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1. Introduction

An associative superalgebra is a Z,-graded associative algebra R = Ry + R;. The elements
of Ry U R; are called homogeneous elements and we say that the degree of a € Ry U Ry is
i (denoted |a| = i) when a € R;, i € {0, 1}. Given an associative superalgebra R, we obtain
a Lie superalgebra if the associative product is replaced by the superbracket [ , ], where
[a,b] := ab — (—1)!9%Ipg for homogeneous a, b € R. The Lie structure of prime/simple
associative superalgebras was investigated by E. Montaner in [1] and S. Montgomery in [2].

We say that a Z,-linear map *: R — R is a superinvolution when (a*)* = a and
(ab)* = (=1)lal Plpxg* for homogeneous a,b € R. The set of skew-symmetric elements
of an associative superalgebra is a Lie superalgebra and it will be denoted by K through-
out this paper. The study of the Lie structure of K of a simple associative superalgebra
with superinvolution was iniciated by C. Gémez-Ambrosi and I. Shestakov in 1997 in [3],
and their results were extended to prime superalgebras in [4]. Superinvolutions in associa-
tive superalgebras have been a topic of great interest. We highlight the works of Laliena
[5] on the description of the derived superalgebra [K, K] of a semiprime superalgebra
with superinvolution, the papers [6] and [7] of ]. Laliena and R. Rizzo on the extension
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of results of Lanski and Montgomery to associative superalgebras with superinvolution,
and the recent works of do Nascimento, Vieira, Giambruno, Ioppolo, La Mattina, Martino
[8-12] on superinvolutions in superalgebras related to polynomial identities and related to
the growth of certain substructures of the superalgebras.

Another interesting and very active topic in superalgebras is the study of superderiva-
tions (see for example the works of Fosner and Fo$ner [13], Ghahramani et al. [14] or Wang
[15]). A linear map d = dy + d; in R is called a superderivation if each d;, i € {0, 1}, sat-
isfies d;(R;) C Riyj and d;(ab) = di(a)b + (—1)1ad;(b), for homogeneous a, b € R. For
instance, if a € Ry U Ry, the map ad, : R — R given by ad,(x) = [a, x] is a superderiva-
tion (of degree |a|). Such superderivation is called an inner derivation. In [14] the authors
describe the structure of superderivations on some Z,-graded rings and study when
superderivations are inner.

In this paper we are going to study nilpotent inner superderivations in prime associa-
tive superalgebras with and without involution. This problem fits into the so called Herstein
theory: the study of nonassociative objects in associative prime and semiprime rings per-
haps with involution. Indeed, back in 1963 I. N. Herstein showed that any ad-nilpotent
element a of index 7 in a simple ring of characteristic zero or greater than » gives rise to a
nilpotent element a — A for some A in the center of R and that the index of nilpotency of
such an element is less than or equal to [”TH ], see [16, Theorem page 84]. This result of Her-
stein was generalized by W. S. Martindale and C. R. Miers in 1983 [17, Corollary 1] to prime
rings of characteristic greater than n, and nilpotent derivations of the skew-symmetric
elements of prime rings with involution were described in the 1990’s by Martindale and
Miers in [18, Main Theorem]. The extension of those descriptions to ad-nilpotent elements
in semiprime rings was performed by several authors (Grzeszczuk [19], Lee [20] or the
authors of this paper together with Brox and Muiioz Alcazar [21]).

The goal of this paper is to extend the results of Martindale and Miers on the description
of ad-nilpotent elements of prime rings with or without involution to the supersetting. We
remark that this extension is not just a direct translation of the non-super results because
a superinvolution on a superalgebra is not an involution in the underlying non-super
structure.

The paper is organized as follows: after a preliminary section where we recall some
useful notions and results in the super and non-super setting, in Section 3 we will give a
detailed description of a homogeneous ad-nilpotent element a of index # in a prime asso-
ciative superalgebra R free of () and s-torsion, where s = [“}!], depending on the degree
of the element and the equivalence class of # modulo 4. If a belongs to R¢ the description
follows, except for some details, from our study of ad-nilpotent elements of semiprime alge-
bras (see [21, Theorem 4.4 and Theorem 5.6]), while if a € R; we will work with a*> € R,
and we will show that the only possible indices of ad-nilpotence of a are n =4 1, 2. These

two cases correspond to a nilpotent element of index "TH, when n =4 1, or to an element

a for which there exists A € C(R)( with (a*> — )\)%2 = 0, whenn =4 2.

In Section 4 we will study ad-nilpotent elements of the skew-symmetric elements K
of a prime superalgebra with superinvolution and characteristic p > n, i.e. elements a €
Ko U K; such that ad”K = 0 and ad” 'K # 0. The key point is the fact proven in Propo-
sition 4.2 that any homogeneous ad-nilpotent element a of K of index 7 is either nilpotent
or ad-nilpotent on the whole R with the same index n. When a € K is an ad-nilpotent
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homogeneous even element, it will be classified depending on its index of ad-nilpotence
modulo 4 (see Theorem 4.3), and when a € K is ad-nilpotent of index n, its description
will depend on the congruence class of n modulo 8 (see Theorem 4.4): if n =g 1,2, 5, 6 then
a behaves as an ad-nilpotent element of R and if n =g 0, 7 then a is nilpotent of index s 4 1
fors = [”TH], and a°Ka® = 0. We will also show that the indices of ad-nilpotence n =g 3,4
are not possible.

The last section is devoted to examples. We will work in the matrix superalgebra M (r|s)
over [F, where r is an odd natural number, s as an even natural number, and F is a field.
In such a superalgebra we will define a superinvolution and we will present examples of
elements fitting each of the cases of ad-nilpotent elements appearing in Theorems 3.2, 4.3

and 4.4.

2. Preliminaries

In this section we recall the main definitions and preliminary results. We refer the reader
to [22, 23] and [3] for further information on associative superalgebras.
2.1. Throughout the article, R = Ry 4 R; will denote a superalgebra over a unital commu-
tative ring ® with % € &. In these conditions the map o : R — Rdefined by o (xp + x1) =
xp — x1, for every xo € Ro, x1 € Ry, is an algebra automorphism with o? =id. Conversely,
given an associative algebra R, every algebra automorphism o : R — R with 0% = id
defines a Z,-graduation on Rgivenby Ry = {a € R|o(a) =alandR; = {a € R|o(a) =
—a}. Therefore, a Z,-graduation in R is equivalent to an algebra automorphism o with
o’ =id

Notice that a ®-module S of R is graded if and only if o (S) C S.
2.2. A semiprime associative superalgebra R is a superalgebra without nonzero nilpotent
graded ideals. We remark that a semiprime associative superalgebra is just an associative
superalgebra which is semiprime as an algebra (for every nonzero ideal I of R, I* # 0). A
prime associative superalgebra R is an associative superalgebra without nonzero orthogo-
nal graded ideals (for every nonzero graded ideals I, J of R, I] # 0). Prime superalgebras
have the following property: for every nonzero graded ideal I of a prime superalgebra R
and any two elements a, b € R where at least a or b is homogeneous, the condition alb = 0
implies that either a or b is zero (see [22, p. 693]).

Lemma 2.3 ([1, Lemma 1.2]): IfR = Ry + R; is a semiprime associative superalgebra, then
R and Ry are semiprime algebras.

Lemma 2.4 ([1, Lemma 1.3]): If R = Ry + Ry is a prime associative superalgebra, then
either R or Ry are prime as algebras.

2.5. The notion of the extended centroid for associative superalgebras is due to Fo$ner, see
[22]. Let R be a semiprime associative superalgebra. Since R is semiprime as an algebra, we
can consider the extended centroid C(R) of R. Let R = RC(R) + C(R) be the central closure
of R.Leto : R — Rbe the automorphism associated to the Z,-grading of R (6> = id). This
automorphism can be extended to R and we denote this extension by 6. Since 62 =1id, R
is again a superalgebra and 6 (C(R)) = C(R), i.e. C(R) = C(R)¢ + C(R); where C(R)g =
{A+6)|| A € C(R)}and C(R); = {A — 6 (A)|| 2 € C(R)}. We will say that R is centrally
closed if R = R, i.e. if R is centrally closed as an algebra.
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2.6. Let R be a prime associative superalgebra such that R is not prime as an algebra. Let
o denote the automorphism associated to the Z,-grading of R and consider a nonzero
ideal P of R with PN o (P) = 0. Then P @ o (P) is a graded essential ideal of R, where
(P®o(P)g={x+o0(x)|x€ P} =Pasanalgebraand (PP o(P)); ={x—0o(x)|x €
P}. Since P @ o (P) is essential in R,

C(R) = C(P® o (P)) = C(P) ® o (C(P)),

where the isomorphism is given by the restriction of permissible maps (for any A = [I,f] €
C(R) we define i = [(IN(P® o(P)))%g] where g: IN(PHo(P)> - PBo(P) is
the restriction of f to the essential ideal (IN (P & o(P)))? of P @ o (P)). Notice that
the Z,-grading of C(P) @ o (C(P)) comes from the Z;-grading of P @ o (P): (C(P) &
a(C(P))o={r+0o@)| A € C(P)}and (C(P) Do (C(P)))1 = {1 —0o(A) |+ € C(P)}.In
particular,

C(R)o = {A+0a(L) | A € C(P)} = C(P).

On the other hand, by Lemma 2.4, Ry is prime as an algebra, and therefore its nonzero
ideals are essential. By restricting permissible maps from Ry to (P @ o (P))o we get C(Rg) =
C((P® a(P))) = C(P).

We have obtained that C(R)y = C(Ry).

Lemma 2.7 ([22, Lemma 3.1]): Let R be a semiprime associative superalgebra. Then the
following assertions are equivalent:

(i) R is a prime superalgebra.
(ii) all nonzero homogeneus elements on C(R) are invertible.
(iii) C(R)g is a field.

2.8. Let R be an associative superalgebra over ® and take an element a € Ry U Ry. Then
R, := aRa with (aRa); := aRit|qa, i € {0,1}, is a Z,-graded ®-module. Moreover, the
product (axa)(aya) := axayaforanyx, y € Rinduces an associative superalgebra structure
in R,, which is called the local superalgebra of R at a, see [24]. When R is an associative
superalgebra with superinvolution %, the superinvolution induces a superinvolution « in
R, given by (axa)* = (=)l ax*a, for every x € R.

2.9. Given an associative superalgebra R with superinvolution x, the set of skew-symetric
elements K := {a € R| a* = —a} and the set of symmetric elements H := {a € R|a* = a}
are graded submodules of R. Since % € ®,R=H @ K. We will denote H; = HN R; and
K; = KNR;,i=0, 1. Notice that

e K a* € Hy, whensiseven,
0 a®* € Ky, when sisodd,
a* € Hy, whens =40,
a’ ek whens =41
ac Kl N S 1> 4 1,
a’ € Ky, whens =42,
a* € H;, whens=43.
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Moreover, if R is a prime superalgebra and Skew(C(R),*) # 0, then R = K + uK for
any nonzero homogeneous € Skew(C(R), *) (indeed, u? € C(R)g is invertible because
C(R)y is field, and therefore R € K + u?H € K + uK C R).

Lemma 2.10: Let R = Ry + Ry be an associative superalgebra with superinvolution %, and
let a € Ry U Ry. If there exists .. € C(R) such that a — X is nilpotent of index n then:

(i) if R is prime, has no n-torsion and a € Ry, then . € C(R)o,
(ii) if R is semiprime, A is the unique element of C(R) such that a — A is nilpotent: moreover,
ifa € K then L € Skew(C(R), *).

Proof: (i) Let us consider a € Ry and suppose that there exists A = 19 + 11 € C(R) such
that a — XA is nilpotent of index n. If A1 # 0, it is invertible by Lemma 2.7 and there
exists 1 € C(R); such that A; 41 = 1. From the nilpotency of a — X9 — A1 we get that
Hi1a — 1io — 1is again nilpotent of index n, i.e. the element b = p1a — 1o € Ry satis-
fies a polynomial of the form p(X) = (X — 1)" € C(R)o[X]. Since C(R) is a field, p(X) €
C(R)o[X] is the minimal polynomial of b over C(R)y. In particular

b — (T)b”‘l + (Z)b”‘z +-=0

and by homogeneity
n n
bn—l bn—3 — 0,
() ()
il ,
ie. b satisfies the polynomial g(X) = 21[221 ] (5" )X" 2L But n—1 = degq(X) <

degp(X) = n, a contradiction with the minimality of p(X). Therefore X1; =0 and A €
C(R)g.
(ii) It follows as in [25, Lemma 2.11]. |

The following technical result appears in [25] and is a direct consequence of a theorem
of Beidar, Martindale and Mikhalev [26, Theorem 2.3.3].

Lemma 2.11 ([25, Corollary 2.14]): Let R be a semiprime ring and let R denote its central
closure. Let a;, b; € Rfori =1,2,...,nbesuch thatIdg(a;) C Idr(by) and Y " aixb; = 0
for every x € R. Then there exist A; € C(R) fori=2,...,n such that a; = Z?:z Aia; in R.

2.12. Given a Lie superalgebra L = Ly 4+ L; we say that an element a € L is ad-nilpotent
of index n ifad)(L) = 0 and ad;’_l(L) # 0, where ad, (x) := [a, x] for every x € L, equiv-
alently, if the inner superderivation ad, is nilpotent of index n.

Every associative superalgebra R = Ry + R; can seen as a Lie superalgebra for the super-

bracket [a, b] := ab — (—1)1911%Ipg for every a,b € Ry U R;. When a € Ry, ad, behaves as
the usual adjoint map in the non-super setting; when a € Ry, ad = ad,2.
2.13. In this paper we will use some results about the description of ad-nilpotent elements
in the non-super setting. In them, the notion of pure ad-nilpotent element of an associative
algebra was crucial. We recall here that notion and some of the results of [21] that will be
used in this paper:
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Let R be an associative algebra with or without involution . Let R denote the central
closure of R and let K be the set of skew-symmetric elements of R with respect to x.

(i) Letusconsider R7,1i.e. the Lie algebra R with product [a, b] := ab — baforeverya, b €
R. We say that an element a is a pure ad-nilpotent element of R~ of index n if for every
A € C(R) with Aa # 0, La is ad-nilpotent in R~ of index n.

(ii) Let us consider K. We say that an element a is a pure ad-nilpotent element of K of
index n if for every A € H(C(R)), *) with Aa # 0, La is ad-nilpotent in Skew (R, *) of
index n.

Lemma 2.14 ([21, Lemma 3.2]): If R is a semiprime ring and a is an ad-nilpotent element
of R of index n, the following conditions are equivalent:

(i) ais a pure ad-nilpotent element of R™.
(ii) 1dg (adZ_I(R)) is an essential ideal of Idr (a).
(iii) Anng(Idg(ad”"!(R))) = Anng(Idg(a)).

Theorem 2.15 ([21, Theorem 4.4]): Let R be a semiprime ring with no 2-torsion, let R be its

central closure, and let a € R be a pure ad-nilpotent element of R~ of index n. Put t := ["TH],

and suppose that R is free of (':)-torsion and t-torsion. Then n is odd and there exists . € C(R)
such that a — A € R is nilpotent of index ”TH

Proposition 2.16 ([21, Proposition 5.3]): Let R be a semiprime ring with involution * and
free of 2-torsion, let R be its central closure, and let a € K be a nilpotent element of index of
nilpotency s. Then a is ad-nilpotent in R. If the index of ad-nilpotence of a in K is n and R is
free of (})-torsion for t := [”TH], then:

(1) Ifn=40thens=t+1anda'Ka' = 0.
(2) Ifn =41 thens = t and the index of ad-nilpotence of a in R is also n.
(3) The case n =4 2 is not possible.
(4) Ifn =4 3 then there exists an idempotent € € C(R) such that ea’ = a'. Moreover, when
we write a = €a + (1 — €)a, we have:
(@) (4.1)If 0+# €a € R then ea is nilpotent of index t+1, ea' = a' generates
an essential ideal in €R and (ea)'~'k(ea)' = (ca)'k(ea)'™" for every k €
Skew(R, *).
(b) (42)If0# (1 —¢€)ace R, then the index of ad-nilpotence of (1 — €)a in R is not
greater than n, and (1 — €)a’ = 0.

Proposition 2.17 ([21, Proposition 5.5]): Let R be a semiprime ring with involution * and
free of 2-torsion, let R be its central closure, and let a € K be a pure ad-nilpotent element of
K of index n > 1. Then:

(1) Thereexists an idempotent e € H(C(R), x) such that (1 — €)a is an ad-nilpotent element
of R of index < n and ea is nilpotent with ad),,(R) # 0 for every n € C(R) such that
uea # Q.
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(2) Moreover, if a is pure ad-nilpotent in K and R is free of ()-torsion and t-torsion for
ti= [%1], when we write a = €ea + (1 — €)a we have:
(a) (2.1)Ifea # O then €a is nilpotent of index t + 1.

(b) (2.2)If (1 — €)a # 0 then (1 — €)a is pure ad-nilpotent in R of index n. In this

case n is odd and there exists A € Skew(C(R), %) such that (1 — €)a — A)! = 0.

3. Ad-Nilpotent elements of R

In the following result we will relate the index of nilpotency of a homogeneous element of
R with its index of ad-nilpotence. It will be useful in our study of ad-nilpotent elements
of K.

Proposition 3.1: Let R = Ry + Ry be a semiprime associative superalgebra. If a € R is a
homogeneous nilpotent element of index s and

(1) a € Ry and R is free of( ) torsion, then a is ad-nilpotent of R (and of Ry) of index
n=2—1,
(2a) a € Ry, sis even and R is free of(
n=2—2n=42),
(2b) a € Ry, sis odd and R is free of( ) torsion, then a is ad-nilpotent of R of index
n=2—1(n=41).

) torsion, then a is ad-nilpotent of R of index

T

Proof: (1) Since a € Ry, the operator ad, behaves as the adjoint map in the non-super
setting. From a° = 0 we get that ad>~'(R) = 0. On the other hand, a*~! # 0, so by
semiprimeness of R (and of Ry) (see Lemma 2.3) there exists x € R (respectively, x € R)

such that @*~'xa*~! # 0 and, since R has no (255__12)—t0rsion, (2;__12) a*'xa*~! % 0. Thus

2s —2
ad* % (x) = < s ) )(—l)s_las_lxas_1 #0.
S [—

We have shown that a is ad-nilpotent of R (and of Ry) of index n = 2s—1.

(2a) Suppose that a € Ry is a nilpotent element of even index s. Since ad? = ad,» and
a’ € Ry is nilpotent of index %, we have by (1) that a?is ad-nilpotent of R of index 2(%) -
1 = s — 1. Hence the index of ad-nilpotence of a is less or equal to 2s—2. Let x be any
elementin Ry U R;:

ad% = (x) = ad2 ady(x) = ad’;%ad,(v)

( - )( 1) e 2(ax — (=) xa)a*2

T

s—2
(¥> TZ S—2_< >( 1) +|x\ a~ 2 a5 1, hence
2 2

dZS 3(x)a— ( 5 ) TZ S—l‘
2



5554 (&) E.GARCIAETAL.

_ . L : -2
Therefore ad?~>(R) cannot be zero, since otherwise a*~! = 0 because R is free of (=2)-
2

torsion and semiprime, a contradiction. We have shown that a is ad-nilpotent of index
n=2s—2.

(2b) Suppose that a € R; is a nilpotent element of odd index s. For any homogeneous
X € Ry UR;y:

—1 s—
ad®* 1 (x) = adsad® % (x) = adaad;l(x) = ad, ((Ss_l )(—1)2105_13“15_1)
2

s—1 —
= ( s—1 )(—1)21(a5xa5_1 — (=DM g’y = 0
2
> 252 _ .
s0ady ™! (R) = 0. Let us see that ad;"™*(R) # 0:a"" # 0, so there exists x € R such that
s—1 o
ad®2(x) = ad;;l(x) - < o )(—l)zlaSIanI 20
2

because R is semiprime and free of (i ) -torsion. We have shown that a is ad-nilpotent of
2
index n = 2s—1. u

In the following theorem we describe the homogeneous ad-nilpotent elements of R,
depending on the equivalence class of their indices of ad-nilpotence modulo 4.

Theorem 3.2: Let us consider a prime associative superalgebra R = Ry + Ry, let R denote
the central closure of R, and let a € Ry U Ry be a homogeneous ad-nilpotent element of index
n. If R is free of (Z’)—torsion and free of s-torsion, for s = [”TH], then:

(1) Ifa € Ry, nis odd and there exists . € C(R)o such thata — A € Ris nilpotent of index
n+1

(2) Ifa € Ry, then
(a) ifn=4 1andRis free of(S 1) torsion, then a is nilpotent of index "1

(b) if n =4 2 then thereis A € C(R)o such that (a® — 1) € Ris nilpotent of index ”T“.
(c) thecasesn =4 0 and n =4 3 do not occur.

1

Proof: We will suppose without loss of generality that R is centrally closed.

(1) Let a € Ry be an ad-nilpotent element of index n. By Lemma 2.3, R is semiprime
as an algebra. Moreover, the element a is a pure ad-nilpotent element of R because every
graded ideal of R is essential (see 2.14). Therefore, we can use Theorem 2.15 to obtain that
n is odd and there exists . € C(R) such that a — A is nilpotent of index ”+1 . Moreover,
a € Ry, R is prime and has no "'H -torsion, so A € C(R)o by Lemma 2. 10(1)

(2) Let a € R; be an ad- mlpotent element of index n. Let us split our argument in two
cases:

(2a) If n is odd, n = 2s—1 for some s. Then 0 = ad;‘H(R) = adﬁS(R) = ad’;(R), and
a? € Ry is ad-nilpotent of index s (notice that adZ{l(R) = adff‘2 (R) = adZ_I(R) #0).
Therefore, by (1), s is odd (equivalently, n =4 1) and there exists 1 € C(R)o such that

a? — X is nilpotent of index % Let us prove that A = 0: Let us denote b = (a — A)%
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Then, for every x € Ry URy,

0 =ad)(x) = ad, (ad:?1 x) = ada(ad:ﬁ , ()

1

n—_l n—1_. . n—1_.
=|a, <?)(—1)Z_Z(az—k)’x(az—)»)2_’

=0

3
|

)(—1)521@2 — 1) x(a® - xle}

n—1
( 2
5
n—1 . n—1 B
= ( E1)(_1)5217’d{| = <531)(—1)52(abxb— (—=1)* bxba).
T pe—

2

n—1
Since R is free of (2, )-torsion, we get that
a

abxb = (—1)*bxba, for every x € Ry UR;.

Take any x € Ry. Multiplying this last equality by a on the left and taking into account
that ab = ba we have a?bxb = a(abxb) = a(bxba) = abxab; but a’bxb = ab(ax)b =
—b(ax)ba = —abxab because ax € Ry. Then a’bRob = abRyab = 0. Similarly, for any x €
R; we have that a®bxb = a(abxb) = —a(bxab), and we also have that a>bxb = ab(ax)b =
b(ax)ba = abxab because ax € Ry. Then a?bR,b = abR;ab = 0. We have obtained

a’*bRb = abRab = 0.

From the definition of b we have that (a> — A)b =0, i.e. a’b = Ab, so 0 = a’?bRb =
AbRD. If A # 0, we would have that bRb = 0 (notice that A € C(R)¢ and C(R)y is a field
(Lemma 2.7)), leading to a contradiction with the semiprimeness of R and b # 0.

Thus A =0, so 0 # b= a1, ab=a° and 0 = abRab = a’Ra’ implies a* = 0 by
semiprimeness of R.

(2b) If nis even, then n = 2s for some s, so a®> € Ry is ad-nilpotent of index s (adsa ,(R) =
ad’(R) = 0 and adZ{l(R) = adff_z (R) = adZ_Z(R) # 0). Then by (1) we obtain that s is

odd (equivalently, n =4 2) and there exists A € C(R) such that (a* — A)% =0.
Notice that the cases n =4 0 and n =4 3 do not occur. [ |

4. Ad-Nilpotent elements of K

We start with a technical lemma, which is also interesting by itself. For example, it
implies that every semiprime superalgebra with superinvolution and no nonzero skew even
elements is a trivial superalgebra, i.e. the odd part is zero.

Lemma 4.1: Let R = Ry + Ry be a semiprime superalgebra with superinvolution .

(i) IfKo = 0then Ry = 0 and R = Ry = Hy is commutative.
(ii) Let us consider hy € Hy. If hoKohg = 0 then hoRihg = 0 and hyRhy = hoRohy =
hoHohy is commutative as the (trivial) local superalgebra of R at hy.
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Proof: (i) Take any ki, k| € K and hy, k| € H;. Then, since Ry = Hy, we have that
kihy = (kih)* = hiky, kik] = (kik)* = —=kKjki,  hih) = (hh)* = —h\h;.

In particular, k% = h% =0.

We claim that K; = 0. Takeany k; € K;. Then for every hy € Hy, kihok; = (kihok1)™ =
—kihok; implies kihok; = 0, so kjHok; = 0; similarly, for every h; € Hy, (kih)k; =
hlk% =0, so hiHih; = 0, and, for every k| € Ky, (kik})ki = —k/lk% =0, so k1 K1k; = 0.
We have shown that k; Rk; = 0, so by semiprimeness of R, k; = 0.

Let us show that H; = 0. Take any h; € H;. For every hy € Hy, since hjhoh; =
(hihoh1)* = —hyihohy, we have that hihohy = 0, so hiHoh; = 0. Similarly, for every k] €
Hy, hihihy = —h|h? = 0,s0 hyHh; = 0,and, finally, for every k; € Ky, hikihy = kih} =
0, so h1 K1h; = 0. We have shown that b Rh; = 0, so by semiprimeness of R, i} = 0.

Therefore, R = H; + K; = 0.

Finally, Hy is commutative because for every ho, hy € H,

hoh)y = (hoh))* = Hjho.

(ii) Take hy € Ho and let us consider the local algebra Ry, = hoRhy as defined in 2, which
is an associative superalgebra with induced superinvolution (hoxho)* := hox*hy, for every
x € R. Clearly Skew(hoRhg,*) = hoKhy and Sym(hoRhy, *) = hoHhy. If we suppose that
hoKoho = 0 then Skew(hoRhy, *)g = 0 and by (i) we have

(Rpg)1 = hoRithg =0 and Ry, = hoRhy = (Ry,)o = hoRoho = hoHohg.
[ |

Proposition 4.2: Let R be a prime associative superalgebra with superinvolution * and let
a € K be a homogeneous ad-nilpotent element of K of index n > 2. Suppose that R is free of
(Z‘)-torsion and free of s-torsion, for s = [”TH]. If Skew(C(R), *) # 0 then a is ad-nilpotent
of R of index n. Otherwise, a is nilpotent.

Proof: If there exists a homogeneous 0 # A € Skew(C(R), *) then A2 is invertible in the
field C(R)g, and R = K 4+ A*H € K 4+ AK so ad)(R) = 0. Suppose from now on that
Skew(C(R), *) = 0. We split our proof in two cases, depending on the parity of a:

(I) Suppose that a € Ky. Let us see that a is nilpotent. Every x € R can be expressed as

* *
x = xp, + xy for xj, := % € Hand x; = *5~ € K, so for every x € R

ad) (ax + xa) = ad), (axy + xxa) + ad) (axy + xpa) = aad) (xx) + ad]) (xx)a
+ ad] (axy + xpa) =0

because axy, + xpa € K and aad; (x) = adfz (ax) for every x € Rand any i € N. Expanding
this expression

n
= = ey " n —i i ntl—i
0 = adl(ax + xa) = (—1)"xa"™" + <<1> — (i - 1)) (—=D)" 'a'xa" +a" x.

i=1

Since R is semiprime as an algebra, by Lemma 2.11, a is an algebraic element of R over
C(R).
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(L.a) Let us suppose that R is prime as an algebra. The calculations of (1.b) in the proof
of [21, Proposition 5.5] show that a is nilpotent.

(Ib) If R is prime as a superalgebra but not prime as an algebra, Ry is prime
by 2.4, C(R)p = C(Rp) by 2, the superinvolution * restricted to Ry is an involution and
Skew(C(Ryp), *) = 0 because we are assuming that Skew(C(R), *) = 0. The element a is
a pure ad-nilpotent element of Ky because C(Rp) is a field, so we can apply Proposi-
tion 2.17(2) to the prime associative algebra Ry to obtain that 4 is nilpotent.

(I) If a € K, consider a® € Ky and by (1), a? is nilpotent, i.e. a is nilpotent. |

In the following two theorems we will describe the homogeneous ad-nilpotent elements
of K. Our goal is to relate the index of ad-nilpotence of a homogeneous element of K with
its index of ad-nilpotence in R (and in Ry and in Ky when the element is even). Moreover,
when these indices in K and in R do not coincide, we will show that the element is nilpotent
and we will exhibit the explicit index of nilpotency of the element.

We begin with the description of even ad-nilpotent elements of K.

Theorem 4.3: Let R be a prime associative superalgebra of characteristic p > n with superin-
volution , let R be its central closure, let a € Ky := Skew(R, *)¢ be an ad-nilpotent element
of Kofindex n> 1 andlets = [”TH]. Then

(1) If n =4 0 then a is nilpotent of index s + 1, ad-nilpotent of R and of Ry of index n+ 1
and satisfies a*Ka® = 0. Moreover, the index of ad-nilpotence of a in Ky can be n—1 or
n.
(2) Ifn =4 1then there exists A € Skew(C(R), *)g such thata — A € Ris nilpotent of index
s and a is ad-nilpotent of R, of Ry and of Ky of index n.
(3) The case n =4 2 is not possible.
(4) Ifn =4 3 then either:
(a) (4.1)there exists » € Skew(C(R), x)o such that a — ) € R is nilpotent of index s
and a is ad-nilpotent of R, of Ry and of Ky of index n, or
(b) (4.2)a is nilpotent of index s + 1, ad-nilpotent of Ko of index n, ad-nilpotent of R
and of Ry of index n+ 2 and satisfies a’ka*~! — a*~1ka® = 0 for every k € K. In
particular R satisfies a*’Ka® = 0.

Proof: Suppose without loss of generality that R is centrally closed. Let a € Ky be an ad-
nilpotent element of K of index .

— If Skew(C(R),*) # 0, by Proposition 4.2, a is ad-nilpotent of index n of R and by
Theorem 3.2 n has to be odd (n =4 1 or n =4 3) and there exists A € C(R)( such
that a — X is nilpotent of index s, so a is ad-nilpotent of R and of Ry of the same index
n = 2s—1, see Proposition 3.1(1). Moreover, A € Skew(C(R), *)o by Lemma 2.10 and
since Skew(C(R), *)o C Skew(C(Ry), *), the index of ad-nilpotence of a — A in K is
again n = 2s—1 (notice that, by Lemma 2.10(ii), A is the unique element of C(Ry)
such that a — A is nilpotent). These are the cases (2) and (4.1).

- If Skew(C(R), *) = 0, by Proposition 4.2, a is nilpotent. We are going to approach this
case considering the index of ad-nilpotence of a in Ky and comparing it with its index
of ad-nilpotence in K and in R. Let us suppose that a is ad-nilpotent of Ky of index
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m <mnandletr = ['”TH]. Since Ry is a semiprime algebra and the superinvolution

restricted to Ry is an involution, by Proposition 2.16 we have four possibilities:

m =4 0 then a is nilpotent of index r+ 1 and a’Kypa” = 0, which, by Lemma 4.1(ii),
implies that a"Rja” = 0, so a is also ad-nilpotent of index m of K, i.e. m = n and a is
nilpotent of index s + 1 with s = 5 = . Now, since s + 1 is the index of nilpotency of a,
by Proposition 3.1(1) a is ad-nilpotent of index n 4 1 of R and of Ry. This is the case (1)
(n =4 0) with the index of ad-nilpotence of a in Ky equal to the index of ad-nilpotence
of ain K.

e m =4 1 then a is nilpotent of index r. This implies, by Proposition 3.1(1), that a is ad-

nilpotent of R and of Ry of index m. So n has to be equal to m and therefore the index
of nilpotency of a is s = %1 = r. This is the case (2),i.e. n =4 1.

o m =4 2 does not occur.

e m =4 3 then there exists an idempotente € C(Ry) such thatea” = a" and a decomposes

asa = €a + (1 — €)a (although the elements ea and (1 — €)a do not belong to R but in

the central closure of Ry, this decomposition will be useful for our purposes):

¢ Ifea = 0thena = (1 — €)aisnilpotent of index . By Proposition 3.1(1), this implies
that a is ad-nilpotent of R and of Ry of index m, so n = m and the index of
nilpotency of a is s = ”TH = r. This is the case (4.1), i.e. n =4 3.

o If ea # 0 then a is nilpotent of index r+1 and a’kga"! — a" " 'koa" = (ea)"ko
(€a)"! — (ea)ko(ea)” = 0 for every ko € Ko. Since a’ ™! = 0, a"Koa" = 0 and,
by Lemma 4.1(ii), a"R1a” = 0, so a"Ka" = 0 and therefore ad(’;‘HK = 0. There are
two possibilities:

— Either a"ka"™! — a""'ka" = 0 for every homogeneous k € K and therefore a
is ad-nilpotent of index m of K. Then n = m, r = ”TH =s, so a‘ka*! —
a*~'ka* = 0 and a is nilpotent of index s+ 1 which, by Proposition 3.1(1),
implies that a is ad-nilpotent of R and of Ry of index n + 2 and fits with the
case (4.2),1.e.n =4 3,

— or there exists k € K such thata"ka™™! — a"~lka" # 0, s0 ais ad-nilpotent of K of
index m+ 1. Hence n = m+ 1,7 = 5 = s, and a is nilpotent of index s + 1.
Therefore, by Proposition 3.1(1), a is ad-nilpotent of R and of Ry of index
n+ 1. This is again case (1) with the index of ad-nilpotence of a in Ky equal
ton—1and n =4 0.

In the following theorem we describe the odd ad-nilpotent elements of K. We will first
distinguish whether C(R) has skew-symmetric elements, in which case a is ad-nilpotent
of R of the same index, or Skew(C(R), *) = 0, which implies by Proposition 4.2 that a is
nilpotent. In this second case, we will consider a> € Ky and use Theorem 4.3 applied to a?
to obtain the description of a.

Theorem 4.4: Let R be a prime associative superalgebra of characteristic p > n with superin-
volution , let R be its central closure, let a € K; := Skew(R, %), be an ad-nilpotent element
of Kof index n> 1 and let s = [*41].
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(1) Ifn =g 0 then ais nilpotent of index s + 1, ad-nilpotent of R of index n+ 1 and a*Ka® =
0 (so a’Ra’ is a commutative trivial local superalgebra).

(2) Ifn =g 1thena*"! € Hy, and a is nilpotent of index s and ad-nilpotent of R of index n.

(3) Ifn =g 2 thenthereexists . € Skew(C(R), ) such that a2 — 1 e Ris nilpotent of index
5+1 and a is ad- nzlpotent of R of index n.

(4) Ifn =g 5 then a*~! € Ko, and a is nilpotent of index s and ad-nilpotent of R of index n.

(5) Ifn =g 6then thereexists A € Skew(C(R), *)o such that a2 — 1 € Ris nilpotent of index
SH and a is ad-nilpotent of R of index n.

(6) If n =g 7 then a is nilpotent of index s+ 1, ad-nilpotent of R of index n+2 and
a‘ka*! + (—1)Mas=1ka® = 0 for every homogeneous k € K (so a’Ra’ is a commutative
trivial local superalgebra).

(7) The cases n =g 3 and n =g 4 do not occur.

Proof: Suppose without loss of generality that R is centrally closed.
Let a € K; be an ad-nilpotent element of K of index n. If Skew(C(R), *) # 0, by
Proposition 4.2, a is ad-nilpotent of R of index n. By Theorem 3.2 n can be:

e n =4 1 and therefore a is nilpotent of index s (cases (2) and (4)), or
e 1 =4 2 and therefore there exists A € Skew(C(R)o, *) such that a> — A is nilpotent of
index % (cases (3) and (5)).

Let us suppose that Skew(C(R), *) = 0. By Proposition 4.2, a is nilpotent. Then, since
a® € Ky and adi (x) = ad,2(x), @® is an ad-nilpotent element of K. Let us denote by m the
index of ad-nilpotence of a® in K and let r = ("5~ mEl] By Theorem 4.3 applied to the element

a® we have:

elfm=40andr = %, @) #0, (a®)™! = 0 and a*" Ka?" = 0. We are going to show
that a?" ! = 0: let x be any homogeneous element in R, so ax + (—1)x*a € Kj 4y,

0 = ad’; (ax + (— D¥x*a)a = <z> (=12 (@"(ax + (=)™ x*a)a™)a

2

— (T)(—l)razr(ax—k (—D)Mx*a)a® 1 = <r:)(—1)r‘12r+lmzr+1

4 (T) (_l)r(_l)lxlaer*aZH-Z — ( >( l)r 2r+1,  2r+1

Since R is semiprime and free of (’f)—torsion, a? 1 — 0. Moreover, since ad;’;_l(K) #0,
we have two possibilities:

o If adﬁmfl(K) = 0, then a is an ad-nilpotent element of K of index #» = 2m. In this
case n =g 0 and for s = g we have that a*t! = 0, a° # 0 and a’Ka® = 0. Moreover, by
Proposition 3.1, a is ad-nilpotent of R of index n + 1, case (1).

o If adflm_1 (K) = 0, then a is an ad-nilpotent element of K of index n = 2m—1. So in this
case we have got n =g 7 and for s = ”+ we have that a**! = 0, a® # 0. Moreover, for
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every homogeneous k € K,

0 =ad?™ (k) = (mm_ 1)(_1)’3(ammml + (=DM gm=1ggm)

2

-1 S

- (m s )(—1)2(askas_1 1 (=) Mg
2

and since R is free of (mi—l)-torsion we have that a’ka*—! + (—1)|k|a5—1kas o

2
addition, by Proposition 3.1, a is ad-nilpotent element of R of index # + 2, case (6).

elfm=4landr= mT“ we have that (a?)" =0, (a®)""! # 0 and ad”; (R) = 0. Since
ad:f[l (K) # 0, we have two possibilities:

o If adﬁm_1 (K) # 0, then a is an ad-nilpotent element of K of index n = 2m and there
exists a homogeneous k in K such that:

0 5 ad2™ ' (k) = ad”} " 'ad, (k)

m

B (m 31><—1>’”51<amkam—1 = (=DMa" " ka")
2

_ (m — 1)(—1)r(a2’_1ka2'_2 — (= g2r=2g2r-1y.

r
Therefore, since R is free of (m;l)—torsion, a1 # 0. In this case n =g 2 and for s = g
we have that a*t! = 0, a° # 0. By Proposition 3.1, a is ad-nilpotent of index #, case (3).

o If adﬁm_l(K) = 0, then a is ad-nilpotent of K of index n = 2m — 1. Let x be any
homogeneous element in R and let us consider ax + (—1)*x*a € Ky y:

0 =ad’™ (ax + (—D)Px*q) = adﬁm_zada(ax + (=D)Fx*a)

= ad;”{lada(ax + (=Dx*a)

m

= (m j11>(—1)mzlam_l(a2x + (=DMax*a — (-1 (axa + (—1)¥x*a?))am!
=

= (T::) (=) 1?2 (@x + (—=D)Max*a — (=)™ (axa + (=1)¥x*a?))a> 2

_ (m - 1) (_l)mTil'Hxlazy_l(x* + x)a? !

0= adim_l(x —xM)a= adﬁm_zada(x —xM)a = ad:flada(x —xMa

(m — 1) m—1 m—1 % Ix‘ % m
=\ -1 J=D 7a (ax — ax™ — (—=1D)"™(xa — x*a))a

2

N (r:__ll)(_l)r_lazr_z(“x — ax* — (=)™ (xa — x*a))a* !
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_ (m _11) (=) 1@ — x*)a? 1,
r

Therefore, since R is free of ('f:ll)—torsion, a?*~'Ra?>~! = 0, and by semiprimeness
of R, a* 1 =0and ais an ad-nilpotent element of R of index n = 2m—1. Son =g 1

and for s = ”TH we have that @ = 0, g*~! # 0. By Proposition 3.1, a is ad-nilpotent of
R of index #, case (2).

o m =4 2 is not possible.

e If m=43 and r= ’”TH, let us first see that (a?)” = 0. Suppose otherwise that
(@®)" # 0. Then (a?)"*! = 0 and a*"ka? =% — a* 2ka®" = 0 for every k € K. Let x be any
homogeneous element in R and let us consider ax + (—D)Hx*a e Kiqpx:

0 = ad)3(ax + (— DFx*aya® = <mr?1>(—1)mz_lam+l(ax + (=D)¥x*a)am+?

2

+ (m+l>( 1)7 " laxg"t + (mﬁl)(—l)waml(—l)lxlx*aa mt4
2

:( m )(_1)r1a2r(ax+(_1)x|x*a)a2r+l+ (m+1)( 1)— 2r=2 ., g2 +3
r—1

m —
+ (m+1>( 1)7 2r=2(_ )Myt gg? 3 = (m_l>(_1)21a2r+1xa2r+1

2

and therefore, since R is free of (,™"|)-torsion and semiprime, @ ™! = 0. Then for every
homogeneous x € R

0 = aad”; (ax + (— D¥lx*a) = (mnjl>(—1)mz_lam+2(ax + (=D)Px*ag)am 1
2

—l—(&)(—l)mzﬂamaxamJrl <m+1>( )" a"(— 1) x*aa™ !

2

= (r T 1>(—1)1‘1a2r+1(ax + (_1)|x|x*a)a2r,2

4 (T) (_1)ra2r—laxa2r + (7/:) (_l)ra2r—1(_1)|x|x*aa2r — < >( 1)ra2rxa

and therefore, since R is free of ( ) torsion and semiprime, a?" = 0, a contradiction. Thus
(@*)" =0, (a*)""! # 0andad”;(R) = 0.

o If adimfl(K) # 0, then a is ad-nilpotent of K of index n = 2m and there exists k € K
homogeneous such that

0 5 ad2™ ! (k) = ad}"*ad, (k) = ad”}'ad,(k)

= <mm_—11>(_1)mzl(amkam—l _ (_1)\k\am—1kam)

2
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_ (m _11)(_1)r1(a2r1ka2r2 — (=)l 2221y
r —

Therefore, since R is free of (T__ll)-torsion, a?"~1 % 0 50 a is nilpotent of index 2r. So
n =g 6 and with s = g, atl=0,4a # 0 and by Proposition 3.1 a is ad-nilpotent of R
of index n, case (5).

o If adﬁ’”*l(K) = 0, then a is ad-nilpotent of K of index n = 2m — 1. Let x be any
homogeneous element in R and let us consider ax + (— DPlx*a e Kiqpx:

0= adim_l(ax + (=DHlx*a) = adim_zada(ax + (—=D)x*a)
= ad;”Z_lada(ax + (=D)¥x*a)

- (mél) (-1 "N @x+ (—DMax*a — (=) axa + (—1)x*a?))a !

m
2

N (n:__ 11)(—1)r_la2’_2(a2x + (=DMax*a — (=) (axa + (—=1)¥x*a?))a*

— (m _11> (_1)7’—1+|x\a2}’—1(x* 4 x)QZr—l,
r —

0= adﬁm_l(x —xMa= adim_zada(x —xMa = ad;’flada(x —xMa

m—1

= ( I )(—1)mzlam_1(ax — ax* — (=D (xa — x*a))a™

2

= (T::) (=D 'a¥ 2 (ax — ax* — (=)™ (xa — x*a))a* !

— (m _11) (_l)mTilaZV—l(x _ x*)a2r—1‘
r —_—

Therefore, since R is free of (’f__ll)—torsion, a?*~1Ra*~! = 0, and by semiprimeness of
R, a*~! = 0. So in this case n =g 5. For s = "TH we have that @* = 0, a*~! # 0 and, by
Proposition 3.1, a is an ad-nilpotent element of R of index n, case (4).

5. Examples

In this section we are going to construct examples of all types of homogeneous ad-nilpotent
elements appearing in Theorem 3.2, and in Theorems 4.3 and 4.4. The examples of even
ad-nilpotent elements of R and of K are based on the examples of ad-nilpotent elements in
the non-super setting, see [27].

5.1. Let ® be a ring of scalars and let r, s be natural numbers. Following the notation of
[28], the matrix algebra M4 () with

M(r|s)g := H: gl 10) ] A e M, (P),De /\/ls(CD)} and
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0 B

M(r|s)1 == {[ c o

:| :Be Mr,s(cb), Ce Ms,r(q))}

becomes an 7Z,-graded associative algebra. It will be denoted M(r|s) = M(r|s)o +
M(r|s)1. We will use the notation M (r) = M(r|r).

5.2. Let r and s be two natural numbers with odd r > 1 and even s, let IF be a field with
involution denoted by o for any o € [F, and let R be the superalgebra M(r|s) over F. Let
{eij} denote the matrix units, and define

.
H= Z(—1)"e,-,,+1_,» € M,(F) (noticeH=H'=H"1)
i=1

J=Y (—Deisy1-i € M) (notice J' = —] =] 1)

i=1

The map * : R — R given by

BB

defines a superinvolution in R. In particular

e;-‘fj = (=1Y "erjy1,—ir1 foreveryi,je {1,...,r},
efﬂrﬂ. = (—=1Y 'erys—jt1,r45—it1 foreveryi,j e {1,...,s} and
i—it1 . .
e;-'jrﬂ. = (-1)"7T erpst1—jr1—iforeveryie {1,...,rfandj e {1,...,s}.

The associative superalgebra R is a simple superalgebra with superinvolution, and its
extended centroid C(R), which coincides with Z(R), is isomorphic to . Moreover, the
extension of the superinvolution * to C(R) is isomorphic to the involution — of FF.

5.3. Examples of even ad-nilpotent elements of K and of R.

Let IF be a field with involution — and characteristic zero (or big enough). Let k be
an even number (k > 2), let r = 3k+ 3 and s = 2k, and let us consider the associative
superalgebra R = M(r|s) over I with the superinvolution defined in 5. Let us denote by
K the skew-symmetric elements of R with respect to *. Consider the following nilpotent
matrices:

2k+1
T := Z eiir1 € Ry (nilpotent of index k + 1)
i=k+2
k—1
S:= Z(ei,i—i-l + er—ir—it1) € Ro (nilpotent of index k)
i=1

k-1 2k—1
U:= Z ertirtitl T Z er+ir+it1 € Ro (nilpotent of index k).
i=1 i=k+1

By Proposition 3.1(1), T is ad-nilpotent of R and of Ry of index 2k + 1, and S and U are
ad-nilpotent elements of R and of Ry of index 2k—1.
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Notice that T* = —T, $* = —Sand U* = —U so T, S, U € Kj. Let us calculate their
indices of ad-nilpotence in K:

(a) If Skew(IF, —) # 0, by Proposition 4.2 the index of ad-nilpotence of T in K coincides
with its index of ad-nilpotence in R, i.e. 2k + 1.

(b) If Skew(IF,—) =0, for any B= ZiJ Aijeij € K we have that Ay 2442 =0 and
A2k+1k+2 = A2k+2,k+3> SO

_ 2k—1
ad®*~1(B) = (

2k—1
= < P )((€k+2,2k+1 + eky3.2k+2)Blekt2,2k+2))

2k—1
— ( P )(€k+2,zk+2)B(ek+2,zk+1 + ex+3.2k+2))

2k—1
= < P )()\zk+1,k+2€k+2,zk+2 + A2k42,k+2€k+3,2k+2)

2k—1
- ( P )(K2k+2,k+2€k+2,2k+1 + Aokg2kt3€k2.2k+2) = 0.

Furthermore,

2%—2 2%k—2
ad " “(eakr1h+2 — Expp1pp2) = adT “(e2ki1ki2 + e2ki2k+3) # O

Thus T is ad-nilpotent of K of index 2k—1.
(c) Sisad-nilpotent of K of index 2k—1: by its ad-nilpotence in R, we have adgk_1 (K) = 0.
Moreover, 0 # C = ex1 — eil =ex1 + e r—k+1 € Kand

2k —2

k—
ad; 2((:)=—<k_1

)sk—l(ek,l + errkr)S!

2k —2
= _< )(el,k + k1) (e + err—kr1) ek + er—ky1,r)

k—1
_ 2k —2 ( 0
= o1 )k +ekt1,r) #0,

so S is also ad-nilpotent of K of index 2k—1.
(d) U isad-nilpotent of K of index 2k—1: by its ad-nilpotence in R, we have ad%}(_l (K) =
0. Moreover, 0 # C = €rykr+1 — €, 1 1| = €rthrt+1 T €r2kr+k+1 € Kand

2k—2 2k—2
adyy 7(C) = ady; “(erqkrt1 + er2krrkt1)

_ 2k —2 Uk_l( + )Uk—l
— k_1 Cr+k,r+1 T €r2k,r+k+1

2k —2
==lr_; (er+1,r+k + €rtkt1,r+2k) 7 0.
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Let us use these matrices T, S and U to get examples of any of models of even
ad-nilpotent elements in Theorems 3.2 and 4.3.

@)

(ii)

(iii)

(iv)

)

Suppose Skew(IF, —) # 0. For any A € Skew(lF, —), the element T + Aid is ad-
nilpotent of R of index 2k+ 1, and by Proposition 4.2 its index in K is again
n = 2k + 1. This is an example that fits case (2) of Theorem 4.3 (a skew element a in
Ky with nilpotent (a — 1) of index k+ 1 such that a is ad-nilpotent of index n =4 1
in K and the same index in R). It also provides an example of case (1) in Theorem 3.2.
Suppose Skew(IF, —) # 0. For any A € Skew(IF, —), S+ Aid is an ad-nilpotent ele-
ment of R and of K of index n = 2k—1. This is an example that fits case (1) of
Theorem 3.2 and case (4.1) of Theorem 4.3 (a skew element in Ky, which is ad-
nilpotent of index n =4 3 in Ky and in K, and ad-nilpotent of the same index
in R).

Suppose Skew(IF, —) = 0. T is an element of Ky which is ad-nilpotent of K of index
n = 2k—1. This is an example that fits case (4.2) of Theorem 4.3 (an element in K
which is ad-nilpotent of index n =4 3 in K and in Ky, and ad-nilpotent of index n + 2
in R).

Suppose Skew (I, —) = 0. The matrix A = T + S, which is an orthogonal sum of T
and S, is nilpotent of index #+ 1 and ad-nilpotent of R and of Ry of index 2k + 1.
Let us see that it is ad-nilpotent of K of index 2k: from the indices of nilpotency of T
and S, their indices of ad-nilpotence in K and the fact that TS = 0 = ST we get that
adik(K) = 0. Moreover, C = ey 42 — ez)k 42 = ekkt2 — e2kt22k+4 € K and one can

check that adik_l(C) = —(Zkk_l)(el,zkH ~+ ex+23k+3) # 0. This is an example that
fits case (1.1) of Theorem 4.3 (a skew element in Ky which is ad-nilpotent of index
n =4 0 in Kp and in K, and ad-nilpotent of index #+ 1 in R).

Suppose Skew(IF, —) = 0. Let us consider A = T + U, which is an orthogonal sum
of T and U. The nilpotency of T + U implies that the index of ad-nilpotence of A in
R (and in Ry) is 2k + 1 (by Proposition 3.1(1)). Since both T and U are ad-nilpotent
elements of Kj of indices 2k—1, A is ad-nilpotent of Ky of index 2k—1. Neverthe-
less, its index of ad-nilpotence in K is higher: for any B =) 1;je;; € K we have that
A2k+2,k+2 = 0 because Skew(F, —) = 0, so

2k 2k
ad(B) = ( P )AkBAk = < P )€k+2,2k+236k+2,2k+2

2k
=1 A2k42,k+2€k+2,2k+2 = 0.

Moreover, if we consider the element C = eyi2,41 — ejk 2l = €2kt2,r1 —
er+sk+2 € K one can check that

2k—1

ad®1(C) = ( )

)(Ak_1CAk — Akcak1y

2k —1
== 4 (ertk+1,2k+2 + €k42,r+k) # 0
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because
Akfl _ kal kal _
= + = €k+2,2k+1 t €k+32k+2 t €rt1,r+k + €rtkt1,rts-

This means that the index of ad-nilpotence of A in K is n = 2k. This gives an example
of an element in the conditions of Theorem 4.3(1) (a skew element in Ky, which ad-
nilpotent of K of index n =4 0, ad-nilpotent of Ky of index n—1, and ad-nilpotent of
Rindexn+1).

5.4 Examples of odd ad-nilpotent elements of K and of R.

Let IF be a field of characteristic zero (or big enough) and with identity involution, let
r> 1 be an odd number, let s = r—1, and consider the superalgebra R = M(r|s) with the
superinvolution given in 5. Again, let us denote by K the skew-symmetric elements of R
with respect to .

Let us consider T := Z,’;ll eir+i € Ri. Then

r—1 r
A=T-T"= Z eirt+i+ Z er+i—1,i € K1 (nilpotent of index 2r — 1).
i=1 i=2

We have that

2 r—1 r—1
A® = Zizl €ii+1 + Z,-zz Crti—1,r+i>

27
AT =e1pr3+ et esa—1F e 2+ a1 Feri3n
2r—6
AT =ertex1 e+ erp12r—2 €221,
2r—3
AT =e10—1 + €t

A2 — e, and
AT =,

By Proposition 3.1(2b) A is ad-nilpotent in R of index m = 4r—3. For every B =
Zi,j)‘i,jeij € Ky UKj,

ady 7> (B) = ad?, adA(B)

- (2:__13)((AZ)f—ZaclA(B)(AZY—1 — (A% Tady (B(AD )

_ <2r _13) (A2 —3BAY2 4 (—1)lBlA2—2pA%—3)
r J—

2r—3 IB|
=\, ((e1,2r—1 + er1,7)Berys + (—=1)"'er Ble1or—1 + ery1,r))

S +a T+ (=1)BA
= o1 2r—1,1€1,r r1€r+1,r - r1€1,2r—1

+ (=D e, =0
because when B € K\ we always have that 15,11 = A, ,+1 = 0 (by grading) and 1, ; = 0,

and when B € Kj, A,; = 0 (by grading) and A3,_1,1 = A, ,+1. Moreover, by Theorem 4.4,
the index of ad-nilpotence of A in K can be m, m—1 or m—2, so it is m—2 = 4r—5.
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(i). The element A € K is an example of an element in the conditions of Theorem 4.4(6)
(a nilpotent element of index 2r—1, which is ad-nilpotent of index n = 4r — 5 =g 7in K
and ad-nilpotent of index # + 2 in R, and such that A>~3BA? =2 4 (—1)IBlA2—2BA?r—3 =
0 for every B € Ky U K3).

To produce examples for the rest of the cases of Theorem 4.4, let us consider A®> € K;
for some particular cases of odd r > 1.

(ii). Fix r = 10t + 1 for some t € N. Then

(A5)4t+1 — A2r+3 — 0’
(A5)4t — A2r—2 = HO)
(A5)4t—1 — A2r_7.

In particular, A” is nilpotent of index 4¢ + 1 and ad-nilpotent of R of index 8¢ + 1. Notice
that for every B =}, Aijeij € K

(A°)B(A*)Y = ey ,Bey, = Arie1, =0

because every B € K has A,,; = 0. Therefore, for every B € K we have

4t
adjs (B) = adyfiy (B) = (2 t) (A)BA)* = 0.

Furthermore, considering C = e,11 — €], | = err+1 + €2r-11 € Ki

ad)s™(C) = adjs* (ad s (errs1 + e2r-1,1))

4t—1
=ad)j, (adys(err+1 + €2r—1,1))

4t — 1
= ( 5 )(A“’)Z“(adAs (eryt1 + e2r—11)) (A

41 — 1 _
—( 5 )(Am)”(adAs(erm+e2,_1,1)>(A1°)2f !

ar—1 B )
= ( oy ) (A20t 5(er,r+1 + le—l,l)AZOt) _ (AZOt(er,r—i-l + le—l,l)AZOt 5)

1) ) #0
= e — €1 r— .
2 3,r 1,r—2

The element A gives an example of an element in the conditions of Theorem 4.4(1) (a
nilpotent element of index 4f 4 1, ad-nilpotent element in K; of index n = 8t =g 0, ad-
nilpotent in R of index n + 1 = 8¢ + 1 and such that (A°)*K(A%)* = 0).

(iii). Fix r = 10t + 3 for some t € N. Then

(A5)4t+1 — A2r—1 =0
(A5)4t — A2r76'

In particular, A® is nilpotent of index 4t + 1 and ad-nilpotent of R of index 8¢+ 1 (see
Proposition 3.1(2b)). In this case the index of ad-nilpotence of A” in K is the same as in R
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because for C = ey,r+1 — €/, = err+1 + €2r—1,1 € Ki we have

ad35(C) = ad}o (errt1 + €2-1,1)

4t

= (2 t) (A (e 11 + e2r-11) (A1)
4t

=\, (e32r—2 + €ry2,—2) # 0.

The element A gives an example of an element in the conditions of Theorem 4.4(2) (a
nilpotent element in K; of index 4¢ + 1, ad-nilpotent of K and of R of the same index n =
8t+1=41).

(iv). Fixr = 10t + 5forsome t € N. Then A® is nilpotent of index 4t + 2. Since the index
of nilpotency of A® is even, we know by Proposition 3.1(2a) that A® is ad-nilpotent of R of
index 2(4t + 2) — 2 = 8t + 2. Moreover, from the fact that A® is ad-nilpotent of R of index
8t + 2 =g 2 we get from Theorem 4.4 that its index of ad-nilpotence in K is the same as
in R. The element A°® gives an example of an element in the conditions of Theorem 4.4(3)
with A = 0 (a nilpotent element of K; of index 4t + 2 which is ad-nilpotent of K and of R
of the same index n = 8t + 2 =g 2.)

(v). Fixr = 10t + 7 for some ¢t € N. Then A° is nilpotent of index 4t + 3. Since the index
of nilpotency of A® is odd, we know by Proposition 3.1(2a) that A® is ad-nilpotent of R of
index 2(4t + 3) — 1 = 8t + 5. Moreover, from the fact that A® is ad-nilpotent of R of index
8t + 5 =g 5 we get from Theorem 4.4 that its index of ad-nilpotence in K is the same as
in R. The element A° gives an example of an element in the conditions of Theorem 4.4(4)
(a nilpotent element of K of index 4t 4 3 which is ad-nilpotent of K and of R of the same
indexn = 8t + 5 =g 5).

(vi). Fix r = 10t + 9 for some ¢ € N. Then A® is nilpotent of 4t + 4. Since the index of
nilpotency of A° is even, we know by Proposition 3.1(2a) that A° is ad-nilpotent of R of
index 2(4t + 4) — 2 = 8t + 6. Moreover, from the fact that A> is ad-nilpotent of R of index
8t + 6 =g 6 we get from Theorem 4.4 that its index of ad-nilpotence in K is the same as
in R. The element A® gives an example of an element in the conditions of Theorem 4.4(5)
with A = 0 (a nilpotent element of K; of index 4¢ + 4 which is ad-nilpotent of K and of R
of the same index n = 8t + 6 =g 6).

The matrices given in (i), (ii), (iii) and (v) provide examples of (2.a) in Theorem 3.2.
Moreover, the matrices of (iv) and (vi) fit in case (2.b) of Theorem 3.2 with A = 0.

5.5. Some other examples of odd ad-nilpotent elements of K and of R.

The examples (iv) and (vi) in the previous section are ad-nilpotent elements of K of
indices n =g 2 and n =g 6, and fit in Theorem 4.4(3) and (5) with A = 0. To get examples
of such types of elements with nonzero 1’s, we will work with matrices over a field with
nontrivial involution.

Let r be a natural number, let C be the field of complex numbers with involution given
by conjugation, and let us consider the simple superalgebra R = M (r) over C. The map

trp given by
A B]"? [D -B
Cc D —lcooA P
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where A,B,C,D € M,(C) and ( )! denotes the usual matrix transposition, defines a
superinvolution in R known as the transpose superperinvolution (see [23, Example 2.2]).

Let us denote by K the set of skew-symmetric elements of M (r) with respect trp. Note
0 B . . . .
c 0 where B is a symmetric matrix and Cisa
skew-symmetric matrix in M, (C) with respect to the usual transposition.

Let us consider a symmetric matrix B € M, (C) with B” = 0 and B! =£ 0 (it is shown
in [29, Corollary 5] that for every r there exist symmetric nilpotent matrices in M, (C) of
rank r—1). Let 0 = A € R and let i denote the square root of -1. Then

[ 0 B+id , [ (iB+ (ri)id 0
“‘[ (Aid 0 ]eKl and a _[ 0 ()»i)B—i—(Ai)id]

that any element of K; has the form |:

i.e. (a> — Ai) is nilpotent of index .
When 7 is 0odd, a is an example for Theorem 4.4 (3), and when 7 is even, a is an example
for Theorem 4.4 (5). Both cases are examples of elements of the form (2.b) of Theorem 3.2.

Acknowledgments

The authors express their sincere thanks to the anonymous expert referee for the careful reading of
the manuscript and his/her comments and suggestions.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

The three authors were partially supported by MTM2017-84194-P (AEI/FEDER, UE), and by the
Junta de Andalucia FQM264.

ORCID

Esther Garcia ‘© http://orcid.org/0000-0003-2353-7161
Miguel Gomez Lozano ‘2 http://orcid.org/0000-0002-3100-0228
Guillermo Vera de Salas © http://orcid.org/0000-0002-3517-7223

References

[1] Montaner F. On the Lie structure of associative superalgebras. Commun Algebra.
1998;26(7):2337-2349.

[2] Montgomery S. Constructing simple Lie superalgebras from associative graded algebras. ]
Algebra. 1997;195(2):558-579.

[3] Gémez-Ambrosi C, Shestakov IP. On the Lie structure of the skew elements of a simple
superalgebra with superinvolution. ] Algebra. 1998;208(1):43-71.

[4] GOomez-Ambrosi C, Laliena J, Shestakov IP. On the Lie structure of the skew elements of a
prime superalgebra with superinvolution. Commun Algebra. 2000;28(7):3277-3291.

[5] Laliena J, Rizzo R. The derived superalgebra of skew elements of a semiprime superalgebra
with superinvolution. J Algebra. 2014;420:65-85.

[6] Laliena J, Rizzo R. Superalgebras with superinvolution whose symmetric or skewsymmetric
elements are regular. Linear Multilinear Algebra. 2013;61(9):1280-1286.


http://orcid.org/0000-0003-2353-7161
http://orcid.org/0000-0002-3100-0228
http://orcid.org/0000-0002-3517-7223

5570

(7]

(11]
(12]
(13]
(14]
(15]

(16]
(17]

(18]

(19]
(20]

(21]

(22]
(23]
(24]
(25]

(26]

(27]
(28]

(29]

(&) E.GARCIAETAL.

Laliena J, Rizzo R. On some Montgomery’s results on algebras with involution in superalgebras.
] Algebra Appl. 2014;13(6):1450002.

do Nascimento TS, Vieira AC. Superalgebras with graded involution and star-graded colength
bounded by 3. Linear Multilinear Algebra. 2019;67(10):1999-2020.

Giambruno A, Ioppolo A, La Mattina D. Varieties of algebras with superinvolution of almost
polynomial growth. Algebr Represent Theory. 2016;19(3):599-611.

Giambruno A, Ioppolo A, La Mattina D. Superalgebras with involution or superinvo-
lution and almost polynomial growth of the codimensions. Algebr Represent Theory.
2019;22(4):961-976.

Giambruno A, Ioppolo A, Martino E Standard polynomials and matrices with superinvolu-
tions. Linear Algebra Appl. 2016;504:272-291.

Ioppolo A. Some results concerning the multiplicities of cocharacters of superalgebras with
graded involution. Linear Algebra Appl. 2020;594:51-70.

Fosner A, Fo$ner M. Equations related to superderivations on prime superalgebras. Math
Scand. 2014;115(2):303-319.

Ghahramani H, Ghosseiri MN, Safari S. Some questions concerning superderivations on Z;-
graded rings. Aequationes Math. 2017;91(4):725-738.

Wang Y. Lie superderivations of superalgebras. Linear Multilinear Algebra. 2016;64(8):1518-
1526.

Herstein IN. Topics in ring theory. Chicago: The University of Chicago Press; 1969.
Martindale, III WS, Robert Miers C. On the iterates of derivations of prime rings. Pacific ]
Math. 1983;104(1):179-190.

Martindale, III WS, Robert Miers C. Nilpotent inner derivations of the skew elements of prime
rings with involution. Canad ] Math. 1991;43(5):1045-1054.

Grzeszczuk P. On nilpotent derivations of semiprime rings. ] Algebra. 1992;149(2):313-321.
Lee T-K. Ad-nilpotent elements of semiprime rings with involution. Canad Math Bull.
2018;61(2):318-327.

Brox J, Garcia E, Gomez Lozano M, etal. A description of ad-nilpotent elements in semiprime
rings with and without involution. Bull Malays Math Sci Soc. 2021. doi:10.1007/540840-020-
01064-w.

Fosner M. On the extended centroid of prime associative superalgebras with applications to
superderivations. Commun Algebra. 2004;32(2):689-705.

Gomez-Ambrosi C, Montaner F. On Herstein’s constructions relating Jordan and associative
superalgebras. Commun Algebra. 2000;28(8):3743-3762.

Garcia E, Gémez Lozano M, Vera de Salas G. Jordan supersystems related to Lie superalgebras.
Commun Algebra. 2020;48(3):992-1000.

Brox ], Garcia E, Gomez Lozano M. Jordan algebras at Jordan elements of semiprime rings with
involution. J Algebra. 2016;468:155-181.

Beidar KI, Martindale, IIT WS, Mikhalev AV. Rings with generalized identities. New York:
Marcel Dekker, Inc.; 1996. (Monographs and textbooks in pure and applied mathematics; vol.
196).

Brox J, Garcia E, Gémez Lozano M, Mufioz Alcdzar R, Vera de Salas G. Ad-nilpotent elements
of skew-index in semiprime associative algebras with involution. (In preparation).

Jézefiak T. Semisimple superalgebras. In: Algebra — some current trends (Varna, 1986). Berlin:
Springer; 1988. p. 96-113. (Lecture notes in mathematics; vol. 1352).

Kokol Bukov$ek D, Omladi¢ M. Linear spaces of symmetric nilpotent matrices. Linear Algebra
Appl. 2017;530:384-404.


https://doi.org/10.1007/s40840-020-01064-w

	1. Introduction
	2. Preliminaries
	3. Ad-Nilpotent elements of R
	4. Ad-Nilpotent elements of K
	5. Examples
	Acknowledgments
	Disclosure statement
	Funding
	ORCID
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


