent element of R~ of index n.
Finally, since a is ad-nilpotent of index not greater than » in any prime quotient, a
is an ad-nilpotent element of R~ of index n when R is semiprime. O

In particular, from these last two lemmas we get that if R is semiprime then
[R, R]/([R, R1N Z(R)) and R/Z(R) are nondegenerate Lie algebras (see [22, Sub-
lemma in p. 5]).

Corollary 4.8 Let R be a semiprime ring, let R be its central closure, and let L =
[R, R]/(IR, RINZ(R)) or L := R/Z(R). Ifa € L is an ad-nilpotent element of L
of index n and R is free of n!-torsion, then n is odd and there exists . € C(R) such
thata — ) € R is nilpotent of index %

Proof If L = [R, R]/([R, R]N Z(R)) the result follows by Lemma 4.7 and Corollary
4.5.1f L = R/Z(R) the result follows by Lemma 4.6 and Corollary 4.5. O

5 Ad-nilpotent Elements of K

In this section, we focus on semiprime rings R with involution * and their set of
skew-symmetric elements K. As in the previous section, we will first describe the
pure ad-nilpotent elements of K and then remove the hypothesis of being pure by
decomposing each ad-nilpotent element into a sum of pure ad-nilpotent elements of
decreasing indices.

The following lemma collects some results about x-identities. Item (1) is [22,
Remark on p.43] (with a different proof), item (2) is a generalization of [29, Lemma
5], and item (3) is a generalization of [9, Lemma 5.2].
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Lemma 5.1 Let R be a semiprime ring with involution x and free of 2-torsion. Let
k€ K and h € H. Then:

(1) kKk = 0 implies k = 0.
(2) hKh = 0implies hRh C H(C(R), *x)h. In particular, R satisfies

hxhyh = hyhxh foreveryx,y € R,

and if Idg (h) is essential then Skew(C(R), ) = 0.

(3) hKh =0and hKk = 0 imply hRk = 0. In particular, if Idg (h) is essential then
k =0, while if h € Idgr (k) then h = 0 (resp. if k € Idg(h) then k = 0).

(4) k[K, K1k =0 and k* = 0 imply k = 0.

Proof We can suppose without loss of generality that R = R.ie.Ris centrally closed.

(1) Take x € R. Note that k(x — x*)k = 0, so that kxk = kx*k. Then

k(xkx)k = k(xkx)*k = —kx*kx*k = —(kx*k)x*k = —kxkx™k
= —kx(kx™k) = —kxkxk

and so we have kxkxk = 0 since R is free of 2-torsion. Therefore kxkxkyk = 0
for every y € R, hence

0 = —kxk(xky)k = —kxk(xky)*k = kxky*kx*k = kxkykxk,

so (kxk)R(kxk) = 0 and kxk = 0 since R is semiprime. Now k Rk = 0 implies,
again by semiprimeness, that k = 0.

(2) If h = 0 then the claim is trivially fulfilled, so assume & # 0. Take x, y € R.
Note that 2(x — x*)h = 0 and therefore hxh = hx*h. Then

0 = h(xhy — (xhy)*)h = hxhyh — hy*hx*h = hxhyh — (hy*h)x*h =

= hxhyh — hy(hx*h) = hxhyh — hyhxh = (hxh)yh — hy(hxh),

i.e., hxhyh = hyhxh. By Corollary 2.9, since h # 0 and Idg(hxh) C Idg(h),
for each x € R there exists uy € C(R) suchthat hxh = pu,h. Hence 0 # hRh C
C(R)h. Moreover, since hx*h = hxh, 2hxh = hxh + hx*h = (ux + pni)h €
H(C(R), *)h,so hRh € H(C(R), x)h.
Let us suppose that Idg (%) is essential in R and let us show that Skew(C(R), *) =
0: Take A € Skew(C(R), ) and y € R. Then (Ah)y(Ah) = Ah(yA)h = Auyyh €
K for some )y, € H(C(R),*). On the other hand, (Ah)y(Ah) = Azhyh =
)\Z,uyh € H for some n, € H(C(R), x). Therefore (Ah)y(Ah) = O for every
y € R, and by semiprimeness of R, Ah = 0, so A = 0 because Idg (%) is essential.
(3) Suppose first that R is x-prime and, without loss of generality, that it is centrally
closed. If R is not prime then there is A € Skew(C(R), %) suchthat R = K + 1K
(see 2.4), hence hKh = 0 implies hRh = 0 and & = 0 since R is semiprime, so
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trivially 2Rk = 0. Now assume R is prime. Since R = H + K we only need to
show that hHk = 0. Letx € H and y € R. Then

0 = h(xky — (xky)*)h = hxkyh + hy*kxh = hxkyh + hykxh

since h(y* — y)k = O for every y € R. By Corollary 2.9, since Idg (hxk) C
Idg (h), for each x € R there exists 4y € C(R) such that hxk = puyh. If u, =0
then hxk = 0 and we are done. Otherwise, 0 = hxkxk = u,hxk = u,)%h, hence
h = 0 and we are also done.

Suppose now that R is semiprime. Then there exists a family of *-prime ide-
als {I}aca such that (,c Ie = 0. In each s-prime quotient R/, we have
hR/I,k =0, so hRk C I for all &, hence hRk = 0.

(4) Since k? = 0 and k[K, K]k =0, forall x,y € K we get

0 = k[[x, k], ylk = kxkyk + kykxk, (a)

thus kxkyk = —kykxk and 2kxkxk = O for all x € K, hence kxkxk = 0 since
R is free of 2-torsion. Now, by (a),

0 = (kxkxk)yk = kx(kxkyk) = —kxkykxk

forall x, y € K. Thus (kxk)K (kxk) = 0 forall x € K, kKk = 0 and k = 0 by
item (1) applied twice. O

Remark 5.2 Let R be a semiprime ring with involution such that R = H + K (in
particular this is true when R is centrally closed and has no 2-torsion by 2.5). Then
every x € R can be expressed as x = x;, + xx withx, € Handx; € K. Ifa € K is
an ad-nilpotent element of K of index #, then for every x € R

adl (ax + xa) = adl (axy + xxa) + ad), (ax;, + xpa)
= a ad)l (xx) + ad}, (xx)a + ad) (axp + xpa) =0,

since axj + xpa € K. On the other hand, expanding this expression,

n
— _ +1 n n —i i ontl—i +1
0 =adl(ax +xa) = (—1)"xa""" + g (([) — <i B 1)) (=)' "a'xa" " T +a" " x.

i=1

Observe that a nilpotent element in K is ad-nilpotent of both K and R, but its
index of ad-nilpotence in R may be higher than the one found in K. In the following
proposition, we describe the ad-nilpotent elements of K of index n that are already
nilpotent of certain index s. The description depends on the equivalence class of the
index of ad-nilpotence modulo 4 and relates the index of nilpotence to the index of
ad-nilpotence.
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Proposition 5.3 Let R be a semiprime ring with involution x and free of 2-torsion, let
R be its central closure, and let a € K be a nilpotent element of index of nilpotence s.
Then a is ad-nilpotent in R. If the index of ad-nilpotence of a in K is n and R is free
of ('t’)-torsionfort = [%], then:

(1) Ifn =0 (mod4) thens =t -+ 1anda'Ka' = 0.

(2) Ifn =1 (mod4) then s =t and the index of ad-nilpotence of a in R is also n.

(3) The case n = 2 (mod 4) is not possible.

4) If n = 3 (mod 4) then there exists an idempotent € € C(R) such that ea’ = a'.
Moreover, when we write a = €a + (1 — €)a, we have:

4.1) If0 # €ea € R then ea is nilpotent of index t + 1, ea’ = a' generates
an essential ideal in €R and (ea)'~'k(ea)! = (ea)'k(ea)'~" for every k €
Skew (R, ).

42) If0# (1 —e)a € Ié, then the index of ad-nilpotence of (1 — €)a in R is not
greater than n, and (1 — €)a’ = 0.

Furthermore, if a is a pure ad-nilpotent element OjiK then in (2) and in (4.2) we obtain
pure ad-nilpotent elements of R (respectively of R) of index n.

Proof Let us suppose without loss of generality that R = R,ie., Ris centrally closed.
Let a € K be a nilpotent element of index of nilpotence s. Then a is ad-nilpotent
of K of a certain index n. If we apply Lemma 4.1 to the second formula obtained in
Remark 5.2, we get that all the monomials appearing in it are zero. We will now focus
on certain monomials depending on the parity of n.
e If niseven, n = 2t. Let us see that s = ¢ 4 1: on the one hand, for any x € R we

know that
()2 )=

and, since () — (,",) is a divisor of 2(/) and R is free of 2(7)-torsion, we have that
a'xa'*t! = 0 for all x. Therefore a’t! = 0 by semiprimeness, hence s < ¢ + 1. On
the other hand, if s = ¢ then a’ = 0 and ad?~'(R) = 0, a contradiction.

Let us see that n = 0 (mod 4): For any k € K,

2t

2t i i i 2t
0 = ad? (k) = Z(i )(—1)” a'ka¥ = <t>(—1)'atkat,

i=1

so a’ka’ = 0 for every k € K, which implies that ¢ has to be even, since otherwise
a' € K and @’ Ka' = 0 imply a’ = 0 by Lemma 5.1(1), a contradiction. We have
shown that, if n is even, n = 2 (mod 4) is not possible.

e Ifnisodd,n =2t — 1, and for any x € R,

<<t : 1) B (t ! 2)) a''xat' = 0.
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Since (,";) — (,",) is a divisor of 2(7) and R is free of 2(})-torsion, we have that
a'~'xa'*t! = 0 for all x. Therefore a'*! = 0 by semiprimeness, hence s < 7 + 1. On
the other hand s > ¢ — 1 since otherwise adﬁ’ 72(R) = 0, a contradiction.

If @’ = 0 then a is already an ad-nilpotent element of R of index n. In this case,
n =1 (mod4) or n = 3 (mod4) by Proposition 4.3(2). Furthermore, if a is pure in
K then a is pure in R by Lemma 3.3.

Suppose from now on that a’ # 0. Let us show that n = 3 (mod 4). By Propo-
sition 2.10, there exists an idempotent ¢ € H(C(R), *) such that ea’ = a' and
Anng(Idg(a’)) = (1 — €)R (so a’ = ea’ generates an essential ideal in € R). Notice
that ea # 0 (otherwise 0 = (ea)’ = ea’ = a’, a contradiction). For every k € K, we
have

n

O=adl k=3 (’7)(—1)"iea"ka"" ~
l

i=1

= ( " )(—1)’ea’1kat + <n>(—l)’1osa’ka’1 =
t—1 t

= (:) (=D Y—ea"ka' + ea'ka'™h).
Since R has no (’t‘)-torsion, ea''ka' = ea'ka'~! for every k € K. Moreover, multi-
plying by a on the right we get ea’ka’ = a’ka’ = 0, so a’ Ka' = 0, which by Lemma
5.1(1) is only possible if a’ # 0 is symmetric, hence 7 is even and n = 3 (mod 4).

If (1 — €)a # O then ad%{:i)a(R) = 0 and (1 — €)a is an ad-nilpotent element of
R of index not greater than 27 — 1.

If a is a pure ad-nilpotent element of index n in K then (1 — €)a is ad-nilpotent of
K of index n and therefore (1 — €)a’~! # 0. From this, the index of ad-nilpotence of
(1 —€)a in R mustbe n = 2t — 1. Then by Lemma 3.3 (1 — €)a is a pure ad-nilpotent
element of R of index n. O

Remark 5.4 Let a € K be a nilpotent element of index s. If we denote its index of
ad-nilpotence in K by n, we obtain from Proposition 5.3 that, under the right torsion
hypothesis, 25 —3 <n <25 — L and " <5 < 283,

Proposition 5.5 Let R be a semiprime ring with involution x and free of 2-torsion, let
R be its central closure, and let a € K be a pure ad-nilpotent element of K of index
n > 1. Then:

(1) There exists an idempotent € € H(C(R), %) such that (1 — e)ajs an ad-nilpotent
element of R of index < n and €a is nilpotent with ady,.,(R) # 0 for every
w € C(R) such that pea # 0.

(2) Moreover, if a is pure ad-nilpotent in K and R is free of (’;)-torsion and t-torsion
fort = [#], when we write a = €a + (1 — €)a we have:

(2.1) Ifea # O then €a is nilpotent of index t + 1. .
(2.2) If (1 —€)a # O then (1 — €)a is pure ad-nilpotent in R of index n. In this case,
n is odd and there exists A € Skew(C(R), *) such that ((1 — €)a — A)' = 0.
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Proof Notice that n > 3 since adg (K) = 0 implies a € Z(R) by [16, Corollary 4.8]
and so ad, (K) = 0, which is not possible because n > 1 by hypothesis.

(1) Let us suppose first that R is a x-prime ring and, without loss of generality, that
it is centrally closed.

(1.a) Case 1: ad]} (R) = 0 and we get the claim for the idempotent € = 0.

(1.b) Case 2: adl}(R) # O implies that there are no nonzero skew elements A in C(R),
since otherwise (by 2.4) R = K + ALK would imply ad(R) = 0; in particular R
is prime. Since ad’(K) = 0, by the second formula of Remark 5.2 and Corollary
2.9, a is an algebraic element of R over the field F := C(R). Let us consider the
minimal polynomial p(X) € F[X] of a. Let F be the algebraic closure of C(R) and
let p1, ..., € F such that p(X) = (X — ppf -+ (X — p)f. Let q1(X) :
p(X)/(X — 1), s0gi(a)a = pu1qi(a). Now, forany x € R ® F,

0 = ad)(ax + xa)q1(a)

—aZ( )( 1" alxa"~ 'ql(a>+z(’z)( 1" alxa" T agi (a)
aZ( )( D" alxpi g1 (@) + (
=aZ(?)(—D"‘"al’u’f"'qu(a)+Z( )( D" a1 pixgi (@)
i=0
)=

0
=a(a —pn1)"xq1(a) + (@ — p)"ni1xq(a

”)( D" alxp 7 gy (a)

(a —p))"(a@+ pn1)xqi(a)

and therefore, since R ® F is a centrally closed prime ring (see [5, pp.445-446)),
(a—p1)"(@+p1) = 0.If u; = 0, then a is nilpotent of index at most n+ 1. If 1 # 0,
since the involution is of the first kind on R, it extends to R @ ¥ via rAM* :=r*QaA.,
hence 0 = ((@ — pn1)")*(a+u)* = (@ — p)" (@ +u1) = (—a — p)"(—a+ uy)
implies (a + w1)"(a — u1) = 0. From the conditions (¢ — u1)"(a + n1) = 0 and
(a+ pn1)*(a— 1) =0 we obtain p(X) = (X — u1)(X 4+ w1). Thus a? = u%, but
then adg (k) = 4,u%[a, k] for every k € K, a contradiction with n > 3.

Let us study the semiprime case, and suppose without loss of generality that R is
centrally closed: If a is already ad-nilpotent in R of index n, take € = 0 and the claim
holds. Suppose from now on that ad} (R) # 0. By Proposition2.101ete € H(C(R), *)
be anidempotent such thate ad)} (x) = ad (x) foreveryx € R, Anng(Idg(ad}(R))) =
(I1—€e)R andAnnc(R)(ad”(R)) =(1- e)C(R) Then ad” (R) =(1—€)ad}(R) =
0.

Let us study the element ea: First notice that adj,., R # 0 for every u such
that pea # O, since otherwise uead(R) = adzm = 0 implies pue €
Annc(gy(ad)(R)) = (1 — €)C(R) and hence ue = 0, a contradiction. Let us see
that ea is nilpotent. Since R is semiprime, the intersection of all x-prime ideals of R
is zero. Consider the essential *-ideal S := Idg(ad’?(R)) ® Anng(Idg(ad’(R))) =
Idg(adZ(R)) & (1 — €)R. Let us consider the families

(1—€)a

Ay :={I <*R|R/Iis x-primeand S ¢ I}
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and
Ay :={I<*R|R/Iis x-primeand S C I}.

Since § C ﬂ,eAz I and S is essential, ﬂIGAl I = 0 and R is a subdirect product of
R/I with I € Aj. Let us see that in any *-prime quotient €a is nilpotent of index not
greater than n + 1. Take / € A; and consider R := R/I. We may have two cases:

e Ifée =0thenea = 0.

o If € #£ Othene = 1 € R/I and T—e =0, so (1 —e€)R C I. Moreover,
adZ (R/I) # O since otherwise ad’_(R/I) = 0 would imply S C I, a con-
tradiction. Let us see that R/I is prime: if R/[ is x-prime and not prime there
would exist a nonzero skew element A in C(R/I), which implies that R/ =
Skew(R/I, x) @A Skew(R/I, ) (see 2.4),s0ad’(R/I) = adZ (Skew(R/I, ¥) D
ASkew(R/I, *)) = 0, a contradiction. So R/ is a prime ring with involution and
adZ_(R/1)) # 0 which implies that €a is nilpotent of index not greater than n + 1.

In conclusion, for any I € A we have ea”*! € I and therefore ea™+! = 0.

(2) Suppose now that a is a pure element of K of index n and R is free of 2(7)-
torsion and free of 7-torsion for 7 := [%]. If a is already ad-nilpotent of R of index
n then a is pure in R by Lemma 3.3 and we can use Theorem 4.4 to find that n is
odd and there exists & € Skew(C(R), x) such that (@ — 1)’ = 0. Otherwise write
a = €a + (1 — €)a as before. Since €a is nilpotent and ad-nilpotent of K of index n
(because we are assuming that a is pure in K), €a is nilpotent of index ¢ + 1 (it has
index ¢ or t 4+ 1 by Proposition 5.3, but ad’,(R) # 0). Moreover, (1 — €)a is a pure
ad-nilpotent element of R of index n (if it is nonzero, its index of ad-nilpotence cannot
be lower than n since (1 — €)a is ad-nilpotent in K of index n), and we can apply
Theorem 4.4 and Lemma 2.6 to get that n is odd and there exists A € Skew(C(R), *)
such that ((1 — €)a — 1) =0. O

Theorem 5.6 Let R be a semiprime ring with involution * and free of 2-torsion, let
R be its central closure, and let a € K be a pure ad-nilpotent element of K of index
n > 1. If R is free of ('t’)-torsion and t-torsion fort := [%] then:

(1) Ifn =0 (mod 4) then a't' =0, a' # 0 and a' Ka' = 0. Moreover, there exists
an idempotent € € H(C(R), *) such that ea = a cmd the ldeal generated bya'is
essential in €R. In addition € R satisfies the GPI a'xa' ya' = a'ya'xa' for every
X,y € €R.

(2) Ifn = 1 (mod 4) then there exists ). € Skew(C(R), %) such that (a — L)' =0 (a
is an ad-nilpotent element of R of index n).

(3) It is not possible that n = 2 (mod 4).

4) If n = 3 (mod 4) then there exists an idempotent € € H(C(R), *) making a =
ca+ (1 —¢€)ae R such that:

(4.1) Ifea # O then ea't! = 0, ea’ # 0 and ea’kea'™' = ea'~'kea' for every
k e Skew(lé, x). The ideal generated by ea' is essential in €Rand eR satisfies
the GPl a'xa' ya' = a'ya'xa' for every x, y € €R.

(4.2) If(1—¢€)a # O then there exists . € Skew(C(R), *) suchthat (1—e)a—1)" =
0 ((1 — €)a is a pure ad-nilpotent element ofﬁ of index n).
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In particular, for alln > 1 there exists . € Skew(C(R), %) such that (a — »)'*! =0,
(a—1"1#£0.

Proof We can suppose without loss of generality that R = R,ie., R is centrally
closed. By Proposition 5.5, there exists an idempotent € € H(C(R), *) such that
€ad? x = ad)) x forevery x € R and Anng(Idg(ad’(R))) = (1 —€)R, and moreover:

e If ea # 0, it is nilpotent of index ¢ + 1 and ad-nilpotent of K of index n. By
Proposition 5.3, this may happen if either n = 0 (mod 4), in which case a’*! = 0,
a' #0,a'Ka’" = 0and (1 — €)a = 0 (because (1 — €)a is ad-nilpotent of R
and its index cannot be even), or n = 3 (mod 4). The case n = 1 (mod 4) is not
possible because ea’ # 0.

e If (1 —€)a # 0then (1 — €)a is a pure ad-nilpotent element of R, n is odd and
there exists A € Skew(R, %) with ((1 — €)a — L)' = 0. By Proposition 5.3, this
may happen if either n = 1 (mod 4) (in this case ea = 0) or n = 3 (mod 4). The
decomposition (1 — €)a — A = aj + a» given by Proposition 5.3(4) occurs with
a; = 0 since otherwise the index t 4 1 of a; would contradict ((1 —€)a —A)! = 0.

In the particular case of n = 3 (mod 4) with ea # 0, the idempotent €; produced in
Proposition 5.3(4) for the nilpotent element ea satisfies €jea’ = ea’, so (1 — €1)e €
Anng(Idg(ad?(R))) = (1 —€)R, thus€je = € and ea’ = €j€a’ generates an essential
ideal in € R. On the other hand, we know from Proposition 5.5 that (ea)’ “lk(ea)' =
(€a)'k(ea)'~! for every k € K in particular (ea)' K (ea)’ = 0. Therefore, by Lemma
5.1(2) the identity

a'xa'ya' =a'ya'xa'

holds in € R.

In the particular case of n = 0 (mod 4), the idempotent € produced in Proposition
5.5 satisfies ea’xa' = ea’ for every x € R and Anng Idg(a’ Ra’) = (1 —€)R. On the
other hand, (1 —€)a must be zero because ad” (1—e)a (R) = 0 and a is a pure ad-nilpotent
element (so a = €a). Therefore, the ideal generated by a’ in € R is essential in € R and
the identity a’xa’ya' = a’ya'xa’ holds in € R by Lemma 5.1(2). ]

Remark 5.7 1t is worth noting that in the semiprime case, when n = 3 (mod 4) there
can exist elements a with two nonzero parts ea and (1 — €)a behaving as in Theorem
5.6(4.1) and Theorem 5.6(4.2). This is no longer true in the prime case, see [29, Main
Theorem].

In the next corollary, we recover Lee’s main result by taking into account that
every ad-nilpotent element can be expressed as a sum of pure ad-nilpotent elements
of decreasing indices.

Corollary 5.8 ([26, Theorem 1.5]) Let R be a semiprime ring with involution x and free
of n!-torsion, let R be its central closure, and let a € K be an ad- nilpotent element of
K of index n. Then there exist . € Skew(C(R), x) and an idempotent € € H(C(R) *)
such that (ea — )" = 0 and (ea — 21)'~1 # 0 for t := ["31], and (1 — R isa
Pl-algebra satisfying the standard identity Sy.
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Proof We can suppose without loss of generality that R = R,ie., R is centrally
closed. By Proposition 3.4, there exists a family of orthogonal symmetric idempotents
{ei }f-‘zl of the extended centroid such that a = Zle €;a, with €;a a pure ad-nilpotent
element of index n; (n = n; > ny > ...) of Skew(¢; R, *). If ny = 1 then €;a can
be decomposed as €xa = €x1a + (1 — €x1)a, where €x1a € Z(R) and (1 —€;1)R is a
PI-algebra satisfying the standard identity S4 by [9, Theorem 4.2(i),(ii) and (*)]. The
claim follows now from Theorem 5.6. O

Let us extend this last result to Lie algebras of the form K /(K N Z(R)) and
[K, K]/(LK, K1N Z(R)).

Corollary 5.9 Let R be a semiprime ring with involution free of n!-torsion, let R be
its central closure, and consider the Lie algebra L := K/(K N Z(R)). If a is an
ad-nilpotent element of L of index n, then there exist . € Skew(C(R), x) and an
idempotent € € H(C(R), %) such that (ea — M = 0and (ea — 1)1 £ 0 for
t:= [”'H] and (1 — e)R is a Pl-algebra that satisfying the standard identity Sy.

Proof Let us prove that ad’(K) C Z(R) implies ad” (K) = 0: Suppose first that R is
x-prime and, without loss of generality, centrally closed. If ad) (K') # 0, there would
exist 0 # A € ad(K) N Z(R), so R = K + AK by 2.4 and hence ad}(R) C Z(R),
which implies by Lemma 4.6 that ad! (R) = 0, a contradiction. The same result follows
for semiprime rings because they can be expressed as subdirects product of *-prime
quotients.

The claim follows now from Corollary 5.8. O

Now we turn to Lie algebras of the form [K, K]/([K, K] N Z(R)). We first need
a technical lemma.

Lemma5.10 Let R be a semiprime ring with involution % and a € K be such that
ad?([K, K]) C Z(R), n > 1. If R is free of (n + 1)!-torsion then ad(K) = 0.

Proof Let us first suppose that R is a x-prime ring and, without loss of generality,
that it is centrally closed. If Skew(C(R), *) # 0 then R = K + AK for any 0 #
A € Skew(C(R), %) (see 2.4); thus ad}([R, R]) C Z(R), and by Lemma 4.7 a is
an ad-nilpotent element of R of index n. Otherwise Skew(C(R), *) = 0, in which
case R must be prime and K N Z(R) = 0, so ad’([K, K]) = 0. From adg+1 K C
ad?([K, K]) = 0 and Skew(C(R), %) = 0, we get from Proposition 5.5 that a is a
nilpotent element of R. Let s be its index of nilpotence. If ad], K = 0 we are done;
suppose it is not and let us compare the index of ad-nilpotence of a in K with its index
of nilpotence s (see Proposition 5.3) to get a contradiction:

(@ Ifn+1=0(mod4)thens = 2 anda*~"'Ka*~! = 0.From (,",) = (,",) we
get, for every x € R, that ad? x = (—1)*7!(.",) (¢*xa*~! — a*~'xa*~?2). Then,
for every k, k' € K,

2(ad” k)k' (ad” k)
) n n (aszkasf]k/asfzkasf] +asflkas72k/asflkas72>
s—2)\s —2

@ Springer



A Description of Ad-nilpotent Elements in Semiprime Rings. .. 2599

s—2

+2< n 2)( n 2>aslk(as2k/asl _asflk/a572)kas72
S — S —

— ( n 2>< n )as—zk(as‘—lk/as—z _ aS—Q.k/aS—l)kaS—l_l_

- 2(—1)8—2< " 2) (a*2k(ad” K)ka* " — a* " k(ad" k' Yka*=?)
5 —

= (=1)*72 (s i 2) (a*~%ad?(ad" k)a* "' — a*~'ad?(ad" k')a*?)
= ad” (ad?(ad" k') € ad"([K, K]) =0

because aad” k = 0 = (ad” k)a, a* " 'Ka*~! = 0 and s > 3 implies a*~'a*~2 = 0.
Therefore (ad” k)K (ad} k) = 0 and hence ad] k = O for every k € K by Lemma
5.1(1).

) If n +1 = 1 (mod4) then s = 5 + 1. For every x € R, adjx =
(=D 1(,",)a*'xa*~!. Then, for every k, k' € K,

2(ad" k) (ad" k) = 2( " 1)( " 1>as_1kas_lk/as_1kas_l
S — S —

_ n n s—1 20 s—137 s—1y s—1
= <s - 1) (s _ 1>a adg(a’  'k'a’ )a

= ad(ad?(ad” k') € ad"([K, K]) =0

because a*~la*~! = 0. Therefore (ad k)K (ad]; k) = 0 and hence ad), k = O for
every k € K by Lemma 5.1(1).

(c) The case n + 1 = 2 (mod 4) is not possible.

(d)Ifn+1 = 3 (mod 4) then, by primeness of R, either s = 5 +2 and a*2ka*~! =
a*'ka*~? for every k € K (case (4.1) in Theorem 5.6) or s < 5 + 1 (case (4.2) in
Theorem 5.6).

(d.1) Suppose s = % + 2 and a*%ka*~! = a*~'ka*~? (1) for every k € K. For
convenience write o := (,";), B := (,",) and observe that @ # B (since n # 2s —5).
For every k, k' € K, we have

0 = ad"([k, k']) = aa* [k, kK')a* =" — Ba* %[k, k']a* =2 + aa* [k, k'1a* 3. (2)
Multiplying on the left by a@ and applying (1) to the second term afterwards,

0 = aad'([k, k']) = aa* [k, kK'1a* " — Ba* [k, k'la* 2 =
— aas_2[k, k/]as—l _ ﬂaS—Z[k’ k/]as—l — (a _ ‘B)aS—Z[k’ k/]as_l,
which gives a* 2k, kK'la*~1 = 0 (3) since R is free of (o — B)-torsion. Now we study
two separate cases:

If n = 2thens = 3 and ¢ € K satisfies adZ(K) = 0 and a? # 0, a’ =0, soit
is a Clifford element (see [8]). Since R is free of 2, 3-torsion there is a twin element
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b € K of a such that aba = a and a*b*a® = a? ([8, p-289 and Proposition 3.7(6)]).
Then, by (3),

0 =al[b, a], b]a2 = 2(czba)ba2 — a*b*a® — ab*a® = 2aba® — a® = az,

a contradiction.
Ifn>2thenn >6ands > 5,s02s —4 > s and (as—z)z = (. We see that

a* [k, K} la* [k, kyla* [k, kjla* =2 = 0 @)

for every ki, k|, ko, k5 € K: from (2) we can write Ba’ [k, k’z]a‘v_2 as a linear
combination of a* [k, kK'Ja* 3 and a*3[k, k']a*~!, so (4) follows since R is free
of B-torsion and a®2[ky, ki]as_1 =0 = a* [k, k/l]as_2 by (3) and (1). Since
for each ki, k] € K we have that b := a* [k, k/l]as’2 € K is such that b2 = 0
and b[K, K]b = 0 by (4), by Lemma 5.1(4) we get b = 0 for each k1, ki e K, so
a*7?[K, K)a*~? =0, and a*~2 = 0 again by Lemma 5.1(4), a contradiction.

(d.2) Suppose s < % + 1. In this case, the proof follows as in (b): ad?x =
(—D2(3)a>xa? for every x € R, (ad’ k)K (ad’ k) = 0 and hence ad k = 0 for

7
every k € K by Lemma 5.1(1).
In any case ad};(K) = 0. Finally, the semiprime case follows because R is a

subdirect product of x-prime rings. O
From this lemma and Corollary 5.8 we get:

Corollary 5.11 Let R be a semiprime ring with involution , let R be its central closure,
and consider the Lie algebra L := [K, K]/(Z(R) N[K, K)). If a is an ad-nilpotent
element of L of index n > 1 and R is free of (n + 1)!-torsion then there exist ). €
Skew(C(R), *) and an idempotent € € H(C(R), *) such that (ea — N =0 and
(€a— A"V £0fort := [%], and (1 — e)Ié is a Pl-algebra satisfying the standard
identity Sy.

Acknowledgements The authors express their sincere thanks to the two anonymous expert referees for the
careful reading of the manuscript and their competent and insightful comments and suggestions.

References

1. Baxter, W.E., Martindale III, W.S.: The extended centroid in *-prime rings. Commun. Algebra 10(8),
847-874 (1982)

2. Beidar, K.I., BreSar, M., Chebotar, M.A., Martindale 3rd, W.S.: On Herstein’s Lie map conjectures. II.
J. Algebra 238(1), 239-264 (2001)

3. Beidar, K.I., BreSar, M., Chebotar, M.A., Martindale 3rd, W.S.: On Herstein’s Lie map conjectures.
III. J. Algebra 249(1), 59-94 (2002)

4. Beidar, K.I., Bresar, M., Chebotar, M.A., Martindale III, W.S.: On Herstein’s Lie map conjectures. 1.
Trans. Am. Math. Soc. 353(10), 4235-4260 (2001)

5. Beidar, K.I., Martindale III, W.S., Mikhalev, A.V.: Rings with Generalized Identities. Monographs and
Textbooks in Pure and Applied Mathematics, vol. 196. Marcel Dekker Inc., New York (1996)

6. Bresar, M., Chebotar, M.A., Martindale III, W.S.: Functional Identities. Frontiers in Mathematics.
Birkhduser Verlag, Basel (2007)

@ Springer



A Description of Ad-nilpotent Elements in Semiprime Rings. .. 2601

10.
11.
12.
13.
14.
15.

16.

26.
27.
28.
29.
30.
31.

. Posner, E.C.: Derivations in prime rings. Proc. Am. Math. Soc. 8, 1093-1100 (1957)
33.

. Bresar, M., §penko, S.: Functional identities in one variable. J. Algebra 401, 234-244 (2014)
. Brox, J., Lopez, A.F., Lozano, M.G.: Clifford elements in Lie algebras. J. Lie Theory 27(1), 283-296

(2017)

. Brox, J., Garcia, E., Lozano, M.G.: Jordan algebras at Jordan elements of semiprime rings with invo-

lution. J. Algebra 468, 155-181 (2016)

Chuang, C.-L., Lee, T.-K.: Nilpotent derivations. J. Algebra 287(2), 381-401 (2005)

Chung, L.O.: Nil derivations. J. Algebra 95(1), 20-30 (1985)

Chung, L.O., Luh, J.: Nilpotency of derivations. Can. Math. Bull. 26(3), 341-346 (1983)

Chung, L.O., Luh, J.: Corrigendum ti the paper: “nilpotency of derivations”. Can. Math. Bull. 29(3),
383-384 (1986)

Chung, L.O., Kobayashi, Y., Luh, J.: Remark on nilpotency of derivations. Proc. Jpn. Acad. Ser. A
Math. Sci. 60(9), 329-330 (1984)

De Filippis, V., Rehman, N., Raza, M.A.: Strong commutativity preserving skew derivations in
semiprime rings. Bull. Malays. Math. Sci. Soc. 41(4), 1819-1834 (2018)

Garcia, E., Lozano, M.G.: A characterization of the Kostrikin radical of a Lie algebra. J. Algebra
346(1), 266283 (2011)

. Garcia, E., Lozano, M.G.: A note on a result of Kostrikin. Commun. Algebra 37(7), 2405-2409 (2009)
. Grzeszczuk, P.: On nilpotent derivations of semiprime rings. J. Algebra 149(2), 313-321 (1992)

. Herstein, I.N.: On the Lie ring of a simple ring. Proc. Natl. Acad. Sci. U. S. A. 40, 305-306 (1954)

. Herstein, I.N.: Lie and Jordan structures in simple, associative rings. Bull. Am. Math. Soc. 67, 517-531

(1961)

. Herstein, I.N.: Sui commutatori degli anelli semplici. Rend. Sem. Mat. Fis. Milano 33, 80-86 (1963)
. Herstein, I.N.: Topics in Ring Theory. The University of Chicago Press, Chicago, III, London (1969)
. Kharchenko, V.K.: Differential identities of prime rings. Algebra Logic 17(2), 155-168 (1978)

. Kharchenko, V.K.: Differential identities of semiprime rings. Algebra Logic 18(1), 58-80 (1979)

. Kog, E., Golbasi, O.: Some results on ideals of semiprime rings with multiplicative generalized deriva-

tions. Commun. Algebra 46(11), 4905-4913 (2018)

Lee, T.-K.: Ad-nilpotent elements of semiprime rings with involution. Can. Math. Bull. 61(2), 318-327
(2018)

Lépez, A.F.: Jordan Structures in Lie Algebras. Mathematical Surveys and Monographs, vol. 240.
American Mathematical Society, Providence (2019)

Martindale III, W.S., Robert Miers, C.: On the iterates of derivations of prime rings. Pac. J. Math.
104(1), 179-190 (1983)

Martindale III, W.S., Robert Miers, C.: Nilpotent inner derivations of the skew elements of prime rings
with involution. Can. J. Math. 43(5), 1045-1054 (1991)

Martindale ITI, W.S.: Prime rings satisfying a generalized polynomial identity. J. Algebra 12, 576-584
(1969)

Martindale III, W.S., Robert Miers, C.: Herstein’s Lie theory revisited. J. Algebra 98(1), 14-37 (1986)

Rehman, N.U., Raza, M.A.: On Lie ideals with generalized derivations and non-commutative Banach
algebras. Bull. Malays. Math. Sci. Soc. 40(2), 747-764 (2017)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Affiliations

Jose Brox' - Esther Garcia?® - Miguel Gémez Lozano3 -
Rubén Mufoz Alcazar? - Guillermo Vera de Salas?

B Esther Garcia

esther.garcia@urjc.es

Jose Brox
josebrox @mat.uc.pt

@ Springer


http://orcid.org/0000-0003-2353-7161

2602 J.Brox et al.

Miguel Gémez Lozano
miggl@uma.es

Rubén Muiioz Alcazar
rubenj.alcazar @urjc.es

Guillermo Vera de Salas
guillermo.vera@urjc.es
Department of Mathematics, CMC, University of Coimbra, 3004-504 Coimbra, Portugal

Departamento de Matematica Aplicada, Ciencia e Ingenieria de los Materiales y Tecnologia
Electronica, Universidad Rey Juan Carlos, 28933 Méstoles (Madrid), Spain

Departamento de Algebra, Geometria y Topologia, Universidad de Mélaga, 29071 Malaga, Spain

@ Springer



	A Description of Ad-nilpotent Elements in Semiprime   Rings with Involution
	Abstract
	1 Introduction
	2 Preliminaries
	3 Pure Ad-nilpotent Elements
	4 Ad-nilpotent Elements of R
	5 Ad-nilpotent Elements of K
	Acknowledgements
	References




