Ann Glob Anal Geom (2010) 37:91-101
DOI 10.1007/510455-009-9174-8

ORIGINAL PAPER

Curvature and conjugate points in Lorentz symmetric
spaces

Maria A. Caiiadas-Pinedo - Angel Diaz -
Manuel Gutiérrez - Benjamin Olea

Received: 3 July 2009 / Accepted: 26 August 2009 / Published online: 12 September 2009
© Springer Science+Business Media B.V. 2009

Abstract We give some relations between conjugate points and curvature in a locally
symmetric Lorentzian manifold. In the compact case, we show that the sectional curvature
of timelike planes is non positive, and the lightlike sectional curvature of null planes is non
negative. We also compute the lightlike conjugate loci of Cahen—Wallach manifolds, which
are an important family of symmetric Lorentzian spaces.
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1 Introduction

In this article, we obtain geometric consequences from the study of conjugate points in
Lorentz symmetric spaces. One of them is suggested by the classification theorem for simply
connected Lorentz symmetric spaces. It is easy to see that there exist compact quotients of
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some spaces in this classification which have non-positive curvature for all timelike planes, so
itis natural to ask: given M a compact (non necessarily simply connected) Lorentz symmetric
space, does M have non-positive curvature for all its timelike planes? A first attempt to tackle
the question is to use M, the universal covering space of M, which, by the classification the-
orem, is a direct product of a Riemannian symmetric space and a Lorentz factor, see Sect. 4.
Now, M is a compact quotient of M by a suitable group of isometries, but M may not be a
product with compact factors nor M compact in general, so we cannot apply known results
on the curvature of compact Riemann symmetric spaces.

We give a positive answer to this question in Theorem?2, and apply it to show that in
compact Lorentz symmetric spaces, there are not conjugate points along timelike geodesics
if and only if they are flat. On the other hand, if furthermore dim M > 3, there are not conju-
gate points along lightlike geodesics if and only if they have constant curvature k < 0. This
exhibits a subtle difference between conjugate points on a timelike and a lightlike geodesic.

We apply some of the above ideas to Cahen—Wallach manifolds, i.e., Lorentz symmetric
spaces diffeomorphic to R"*? and parameterized by a symmetric endomorphism f : R" —
R”, which were introduced in [3] to classify simply connected Lorentz symmetric spaces.
We establish a relationship between the eigenvalues of f and those of the Jacobi operator of
any vector, which allows us to study the existence and location of conjugate points. Using
this, we prove Theorem 3 where we show that Cahen—Wallach manifolds are geodesically
connected and compute the lightlike conjugate loci of any point, obtaining that it must be
empty or a paraboloid whose expression is explicitly given. We also show the existence of
a foliation invariant by parallel transport whose leaves are complete, flat, totally geodesics
and lightlike hypersurfaces.

2 Preliminaries

The curvature tensor of a Lorentzian manifold (M, g) is given by RxyZ = VxVyZ —
VyVxZ — Vix,y1Z, where X, Y, Z € X(M). Given a plane o = span{u, v}, we denote
by k(o) the sectional curvature, if o is non-degenerated whereas if o is degenerated with
v lightlike, then IC,(0) = % is the lightlike sectional curvature associated to v [8].
Observe that the sign of K, (o) and K,y (o) are the same for lightlike v, v’ € .

Given v € T, M the Jacobi operator is the endomorphism R, : T,M —> T, M given by
R, (u) = R,,v. We also denote by R, to its associated matrix with respect to a fixed basis.
Since the Jacobi operator is self-adjoint, R, can be one of the following types

— Type I: diagonalizable with respect to an orthonormal basis.
— Type II: there exist a, b € R, b # 0, such that

a b 0
Ry,=\|-b a 0
0 0 D,»

with respect to an orthonormal basis, where Dy, represents a diagonal matrix of order k.
—  Type III: there exists A € R such that

A 00
Ry,=|¢ A 0 ,  with € = =£1,
00 D,
with respect to a pseudoorthonormal basis {u, w, e3, ..., e,}.
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— Type IV: there exists A € R such that

A0 10
0200
Re=1o 12 0
0 00 D3
with respect to a pseudoorthonormal basis {u, w, e3, ..., e,}.

In some cases, a little more can be said. For example, if v is timelike, R, is necessarily of
type I, whereas if v is lightlike, then R, can be only of type I, III, and IV. Moreover, in this
last case, if it is of type I, there exists an orthonormal basis such that R, = diag(xq, ..., A,)
with A1 = A = 0. On the other hand, if R, is of type III or IV, we can choose the pseudo-
orthonormal basis {u, w, es, ..., e,} such that the parameter A in the upper box is zero and
v = w (resp. v = u) when R, is of type III (resp. of type IV). If v is spacelike then any type
is possible suggesting once more the difficulties in handling spacelike geodesics.

Given y a geodesic in M, a conjugate point of ¥ (0) is a point y (p) such that there is a
non-trivial solution J(7) to the Jacobi equation J” + R,/J = 0 with boundary conditions
J(0) =0and J(tp) = 0.

A semi-Riemmanian manifold is locally symmetric, if the curvature tensor is parallel.
Conjugate points in locally symmetric Lorentzian manifolds can be easily computed as the
following theorem shows (although this result was known by the authors for some time,
it should be attributed to [10], where it has been first published in the more general semi-
Riemannian setting).

Theorem 1 Let y, : I —> M,v € T,M, be a geodesic in a Lorentz locally symmetric
manifold. Then the conjugate points of y,(0) along y, are yy(%), where k € 7 — {0} with

% € I, and X is a real positive eigenvalue of R,. The multiplicity of v, (ty) as a conjugate

point is the number of eigenvalues ). € R" of R, such that ty is a multiple of %

On the other hand, a semi-Riemannian manifold is symmetric if for each p € M there is
an isometry &, : M —> M with £(p) = p and &, = —id. If y is a geodesic in M with
y(0) = p,thent; : M — M givenby t;(q) = Sy(%) 0&,(0)(q) is a transvection along y for
each r € R [13]. In the Riemannian case, it is well-known that the transvection t; induces a
complete Killing vector field on M. The same is true in the semi-Riemannian setting. From
the smooth dependence of solutions of an ordinary differential equation with respect to initial
data, it is easy to see that in a semi-Riemannian symmetric manifold, the global symmetries
induce a smooth map & : M x M — M defined by £(p, q) = &,(q).

Lemma 1 In a semi-Riemannian symmetric manifold (M, g), the family {t:};cr is a one
parameter group of isometries.

Proof Consider T : R — I (M) given by 7(¢) = t;, which is a Lie group morphism being
1 (M) the isometry group of (M, g). Then it is enough to see that it is continuous. For this,
observe that 7, = Sy(%) 0&y0) = ,u(éy(%), &,(0)), where pu : I (M) x I (M) — I (M) is the
product in I (M). ]

The following result has a proof identical to the Riemannian case [11].

Lemma 2 Let (M, g) be a semi-Riemannian symmetric space, y : R — M a non-constant
geodesic. Let Y (t) be a Jacobi field along y such that Y'(0) = 0. Then Y (t) is the restriction
to y of a Killing vector field K. In fact, K, = arégp) |s=0 where T4 is the one parameter
group of transvections along the geodesic b(s) = exp,, (s (0)).
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3 Lorentz symmetric spaces

Analyzing the Jacobi operator, we can apply Theorem 1 to improve, in the category of Lorentz
symmetric spaces, some Rauch comparison results in Lorentz geometry [1,8].

Proposition 1 Let (M, g) be a Lorentz symmetric manifold, p € M and v € T, M.

1. Ifv is timelike, then p has not conjugate points along vy, if and only if k(o) > 0 where
o C TpM is any timelike plane containing v.

2. If v is lightlike, then p has not conjugate points along y, if and only if K, (o) < 0 for
any degenerate plane o C T, M containing v.

Proof 1. Being v timelike, there exists an orthonormal basis {E1, ..., E,} withv = aE},
such that the Jacobi operator is R, = diag{0, A7, ..., A, } with non positive eigenvalues
i by hypothesis. Letu = >, u; E; € T,M be such that 0 = span{u, v} is a timelike
plane, then

i uihi
glu, w)g(v,v) — gu, v)> ~
Observe now that the sectional curvature k(o (¢)) is constant, where o (¢) is the parall-
ely propagated plane along y, (¢) of a timelike plane o C T, M containing v, thus the
sectional curvature of the timelike planes containing y, (¢) is non-negative. If we call
J () a Jacobi field along y,, perpendicular to y, with J(0) = 0, it is easy to see that the
function h(s) = g(J(s), J(s)) is zero only at s = 0. Thus p has not conjugate points

k(o) =

along y,.
2. Suppose that p has not conjugate points along y,, with v € T, M a lightlike vector.
Then there exists a basis {E1, ..., E,} such that the Jacobi operator is of type I, III, or

IV.Letu = 3"}, u; E; be a unit vector such that o = span{u, v} is a degenerate plane.
For R, of type I, it is immediate.

Suppose R, is of type III. We take a pseudoorthonormal basis with v = E3 such that on
it, we can write

[ ]
o O

R, = A3

An

with A; < 0. From g(u, v) = 0, we get u; = 0, then
n
Ko@) =D uiri <0.
i=3

If R, is of type 1V, the basis is pseudoorthonormal with v = E and

0 01
000
010

R, = A
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being 1; < 0, obtaining Ky (0) = D1, u?h; < 0.
On the other hand, given o C T, M any degenerate plane containing v, let o (¢) be
the parallely transported along y, of o. For any ¢, o (7) is degenerate and KCys (o (2)) is
constant, thus non-positive along y,. This means that the lightlike sectional curvature
of any degenerate plane containing v, (¢) is non-positive. The result follows as in the
above item.

O

The “only if” parts in the above proposition are not true in general as the following example
shows.

Example 1 Let (R x R", —dt* + fZn) be a warped product being 7 the euclidean metric
in R”. We know that non-spacelike geodesics have not conjugate points [5]. Let y,(s) =
(s, ¥2(s)) be a non-spacelike geodesic. There are planes 7 (s) containing y,(s) such that
g(Ru(s)y1(s) Yy (8), u(s)) have the sign of f”(s), where (s) = span{u(s), y,(s)}. But the
warping function f is an arbitrary positive function.

The following result shows that in a Lorentz symmetric space, the first conjugate point is
a meeting point of any geodesic variation. Although the proof is like in the Riemannian case,
we give it here to make precise the argument given in [11].

Proposition 2 Let (M, g) be a Lorentz symmetric manifold, y : R — M a geodesic with
y (1) the first conjugate point of y (0) along y. Then any geodesic variation of y|j0.1,] has
its ends fixed. Moreover, the length of the curves of the variation is constant.

Proof Call {E|(?), ..., E,(t)} the parallely propagated basis along y in which R,y can be
written as a constant matrix of one of the four types given in Sect. 2. By Theorem 1 there exists
A a positive eigenvalue of R, (o) satisfying ¢} = % Observe that we have used that y (#1)
is the first conjugate point to ensure that the numerator in the expression of #; is just 7. Let
Y (t) be a non trivial Jacobi field with Y (0) = Y (#;) = 0, then Y (¢) = Z;‘:l aj sin \/XtE,-j
where r is the multiplicity of A, a; € R and it verifies ¥’ (%‘) = 0. Let 7, be the 1-parameter
group generated by Y ('7'). Since Y (¢) is the Killing vector field of 7, in y (¢) (Lemma 2), we
find that the geodesic 5 o y pass through y (0) and y (#1). O

Example 2 Take M = SL(2,R) endowed with the bi-invariant Lorentz structure induced
by (A, B) =trace(AB), with A, B € s[(2, R). This defines on M a structure of Lorentz

symmetric space. The curvature operator is given by Rxy Z = —%[[X YL, Zlfor X, Y, Z €
502, R).
Consider the Jacobi operator Ry (X) = —iXV2 — %VZX + %VXV. Ifv = (z lia )
the matrix of Ry in the standard basis of s[(2, R) is
ac b
—bC ? %
—2a“ — bc 2
ac % 72(1;7}76
with eigenvalue —(@® + be) = —%(V, V) associated to the eigenvectors (¢, —2a, 0) and

(0, —b, c), and 0 associated to V. Thus, if V is lightlike or spacelike, there are not conjugate
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points along the geodesic yy. If V is timelike then exp (\/1”7”7), with n € Z — {0} are
S <V,V>

conjugate points with multiplicity 2, in virtue of Theorem 1.
We can compute explicitly the conjugate loci of I € SL(2, R). Call A = —(a® +bc) > 0,
then

1
yv (1) = exp(tV) = cos VAl + ﬁ sin VA1V,

and the first conjugate point is yv(%) = —]/. Thus the conjugate loci of I is —1, and due

to the symmetry of the space, the conjugate loci of any point A € SL(2, R) is —A.

Note that we have computed the whole conjugate loci, which coincides with the timelike
conjugate loci. On the other hand, lightlike geodesics from a point have not conjugate points,
whereas timelike ones all pass through the antipode.

The ideas developed above have applications in the compact case. Take (M, g) = (S! x
N, —dt* + gn) with (N, gn) a compact Riemannian symmetric space. It is straightforward
to see that the sectional curvature of a timelike plane is non-positive. If we change S! with
a compact Cahen—Wallach space (see the next section) in the above example, we have the
same result. These examples are inspired in the classification of simply connected Lorentz
symmetric spaces, but we cannot use it further to know if this is a general result for compact
Lorentz symmetric spaces. Recall that /C,, (o) denotes the lightlike sectional curvature of the
lightlike plane o associated to the lightlike vector v € o.

Theorem 2 Let (M, g) be a compact Lorentz symmetric space.

1. The sectional curvature verifies k(o) < 0 for any timelike plane o.
2. IfdimM > 3, then K,(o) > 0 for any degenerate plane o and any lightlike vector
veEo.

Proof 1. Let o be a timelike plane such that k(o) > 0. Take {v, w} an orthonormal basis
of o with v a timelike vector and {E{ = v, ..., E,;,} an orthonormal basis where the
Jacobi operator R, is

0
A2
R, =

Am
Let us write w = > i~ w; E;, then

0<k(o)=— Z wiz)\,-,
i,j=2

thus there must be some eigenvalue A; < 0 of R,. The rest of the proof is as in the
Riemannian case but we include it for the sake of completeness. Consider the parallely
propagated basis {E}, ..., E,} along the geodesic y,, then J(t) = cosh /—A;jtE;(t)
is a Jacobi field on y, with J'(0) = 0. Lemma?2 says that there exists a Killing vector
field K € X(M) with K,,, = J, but M is compact and |K| is continuous on M, thus
|J (t)| must be bounded above. Contradiction.

2. We follow the argument in the above proof, so it suffices to show that if there were a
degenerate plane o and a lightlike vector v € o such that /C, (o) < 0, then there would
exist a negative eigenvalue of R,.
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The Jacobi operator can be of type I, III, or IV because v is lightlike. We only prove the
type IV because type III is simpler and type I is as in the previous proof.

We can take a pseudoorthonormal basis {v = Ej, ..., E;} such that on it the Jacobi
operator Ry is

0 0 1
0 0 O 0
0 1 0
R, = Aa
0 .
A’ﬂl

Let w be a unit spacelike vector such that {v, w} is a basis of o. Then g(w, v) = 0 implies
w = > wi E;, and we have

m

Ko(0) = wig(RyEs, E3) +2> wsw;g(RyEs, Ej) + > wii;
j=4 i=4

where the first two summands are zero. If dim M = 3 then K, (o) = 0 and the theorem
follows, otherwise there exists a negative eigenvalue. O

The following corollary shows a difference between the role of conjugate points along
timelike and lightlike geodesics which reflects the different role of sectional curvature and
lightlike sectional curvature in Lorentz geometry. Both notions are related by the follow-
ing fact: if a Lorentz manifold has zero lightlike sectional curvature, then it has constant
curvature.

Corollary 1 Let (M, g) be a compact Lorentz symmetric space, then

1. There are not conjugate points along timelike geodesics if and only if it is flat.
2. Ifdim M > 3, then there are not conjugate points along lightlike geodesics if and only
if it has constant sectional curvature k < 0.

Proof In both cases, the “if” part of the proof are general results in Lorentz geometry, we
see the “only if” part.

1. The hypothesis, Lemma 1 and Theorem 2 implies k(o) = O for any timelike plane, thus
k=0/[13].

2. The hypothesis, Lemma 1 and Theorem 2 implies K,(c) = 0 for any degenerate plane
o, thus the sectional curvature is constant, and is nonpositive due to the same Theorem 2.

[m}

In [7], it was shown that a compact Lorentz surface admitting a timelike Killing vector
field with no conjugate point along its timelike geodesics must be flat.

We finish this section with an application to Riemannian geometry which we do not find
in the literature. Recall that a simply connected Riemannian symmetric space (M, g) can be
expressed as a product whose factors are compact, non-compact, or euclidean [13].

Proposition 3 Let M be a simply connected Riemannian symmetric space which admits a
compact quotient. Then M has not factors of non-compact type.
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Proof Call M/T the compact quotient. If N is a factor of M of non-compact type, there
exists a plane o in N with curvature k(o) < 0 strictly. Take S' x M with metric —d1”> + gy
which is a Lorentz symmetric space. Let 7 = span{u, v} be a timelike plane in S! x M, with
u =ej + ey, beinge; € TS! and {e2, v} a basis of o, then

g(Ryyv, u) = g(RezuU, e2) <0,

thus k(r) > 0. This implies that there is a timelike plane with positive curvature in the
compact quotient (S'' x M )/{1} x I', in contradiction with Theorem 2. ]

4 Cahen-Wallach manifolds

It is well-known that a simply connected Lorentz symmetric space is isometric to a product
of a simply connected Riemannian symmetric space and one of the following: (R, —d?),
a complete simply connected Lorentz manifold of constant curvature or a Cahen—Wallach
manifold [2].

Cahen—Wallach manifolds were introduced in [3], and they are defined as follows. Let
g =R" x R" x R x R withn > 1 be considered as a Lie algebra with Lie bracket

[(x’ .1, Lt), (x/a yla t/s Lt/)] = (l/t/y - My/’ u .f(-x,) - u’f(x), <f(~x/)7 y)
_<f(x)’ y/>7 0)

where (, ) is the euclidean metric on R” and f : R” — R” is a symmetric endomorphism.

The set h = {(x,0,0,0) : x € R"} C gis an abelian subalgebra. Take G the simply con-
nected Lie group generated by g, H the connected subgroup generated by h which is a closed
subgroup of G, and m = {(0, y,t,u) : y € R", t,u € R} C g which is an Ady-invariant
supplementary of b in g. Let ¢ ((0, y, ¢, u), (0, ¥, t',u")) = (y,y') — ru’ — t'u be a Lorentz
product on m. It induces an invariant metric on M = G H. With this metric, it is a Lorentz
symmetric manifold diffeomorphic to R”*2 which is called Cahen—Wallach manifold.

The Jacobi operator is given by

Ry(X) = —[[X, V], V] = (0. uf (uy’ —u'y), (fuy’ —u'y). y),0),

where V. = (0, y,t,u), X = (0, y', ¢, u’) € m.

A Cahen—Wallach manifold is flat if and only if f = 0, it is Ricci flat if and only if
trace(f) = 0. On the other hand, there are not Cahen—Wallach manifolds of constant curva-
ture other than flats. In fact, if V = (0, y, 7, u), X = (0, y', ¢/, u’) form an orthonormal basis
for a non-degenerate plane 7 in m we have k() = (f(w), w), being e = q(V, V)q(X, X)
and w = uy’ — u’y. We may choose the above vectors V and X with {y, y’} orthonormal
andu = u’ =0, thus k(;r) = 0.

The following lemma shows that the conjugate points of y (0) along y are codified by the
positives eigenvalues of f. The proof is straightforward.

Lemma 3 Let y be a geodesic through e € M with y'(0) = (0, y,t,u). Ifu = 0, then
y has not conjugate point. Otherwise, the eigenvalues of R,y are zero with multiplicity
dim Ker f+2,and ;i = pciuz being i the non-zero eigenvalues of f (both A; and p; with
the same multiplicity).

If f has a positive eigenvalue, then using Theorem 1 there are geodesics of any causal
character with conjugate points. In particular, we have
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Corollary 2 In a Ricci flat but non-flat Cahen—Wallach manifold, there are geodesics of any
causal character with conjugate points.

The following theorem shows the geodesic connectivity and describes the lightlike
conjugate loci of any point in a Cahen—Wallach manifold. Suppose that p; > --- > pu,
are the eigenvalues of f.

Theorem 3 Cahen—Wallach manifold are geodesically connected. Moreover, the future
(past) lightlike conjugate loci of any point is empty or a paraboloid whose dimension is
the number of eigenvalues of f different from 1.

Proof Consider M as R" x R x R. It is enough to compute the geodesics starting at the
origin.

Let {ej,...,e,} be an orthonormal basis of R" formed with eigenvectors of f.
Given a point (yo, fo, uo) € M, with yo= > 7_, yie;, we can define a global chart
(X1, « vy Xn,y Xn+1, Xn+2) on M which assigns to (yo, fo, uo) the coordinates (yi, . . . , Yn, f0, 40)-
The metric in this chart is

where [ is the identity matrix of order n, the Christoffel symbols are

n+l1 .
Ui = MiXi, Fn+2n+2 mixi i=1,...,n

Suppose that uy > -+ > pp > 0 = ppp1 = -+ = g > Ug+1 = -+ = Up, Where
0 < p < g < n. The geodesic y with y(0) =0 € M is given by

a; sin(c;s) i=1, , P
Yi = | ais i=p + 1 61
a; sinh(d;s) i=q+1,

. jiua? L
Vil = Z 2c,~l sin(c;s) cos(c;s) — Z 0 smh(d s) cosh(d;s) + es

i=1 i=q+1
Yn4+2 = US,
being a; € R, ¢; = /piu?, and d; = /—p;u?.
Given a point (y1, ..., Y, f0, up) € M and a point sp € R such that sin(c;s9) # 0 #
cos(c;so), the above system for sg fixed and (yy, ..., Yh+2) = (1, ..., Yn, t0, Up) can be
solved in the variables ay, ..., an, u, e. Thus any point can be joined with a geodesic to

e € M, and, by symmetry, to any other point. Then it is geodesically connected.

Let us now consider that y is a lightlike geodesic. By Lemma 3 if # = 0 then y has not
conjugate points. Thus we take # # 0 and suppose # > 0 points in the future direction. The
eigenvalues of R, () are zero and u juz. If all the eigenvalues of f are non-positive then the
conjugate loci of y(0) is empty by Theorem 1.

@ Springer



100 Ann Glob Anal Geom (2010) 37:91-101

The geodesic y is lightlike if and only if 2eu = Z?:H] al.z. Then using Theorem 1 again,
the first conjugate point of y (0) along y is

T [ . [cp b4 T
y|—)=\0,asin|—=n),..,apsin| =7 ),aps1—,...,a5—,
cl 4] Cl 1 C1
14 2
. dq-H . dy pniuna; . Ci Ci
agy1sinh{ ——m ), ...,a,sinh | —7m ,—E sin| —m Jcos{ —m
Cl C1 i— ZC,' Cl Cl
1=

2
wiua; d; d; T
2 2 h(— h(—= -
+ 2u o A 2 sin. (c rr) Ccos. (C1 rr) s uc1

i=p+1 i=q+1 1

which is the announced paraboloid. O

Corollary 3 In a Cahen—Wallach manifold with f = pld, the future lightlike conjugate
loci of any point is empty (if © < 0) or another point.

It is known that the universal anti-De Sitter space is not geodesically connected, thus the
above theorem can not be extended to all Lorentz symmetric spaces, [4].

We have found a distinguished n + 1-dimensional subspace p = {(0,y,7,0) : y €
R"*, t € R} of m such that every geodesic with initial velocity in it has not conjugate points.
It is an abelian subalgebra of g that verifies [h,p] C p.Let p : G - M = G H be the
canonical projection. We have Ad,(p) C p for every h € H which allows us to induce a
distribution on M defined by pz = px«,(pg), Where pg = Lyguep is the left invariant dis-
tribution on G defined by p. Observe that we can also write Dsg (pg) = L gxéPxeP, Where
L:Gx M — M is the action of G on M, showing that the distribution {pz} is G-invariant.

There are other distinguished subalgebras of g contained in m but only t = {(0, 0,¢,0) :
t € R} C p verifies the same properties than p, defining another G-invariant distribution on
M. Notice that py, : m — T;M is an isomorphism, then dimpg = n + 1, dimt; = 1, both
tz and p; are degenerated for the Lorentz metric and t; C p; for every g € M.

The subalgebra p determines a complete, totally geodesic, and flat submanifold P through
e € M, because it is a Lie triple system with [[p, p], p] = 0. The submanifold can be deter-
mined by the condition 73 P = py.(p), expressed as P = exp; pz [9,12], or alternatively as
P = p(P), being P the connected subgroup of G induced by p, where we have used that
exp : p — P is onto because P is abelian.

The same is true for ¢ word-by-word.

Proposition 4 Both distributions {pz} and {tz} are involutives. Moreover, the projection
p : G — M and the action of G on M are foliated maps for both distributions.

Proof Let g € M be arbitrary, and g € G such that p(g) = g. Using that Lg M — M is
a diffeomorphism, we get that § = L, P is a submanifold of M through g. Leta € S, this
means that there exists z € P such that a = gz. Define a = gz € G, then

T[,S = I:a*ETEP = PsaLased = Pa.

This shows that S is an integral submanifold of {pz} through g € M.

The submanifold § = L, P is a leaf of {p,} on G and p(S) = S, thus the projection
p: G — M takes leaves into integral submanifolds of {pz}. Using that P is complete it is
easy to see that they are maximal.

The action of G on M is foliated by construction.

The same argument works for {tz}. ]
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The leaves of both distributions form two complete, flat, totally geodesics, and lightlike
foliations on M of codimension 1 and dimension 1, respectively. To compute them, note that
the group operation in P is given by

(0, ,1,0)0,",7',0) = (0, y,£,0) + (0, ', 7, 0)

(see [3]), thus the leaf of {pz} througha € M, wherea = (x, y,t,u) € G,is R" x R x {u},
and that of {rz} is {0} x R x {u}.

Both distributions {pz} and {t;} are also invariant by parallel transport, (for n = 2 see
[2]). This is immediate from the fact that A(p) C t for every A in the holonomy algebra.
In fact, take A = Rzr for some Z, T € T; M, where we identify T; M with m and write
Z=,y,f,u)yand T = (0,y”,t",u”). Let V € p be arbitrary, V = (0, y, t, 0). Then

A(V) = 0,0, —(f@"y —u'y").y),0) €.
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